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Preface

An important number of problems arising in mechanics, physics, and engineering
science lead to mathematical models expressed in terms of nonlinear inclusions. For
this reason the mathematical literature dedicated to this field is extensive and the
progress made in the last four decades is impressive. It concerns both results on the
existence, uniqueness, regularity, and behavior of the solution for various classes of
nonlinear inclusions and results on the numerical approaches to the solution of the
corresponding problems. Hemivariational inequalities represent a class of nonlinear
inclusions that are associated with the Clarke subdifferential operator.

Contact between deformable bodies abound in industry and everyday life. A few
simple examples are brake pads in contact with wheels, tires on roads, and pistons
with skirts. Because of the importance of contact processes in structural and
mechanical systems, considerable effort has been put into their modeling, analysis,
and numerical simulations.

The purpose of this book is to introduce to the reader the theory of nonlinear
inclusions and hemivariational inequalities with emphasis on contact mechanics.
The content covers both abstract results for nonlinear inclusions and hemivariational
inequalities and the study of specific contact problems, including their modeling
and variational analysis. In carrying out the variational analysis of various contact
models we systematically use results on hemivariational inequalities and, in this
way, we illustrate the applications of nonlinear analysis in contact mechanics. Our
intention is to introduce new mathematical results and to apply them in the study
of nonlinear problems which describe the contact between deformable bodies and
foundations.

Our book is divided into three parts with eight chapters and is addressed
to mathematicians, applied mathematicians, engineers, and scientists. Advanced
graduate students can also benefit from the material presented in this book. It
is organized with two different aims, so that readers who are not interested in
modeling and applications can skip Part III and will find an introduction to the
study of nonlinear inclusions and hemivariational inequalities in Part II of the book;
alternatively, readers who are interested only in modeling and applications can
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viii Preface

skip the technical proofs presented in Part II of the book and will find in Part III
the variational analysis of various mathematical models which describe contact
processes.

A brief description of the three parts of the book follows.

Part I is devoted to the basic results on functional analysis which are fundamental
to the study of the problems treated in the rest of the book. We review some
preliminary material on normed and Banach spaces, duality and weak topologies,
and results on measure theory. Then, we continue with a description of the function
spaces, including spaces of smooth functions, Lebesgue and Sobolev spaces as
well as spaces of vector-valued functions. For each of these spaces we present the
main properties which are relevant to the developments we present in the following
chapters. Finally, we describe some elements of nonlinear analysis, including set-
valued mappings, nonsmooth analysis and operators of monotone type. We pay a
particular attention to the subdifferentiability of the functionals and the properties
of subdifferential mappings. The material presented in this introductory part is
standard, although some of it is very recent, and can be found in various textbooks
and monographs. For this reason we present only very few details of the proofs.

Part II includes original results; some of which have not been published before.
We present various classes of nonlinear inclusions, both in the stationary and in the
evolutionary cases. We prove existence results and, in some cases, we prove unique-
ness results. To this end we use methods based on monotonicity, compactness, and
fixed-point arguments. We then use our results in the study of various classes of
stationary and evolutionary hemivariational inequalities, including inequalities with
Volterra integral terms.

Part 111 is also based on our original research. It deals with the study of static
and dynamic frictional contact problems. We model the material’s behavior with
elastic or viscoelastic constitutive laws and, in the case of viscoelastic materials,
we consider both short- and long-term memory laws. We pay particular attention to
piezoelectric materials. The contact is modeled with normal compliance or normal
damped response. Friction is modeled with versions of Coulomb’s law and its
regularizations. For each of the problems we provide a variational formulation,
which usually is in a form of a stationary or evolutionary hemivariational inequality.
Then, we use the abstract results in Part II and establish existence and, sometimes,
uniqueness results.

Each part ends with a section entitled Bibliographical Notes that discusses
references on the principal results treated, as well as information on important topics
related to, but not included, in the body of the text. The list of the references at the
end of the book is by no means exhaustive. It only includes works that are closely
related to the subjects treated in this monograph.

The present manuscript is a result of the cooperation between the authors over
the last four years. It was written within the project Polonium “Nonsmooth Anal-
ysis with Applications to Contact Mechanics” under contract no. 7817/R09/R10
between the Jagiellonian University and the University of Perpignan. This research
was supported by a Marie Curie International Research Staff Exchange Scheme
Fellowship within the seventh European Community Framework Programme under
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Grant Agreement no. PIRSES-GA-2011-295118 as well. The first two authors were
also partially supported by the Ministry of Science and Higher Education of Poland
under grants nos. N201 027 32/1449 and N N201 604640. Part of the material is
related to our joint work with several collaborators to whom we express our thanks:
Prof. Mikaél Barboteu (Perpignan), Prof. Zdzislaw Denkowski (Krakow), Prof.
Weimin Han (Iowa City), Prof. Zhenhai Liu (Nanning, P.R. China), and Prof. Meir
Shillor (Rochester, Michigan). We also thank Jo€lle Sulian who prepared the figures
for this book. We extend our gratitude to Professor David Y. Gao for inviting us to
make this contribution to the Springer book series entitled Advances in Mechanics
and Mathematics.

Krakow, Poland Stanistaw Migorski
Krakow, Poland Anna Ochal
Perpignan, France Mircea Sofonea
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Chapter 1
Preliminaries

In this chapter we present preliminary material from functional analysis which
will be used subsequently. The results are stated without proofs, since they are
standard and can be found in many references. For the convenience of the reader
we summarize definitions and results on normed spaces, Banach spaces, duality,
and weak topologies which are mostly assumed to be known as a basic material
from functional analysis. We then recall some standard results on measure theory
that will be applied repeatedly in this book. We assume that the reader has some
familiarity with the notions of linear algebra and general topology.

1.1 Normed Spaces

Background on normed spaces. The concept of linear or vector space is funda-
mental in linear algebra and functional analysis.

Definition 1.1. Let X be a set of elements, to be called vectors, and let R be the
set of real scalars. Assume there are two operations: (x,y) — x + y € X and
(o, x) > ax € X, called addition and scalar multiplication, respectively, defined
for any x, y € X and any a € R. These operations are to satisfy the following
rules:

(i) x+y=y+xforallx,y e X.

() (x+y)+z=x+(y +z forallx,y,ze X.
(iii) There exists an element 0 € X such that 0 + x = x forall x € X.
(iv) Foreach x € X, there is an element —x € X such that x + (—x) = 0.
(v) 1x =xforallx € X.
(vi) a(Bx) = (xf)x forall x € X and all o, B € R.

S. Migérski et al., Nonlinear Inclusions and Hemivariational Inequalities, 3
Advances in Mechanics and Mathematics 26, DOI 10.1007/978-1-4614-4232-5_1,
© Springer Science+Business Media New York 2013



4 1 Preliminaries

(vii) a(x +y) = ax + oy and (¢ + B)x = ax + Bx forall x, y € X and all &,
B eR.

Then X is called a real linear space or a real vector space.

In this book we deal only with real linear spaces, so in what follows we call them
linear spaces.

Definition 1.2. A norm on a linear space X is a map
- llx: X — [0, 400)
such that
(i) ||x|lx = 0if and only if x = 0.

(i) ||ax|lx = || ||x]||x forall x € X and @ € R.
(i) [[x + yllx < lxllx + [Iyllx forallx, y € X.

The inequality (iii) above is known as the triangle inequality and it is in common
use in mathematics. The linear space X equipped with the norm || - ||x, denoted
(X, |l - lx), is called a linear normed space or a normed space. For simplicity we
say that X is a normed space when the definition of the norm is clear from the
context.

Every normed space is a metric space and, consequently, a topological space.
We can always define a metric on a normed space in terms of its norm, by taking

d(x,y) =|x —y|lx forall x,y € X.

Definition 1.3. Let X be a normed space with the norm || - || x. A sequence {x,} C
X is said to be convergent if there exists x € X such that

lim ||x, —x|lx = 0.
n—od

We also say that x is a limit of the sequence {x, }, and write x, — x in X,asn — oo
or lim x, = x in X. When no confusion arises, for simplicity, we write x, — x
n—o00

or lim x, = x orlim x, = x.
n—oo

It can be verified that any sequence can have at most one limit, i.e., when a limit
exists, it is unique.

On a linear space various norms can be defined which may give rise to different
forms of convergence. Nevertheless, this situation does not arise when two norms
are equivalent.

Definition 1.4. Let X be a linear space. We say that two norms || - ||; and || - || on
X are equivalent if there exists a positive constant ¢ such that

¢ Mixlh < lxll2 < ellx]y forall x € X.
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Obviously, if two norms are equivalent then a sequence {x,} converges in one
norm if and only if it converges in the other norm. Conversely, if each sequence
converging with respect to one norm also converges with respect to the other norm,
then the two norms are equivalent. It is well known that over a finite-dimensional
space, any two norms are equivalent and, therefore, on such spaces different norms
lead to the same convergence notion.

We recall in what follows the concept of continuity of functions defined on
normed spaces.

Definition 1.5. Let X be a normed space. A function f: X — R is said to be
continuous at x € X if for any sequence {x,} with x, — x, we have f(x,) — f(x)
asn — oo. The function f is said to be continuous on X if it is continuous at every
x€X.

Let (X, | - |lx) be a normed space. As a consequence of the triangle inequality
(see Definition 1.2(iii)) it is easy to see that

xllx = Iyllx | < llx—yllx forall x,y € X.

Therefore, if x, — x then ||x,[|x — |lx[|x, which implies that the norm function is
continuous.

We proceed with some definitions related to closedness and compactness which
are sufficient for our purposes.

Definition 1.6. A subset D of a normed spaces X is called (normed or strongly)
closed if any limit of any convergent sequence contained in D is itself in D.

We note that above we define “closedness” in terms of convergence of sequences
which would be in topological spaces called rather “sequential closedness.” The
closure of a set D of X is the set obtained by adding to D the limits of all convergent
sequences {x,} C D. In other words, the closure of a set D is the smallest closed
set containing D. The closure of a set D is denoted by D.

Definition 1.7. Let (X, || - | x) be a normed space. A subset D of X is called

(i) dense (in X),if D = X.
(i1) bounded, if sup {||x||x | x € D} < oc0.

If there exists a countable dense subset of X, we say that the normed space X is
separable.

Definition 1.8. A subset D in a normed space X is compact if every sequence in D
contains a convergent subsequence whose limit belongs to D. The subset D C X is
called relatively compact if its closure is compact.

We remark that in a general topological space a set D is called “compact” if every
covering of D by open sets contains a finite subcovering, and a set D which satisfies
Definition 1.8 is called “sequential compact.” Nevertheless, we do not distinguish
between these concepts because of the following result.
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Theorem 1.9. Let X be a normed space. Then, a set D C X is compact if and only
if it is sequentially compact.

Cauchy sequences and Banach spaces. The following concept is important in the
definition of a Banach space.

Definition 1.10. Let X be a normed space with the norm || - || x. A sequence {x,} C
X is said to be a Cauchy sequence if for every ¢ > 0 there is ngp = ny(¢) € N such
that

[Xm — xnllx < e forall m,n > ny.

It is clear that a convergent sequence is a Cauchy sequence. In the finite-
dimensional space R? any Cauchy sequence is convergent; however in a general
infinite-dimensional space, a Cauchy sequence may fail to converge. This justify
the following definition.

Definition 1.11. A normed space is said to be complete if every Cauchy sequence
from the space converges to an element in the space. A complete normed space is
called a Banach space.

The following are classical examples of infinite-dimensional Banach spaces.

l.co={x={x,} CR|x, - 0}and
¢ ={x ={x,} CR|x,is aconvergent sequence in R },

both with norm ||x|| = sup |x,].
n€eN

217 = {x = {0} CRI L, ey l0l? < oo}

1/

with norm ||x|| = (ZneN |x,,|1’) p, 1 <p<oo.
3. The Lebesgue spaces L?(£2), 1 < p < oo introduced in Sect. 2.2, with the norm

| - |l r () introduced on page 26.
4. Cp(X) ={v:X — R | vis continuous and bounded } and

B(X) ={v:X — R | visbounded },

both with norm ||v|| = sup |v(x)|, X being a metric space.

x€X

When X is a compact metric space, then every continuous function v: X — R
is bounded and then we write C(X) instead of Cp(X). On the other hand, given an
open bounded set £2 C RYand 1 < p < oo, we define the p-norm by

1/p
lvll, = (/ |v(x)|”dx) forall v € C(R2).
2

It can be proved that the space C(£2) endowed with the norm || - || p is not a Banach
space.

The following result is the celebrated “Banach contraction principle” or “Banach
fixed point theorem,” which guarantees the existence of a unique fixed point in a
complete metric space and, therefore, in a Banach space.
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Lemma 1.12 (Banach contraction principle). Ler (X, d) be a complete metric
space and let f:X — X be a k-contraction (i.e., for all x, y € X we have
d(f(x), f(y)) < kd(x,y) with k < 1). Then f has a unique fixed point, i.e.,
there exists a unique element x* € X such that f(x*) = x*.

Although a Cauchy sequence is not necessarily convergent, it converges if it has
a convergent subsequence, as shown in the following result.

Proposition 1.13. If a Cauchy sequence {x,} in a normed space contains a

subsequence {x,, } such that x,, — x as k — oo, then lim x, = Xx.
n—od

Moreover, we recall the following convergence criterium in normed spaces.

Proposition 1.14. [f every subsequence of a sequence {x,} in a normed space

contains a subsequence convergent to x, then lim x, = x.
n—>oo

Inner product spaces and Hilbert spaces. We introduce now the concept of inner
product spaces. This class of spaces has more mathematical structure than the
normed spaces discussed previously. Every inner product space is a normed space
and, therefore, a metric space and a topological space. Furthermore, the notion of
“orthogonality” of the elements is defined in an inner product space.

Definition 1.15. An inner product on a linear space X is a map
(L Ix: X xX—>R
such that

1) (x,y)x = (y,x)y forallx, y € X.
(ii) {(ax + By,z)x = a{x,z)x + B(y,z)x forallx, y,z€ X,and o, B € R.
(iii) (x,x)y > Oforall x € X, {(x,x)y = 0if and only if x = 0.

The linear space X equipped with an inner product (-, -)y, denoted (X, (-,-)x), is
called an inner product space. For simplicity we say that X is an inner product
space when the definition of the inner product is clear from the context.

The inner product generates a norm on a linear space X given by

[xllx = v{x,x)x. (1.1)

Hence, all inner product spaces are normed spaces, but the converse is not true in
general.

We use frequently the following properties of an inner product space: the
Cauchy—Schwarz inequality, the continuity of the inner product, and the paralle-
logram law, which we summarized in the following.

Theorem 1.16. (i) (Cauchy-Schwarz inequality) If X is an inner product space,
then
[, y)xl < llxllx [lyllx forall x,y e X,

and the equality holds if and only if x and y are linearly dependent.
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(i1) (Continuity of the inner product) An inner product is continuous with respect
to its induced norm, i.e., if the norm is defined by (1.1), then ||x, — x||x — 0
and ||y, — yllx — 0 imply

(Xn. Yu)x — (x, ¥)x.

(iii) (Parallelogram law) A norm || - ||x on a linear space X is induced by an inner
product if and only if it satisfies the parallelogram law

Ix + 1% + lIx = yI% =2 (IxI% + IyI}) forall x,y € X.

Among the inner product spaces, of particular importance are those which are
complete in the norm generated by the inner product.

Definition 1.17. A Hilbert space is a complete inner product space.

The inner product allows to introduce the concept of orthogonality of elements
in an inner product space.

Definition 1.18. Let X be an inner product space. Two elements x, y € X are said
to be orthogonal if (x,y)x = 0. The orthogonal complement of a set A C X is
defined by

At ={xe X |(x,a)y =0 forall a € A}.

It is known that if A is an arbitrary set of a Hilbert space X, then its orthogonal
complement A~ is a closed linear subspace of X. An important role in the theory of
Hilbert spaces is played by the following result.

Theorem 1.19. Let A C X be a closed linear subspace of a Hilbert space X
and AL be its orthogonal complement. Then any element x € X can uniquely
be represented as x = a + a’, where a € A and a’ € A*. In this case we write

X=A® AL

We conclude this section with the definition of the projection operator in a Hilbert
space. To this end we start by recalling the following definition.

Definition 1.20. Let X be a linear space. A subset C of X is said to be convex if
for all x;, x, € C and A € [0, 1] we have

Ax; 4+ (1 —2A)x; € C.

In other words, the set C is convex if it contains all the segments joining any two of
its points.

An induction argument easily shows that if x; € C,i = 1,...,n, then w =
Yo', Aixi € C, whenever > ;_;A; = 1 and A; > 0. The vector w is called a
convex combination of x1, ..., x,.
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We proceed with the following existence and uniqueness result.

Proposition 1.21 (Projection lemma). Let K be a nonempty, closed, and convex
subset of a Hilbert space X. Then for each f € X there exists a unique element
u € K such that

u— fllx =min v — fllx. (1.2)
veK
Proposition 1.21 allows to introduce the following definition.

Definition 1.22. Let K be a nonempty, closed, and convex subset of a Hilbert space
X. Then, for each f € X the element u which satisfies (1.2) is called the projection
of f on K and is usually denoted by Px f. Moreover, the operator Px: X — K is
called the projection operator onto K.

A characterization of the projection, in terms of variational inequalities, is
provided by the following result.

Proposition 1.23. Let K be a nonempty, closed, and convex subset of a Hilbert
space X and let f € X. Then u = Pk f if and only if

ue kK, (uv—u)y > {(f,v—u)y forallv e K. (1.3)

Using Proposition 1.23 it is easy to prove the following result, which will be
useful in next chapters of the book.

Proposition 1.24. Let K be a nonempty, closed, and convex subset of a Hilbert
space X. Then the projection operator satisfies the following inequalities:

(Pxu—Pgv,u—v)y >0 forallu,v € X, (1.4)
|Pxu—Pgv|lx <|lu—vl|x forallu,v € X. (1.5)

Proof. Letu, v € X. We use (1.3) to obtain

(Pxu, Pxv — Pxu)x > (u, Pxkv — Pxu)x,
(Pxv, Pxu—Pgv)x > (v, Pxu—Pgv)x.
We add these inequalities to see that
(PKM — Pkv, Pxv — PKM)X = (u —v,Pxv— PKM)X

and, therefore,
(Pxu—Prv.u—v)yx > |[Pgu—Pgol}. (1.6)

Inequality (1.4) follows now from (1.6) whereas inequality (1.5) follows from (1.6)
and the Cauchy—Schwarz inequality. O
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1.2 Duality and Weak Topologies

In this section we deal with duality and weak topologies. We begin with some
standard results on operators defined on normed spaces. Given two linear spaces
X and Y, an operator A: X — Y is a rule that assigns to each element x € X a
unique element Ax € Y. A real-valued operator defined on a linear space is called a
functional.

Linear and continuous operators. Some important classes of operators defined
on linear normed spaces are introduced by the definitions below.

Definition 1.25. Let X and Y be two linear spaces. An operator A: X — Y is
linear if

Ao x) + apx2) = a1 Axy + ap Ax, forall xp,x; € X, 01,00 € R,

Definition 1.26. Let (X, | - |lx) and (Y, || - ||y) be two normed spaces. An operator
A: X — Y is said to be

(i) continuous at xo € X if for every ¢ > 0 there is § > 0 such that for every
x € X, ||x —xo|lx < dentails |Ax — Axo|ly < ¢ or, equivalently, if {x,} C X,
X, — Xo in X implies Ax, — AxpinY.
(ii) continuous (on X), if it is continuous at each point xy € X.
(iii) Lipschitz continuous (on X) if there exists a constant L4 > 0 such that
|Ax; — Axz|ly < La ||x1 — x2||x forall xq, x; € X.
(iv) bounded (on X) if for any r > 0, there exists R > 0 such that ||x||x < r
implies ||[Ax|y < R or, alternatively, if for any set B C X the inequality
sup ||x||x < oo implies that sup || Ax|ly < oo.
X€EB XEB
The main properties of linear continuous operators on normed spaces are
resumed in the following result.

Theorem 1.27. Let (X, ||-||x) and (Y, ||-|lv) be two normed spaces and let A: X —
Y be a linear operator. Then

(i) A is continuous over the whole space X if and only if A is continuous at any
one point, say at x = 0.
(i1) A is bounded if and only if there exists a constant M > 0 such that

[Ax[ly < M [|x[|x forall x € X.

(iii) A is continuous if and only if it is bounded on X .

It follows from Theorem 1.27 that a linear operator between normed spaces is
continuous if and only if it is Lipschitz continuous. Moreover, under the assumptions
of Proposition 1.24, it follows that the projection operator Px: X — K C X is
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Lipschitz continuous with Lipschitz constant L = 1. Such kinds of operators are
also called nonexpansive operators.

Everywhere in this book we use the notation £(X,Y') for the set of all linear
bounded operators between the normed spaces X and Y. In the special case X =Y,
we use L(X) instead of L(X, X). For A € L(X,Y), the quantity

[ Ax|ly
[Allzxy)y = sup ——— = sup [Ax|y = sup [Ax]|y
vex\oy I1Xlx  apy< lxllx=1

is called the operator norm of A and, indeed, the mapping
LX.Y)> A ||Allzxy) €R

defines a norm on the space L£(X,Y). It is easy to see that for all A € L(X,Y),
we have

lAllzxyy =inf{M >0 | [[Ax|ly < M |x|x forallx € X }.
Moreover, the operator norm enjoys the following compatibility condition:
[Ax]ly < [Allzeey) Ix]x forall x € X,

and, finally, the following completitude result holds.

Theorem 1.28. Let X be a normed space and Y be a Banach space. Then L(X,Y)
is also a Banach space.

Dual and reflexive spaces. In the special case Y = R, endowed with the usual
topology, the space L(X,R) is called the (topological) dual space of X, and it is
denoted by X*. The elements of X* = L(X,R) are also called linear continuous
functionals. The bilinear (i.e., linear in both variables) mapping (-, ) x*xx: X * X
X — R defined by (x*,x)x*xx = x*(x) is called the duality pairing or the
duality brackets for the pair (X*, X). This notation is convenient in many problems
involving different dual spaces. The space X * endowed with the dual norm

x*llx+ = sup [{(x*, x)x*xx| = sup [{(x* x)xexxl|
llxllx<1 llxllx=1
becomes a normed space. In fact, it is a Banach space since, by Theorem 1.28, the
dual of any normed space (complete or not), is always complete, i.e., it is a Banach
space. Obviously, we have the following useful inequality:
[ xX)xex ] < lxllx sup [(x™,v)xosx | = [Ix7 = [lxllx
lvllx <1
forall x € X, x* € X*. The dual space L(X*,R) of X* is called the bidual space

or second dual of X and it is denoted by X ** = (X *)*. The bidual is also a Banach
space. Each element x € X induces a linear continuous functional [, € X ** by the
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relation [, (x*) = (x*, x) x*xx forall x* € X*. The mapping X > x > [, € X**
is linear and isometric, i.e., ||/x|x** = ||x||x forall x € X. Thus, the normed space
X can be viewed as a linear subspace of the Banach space X ** under the mapping
x > [,. This mapping is called the canonical injection or canonical embedding of
X into its bidual X ** and is denoted by Z. The surjectivity of Z leads to the notion
of reflexive space.

Definition 1.29. A normed space X is said to be reflexive if X may be identified
with its bidual X ** by the canonical embedding Z, i.e., if Z(X) = X **.

An immediate consequence of Definition 1.29 is that a reflexive normed space is
always complete, i.e., it is a Banach space.

On Hilbert spaces, any linear continuous functional is of the form of inner
product, as shown in the following result.

Theorem 1.30 (Riesz representation theorem). Ler X be a Hilbert space and
| € X*. Then there exists a unique u € X such that [(x) = (u, x)x forall x € X.
Moreover, ||| x* = ||lullx.

By the Riesz representation theorem, it is relatively straightforward to show that
any Hilbert space is reflexive.

Weak convergence. We recall from Definition 1.3 that in a normed space X, a
sequence {x,} is said to converge to an element x € X, if lim |x, — x||x = 0.
n—o00

Such convergence is also called convergence in norm or strong convergence, and we
write x, — x in X. In a normed space it is possible to introduce another type of
convergence, which is called weak convergence.

Definition 1.31. Let X be a normed space with X™* its dual space. A sequence
{xn} C X weakly convergesto x € X, if

[(xy) — I(x) foralll € X*.

In this case we say that x is a weak limit of the sequence {x,} and we write x,, — x
weakly in X.

It can be proved that the weak limit x € X, if it exists, is unique. The space X
endowed with the weak convergence is denoted by (w—X) or X,,. It is easy to see
that any sequence converging in X is weakly convergent. The converse is not true,
except in the case when X is a finite-dimensional space.

The weak convergence is used to define weakly closed sets in a normed space.

Definition 1.32. A subset D of a normed space X is called weakly closed if it
contains the limits of all weakly convergent sequences {x,} C D.

Evidently, every weakly closed subset of X is (normed or strongly) closed, the
converse is not true, in general. An exception is provided by the class of convex sets,
as shown in the following result.
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Theorem 1.33 (Mazur theorem). A convex subset of a Banach space is (strongly)
closed if and only if it is weakly closed.

We now review further results concerning the weak convergence. To this end,
we recall that given a normed space X, a set D C X is called sequentially weakly
compact, if every sequence in D has a subsequence converging weakly to a point
in D. Moreover, the weak closure of a set D of X is the set obtained by adding to
D the limits of all weak convergent sequences {x,} C D. In other words, the weak
closure of a set D is the smallest weakly closed set containing D.

Theorem 1.34 (Eberlein—~Smulian theorem). Let D be a subset of a Banach
space X. Then the weak closure of D is weakly compact if and only if for any
sequence in D there exists a subsequence weakly convergent to some element of X .

Theorem 1.35 (Kakutani theorem). A Banach space X is reflexive if and only if
the closed unit ball {x € X | ||x||x <1} is weakly compact.

Perhaps the most frequent use of the reflexive spaces is based on the following
compactness result. It is a corollary of the previous two theorems.

Theorem 1.36. Let X be a Banach space. Then X is reflexive if and only if every
bounded sequence in X contains a weakly convergent subsequence.

We also have the following result.

Proposition 1.37. Let X be a Banach space. Then, the following statements
hold:

(1) If a sequence {x,} C X converges weakly to x € X, then it is bounded and
[xllx < Timinf ||x, | x.
(i) If{x,} C X, {l,} C X* x, — x weaklyin X and [, — | in X*, then
(Lns xn) xxxx = (I, x) x*xx.

Proposition 1.37(i) implies that the norm function on the dual of a Banach
space is weakly lower semicontinuous. Indeed, to be more precise, we recall that
a function f: X — R on a normed space X is called lower (respectively, upper)
semicontinuous (or sequentially lower (upper) semicontinuous), if for all x € X and
any {x,} C X such that x, — x in X, we have

f(x) <liminf f(x,) (respectively, limsup f(x,) < f(x)). (1.7

If the convergence of {x,} refers to the weak one, the function f is called weakly
lower (respectively, upper) semicontinuous.
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As usual in the literature, we refer to a lower semicontinuous function as
to a Isc function. Similarly, we refer to an upper semicontinuous function as to
an usc function. Also, we recall that here and everywhere in this book the set
R = R U {#o0} is endowed with the usual operations of addition and scalar
multiplication, with its usual structure of order as well as with its usual topology.

In what follows we recall some convexity and smoothness properties of the norm
in Banach spaces that are important in the surjectivity result for pseudomonotone
operators presented in Theorem 3.63.

Definition 1.38. A Banach space X is called strictly convex if
[Adu+ (1 —A)v|x <1

provided |lullx = |vllx = 1, u # v,and 0 < A < 1. A Banach space X is
called locally uniformly convex if for each ¢ € (0,2] and for each u € X with
|lu||x = 1, there exists 6 = §(e, u) > O such that for all v € X with ||v]|x = 1 and
|lu — v||x > e, the following inequality holds

1

—|lu+v|lx <1-36.

) [Ju x <
A Banach space X is called uniformly convex if and only if X is locally uniformly
convex and § can be chosen to be independent of u.

It is known that, given a Banach space X, the following implications hold:
X is uniformly convex == X is locally uniformly convex,

X is locally uniformly convex == X is strictly convex.

It is also known that each Hilbert space is uniformly convex (as a consequence of
the parallelogram law) and every uniformly convex Banach space is reflexive (result
known as the Milman—Pettis theorem). Moreover, in every reflexive Banach space,
an equivalent norm can be introduced so that both X and X* are locally uniformly
convex (result known as the Troyanski theorem). The latter result simplifies some
proofs in the theory of monotone operators.

Subsequently, we recall the well-known notion of convex function.

Definition 1.39. Let X be a linear space. A function f: X — R is convex if

JAxi+ (1 =2)x2) < Af(x1) + (1= 2) f(x2)

forall x;, x, € X and all A € [0, 1].

From Theorem 1.33, we have the following result.
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Corollary 1.40. Let X be a Banach space and f:X — R be convex. Then f
is lower semicontinuous in the strong topology on X if and only if f is lower
semicontinuous in the weak topology on X .

Another result concerns the weak™® continuity of linear operators between
normed spaces and it is stated as follows.

Proposition 1.41. Let (X, ||-||x) and (Y, ||-||y) be normed spaces andlet A: X — Y
be a linear operator. Then A is continuous if and only if A is weakly continuous, i.e.,
A is continuous from (w—X) into (w=Y).

Weak * convergence. In the dual of a normed space X, denoted X*, a third type
of convergence can be introduced, the weak™* convergence. It is defined as follows.

Definition 1.42. Let X be a normed space with X* its dual space. A sequence of
functionals {/,,} C X* is called weakly* convergentto ]l € X*, if

L,(x) = I(x) forall x € X.

In this case we say that / is the weak * limit of the sequence {/,, } and we write /,, — [
weakly * in X*.

It can be proved that the weak * limit/ € X *, if it exists, is unique. The space X *
endowed with the weak * convergence is denoted by (w*-X*) or X ¥, . It is easy to
see that any sequence converging in X * is weakly * convergent. Moreover, the most
important feature of the weak * topology is contained in the following compactness

result (see Theorem 3.4.44 of [66]).

Theorem 1.43 (Banach—Alaoglu theorem). The closed unit ball of the dual space
X* of a normed space X is compact in the weak™ topology.

Theorem 1.43 is frequently used in nonlinear analysis and in the study of various
boundary value problems, as well. Its following version, which holds under the
separability assumption, may also find useful applications.

Theorem 1.44. Let X be a separable normed space. Then, every bounded sequence
in the dual space X* contains a subsequence that is weakly™ convergent to an
element of X*.

We have also the weak*—X* version of Proposition 1.37.

Proposition 1.45. Let X be a Banach space. Then, the following statements
hold:

(1) Ifa sequence {l,} C X* weakly™ convergestol € X*, then it is bounded and

1l < Timinf [|Z; || x«.
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(i) If{xn} C X, {ln} C X*, x, > xin X and [, — | weakly™ in X*, then

(Lo Xn) xesex —> (LX) x*xx.

We conclude from above that X* has two quite natural weak topologies, that
generated by X** (which is the weak topology for X *), and that generated by the
elements of X (which is the weak* topology for X*). If X is a reflexive space,
then the weak and the weak * topologies on X * are the same. If X is not reflexive,
then the weak* topology of X* is weaker than its weak topology. If X is finite
dimensional all three topologies (the weak, the weak*, and the norm topology)
coincide.

Evolution triples. The concept of evolution triple (or, equivalently, Gelfand triple)
is widely used in the study of nonlinear evolutionary equations and inclusions. To
introduce it we start by recalling some results on compact operator between Banach
spaces.

Definition 1.46. Let X and Y be Banach spaces and A: X — Y be a continuous
operator. We say that A is a compact operator, if for every nonempty bounded set
D C X, theset A(D) = { Ax | x € D} isrelatively compact in Y. Equivalently,
we say that a continuous operator A: X — Y is compact if the image {A(x,)} of
any bounded sequence {x, } in X contains a strongly convergent subsequence in Y.

Definition 1.47. Let X and Y be Banach spaces and A: X — Y be an operator.
We say that A is completely continuous or totally continuous if it maps weakly
convergent sequences to strongly convergent ones. Equivalently, A is a completely
continuous, if it is (w=X) to Y continuous.

The relationship between compact and complete continuous operators is pro-
vided by the following result.

Theorem 1.48. Let X be a reflexive Banach space and Y be a Banach space.
Then

(i) Every completely continuous operator from X to Y is compact.
(ii) The converse does not hold, cf. e.g., Example 1.1.5 of [67].
(iii) For linear continuous operators from X to Y, the notions of compactness and
complete continuity are equivalent.

Next, we introduce the concept of compact embedding.

Definition 1.49. Let X and Y be normed spaces. We say that X is embedded in Y
provided

(i) X is a vector subspace of Y.
(i) The embedding operator i: X — Y defined by i(x) = x forall x € X is
continuous.

We say that X is compactly embedded in Y if the embedding operator i is compact.
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Since the embedding operator is linear, the continuity condition (ii) is equivalent
to the existence of a constant ¢ > 0 such that

lxlly <cllx||x forall x € X

or, equivalently, to the following condition: for any sequence {x,} C X, x, — x in
X entails x, — x in Y. Moreover, it can be proved that X C Y compactly if and
only if for any sequence {x,} C X, x, — x weakly in X entails x, — xin Y.

An important class of linear continuous operators defined in terms of the notion
of duality consists of adjoint operators, called also transpose or dual operators and
defined as follows.

Definition 1.50. Let X and Y be normed spaces and let A € £(X, Y). The adjoint
A*:Y* — X* is the (unique) operator defined via the relation

(A*y*, x)xxxx = (¥*, Ax)y=xy
forall y* € Y*and x € X.
One of the main properties of the adjoint operators is the following.

Proposition 1.51. Let X and Y be normed spaces and let A € L(X,Y). Then
A* e LOY™, X™), A* € L(Y %, X\), and

Al zoeyy = 1A oo x).

In the special situation when X = Y is a Hilbert space and A = A*, we say
that A is a self-adjoint operator. If A € L(X) is self-adjoint, we have a useful
characterization of its norm

[Allzcx) = sup [{Ax, x)x].

lxllx=1

We are now in a position to introduce the concept of evolution triple of spaces,
also known as Gelfand triple.

Definition 1.52. A triple of spaces (V, H, V*) is said to be an evolution triple of
spaces, if the following are true:

(i) V is a separable, reflexive Banach space.
(i) H is a separable Hilbert space.
(iii) The embedding V' C H is continuous and V' is dense in H.

For examples of evolution triples of spaces we refer to Example 2.20 on page 33.
In an evolution triple we identify the Hilbert space H with its dual H*. The main
properties of the evolution triple, which will be frequently used in this book, are
gathered in the following.

Proposition 1.53. Let (V, H, V*) be an evolution triple. Then

(1) Foreveryh € H, there exists a linear continuous unctional h € V* defined b
ry y
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(h,v)y*xy = (h,v)y forallv € V.

In addition, the mapping H > h > h € V* is linear, injective, and
continuous. Moreover, identifying h with h, we have the continuous embedding
H CV* and

(h,v)v*xv = (h,v)H forall h € H, S V,

lAllv= < c||h||lg forall h € H with ¢ > 0.

(ii) H isdensein V™,
(iii) Forany f € V'*, there exists a sequence { f,} C H such that

(fu,v)g = (fiv)y*xy forallv e V.

(iv) If in addition the embedding i:V — H is compact, then so is the (adjoint)
embedding i*: H — V*.

It follows from Proposition 1.53(i) that the duality pairing on V* x V' can be viewed
as the extension by continuity of the inner product (-, -) iy actingon H x V.

1.3 Elements of Measure Theory

The measure theory is a basis of integration theory and deals with set functions,
called measures, defined on certain collection of sets. In the following we recall the
bare minimum of measure and integration theory required for our purpose.

Definition 1.54. Given a set O, a collection X of subsets of O is called o-algebra
(or o-field) if

(i) 0eX.
(i) fAe YthenO\ A € X.
(iii) If A, € ¥, n € Nthen Uy A, € X.

The elements of X are called measurable sets or X-measurable. If O is a
topological space, then the smallest o-algebra containing all open sets is called the
Borel 0-algebra and it is denoted by B(O).

Definition 1.55. A measurable space is a pair (O, X') where O is a set and X is a
o-algebra of subsets of O.

Definition 1.56. (i) If (O, X)) and (O,, X¥,) are measurable spaces, then a
function f:O; — O, is called measurable (or (X, X,)-measurable) if
(x> c 5.

(ii) If (O, X) is a measurable space and Y is a Hausdorff topological space, then
f:0 — Y is called measurable if f~'(B(Y)) C X, ie., if itis (X, B(Y))-
measurable in the sense of part (i).



1.3 Elements of Measure Theory 19

Remark 1.57. In the case (ii) of Definition 1.56 if @ = X where X is a
topological space and f:X — Y, we say that f is Borel measurable, if it is
(B(X),B(Y))-measurable. If X = R?, we say that f is Lebesgue measurable,
if it is (L(RY), B(Y))-measurable, £(IR?) being the Lebesgue o-algebra of R?, see
Definition 2.1.27 of [66]. Note that in all cases, when the range space is topological,
we use the Borel o-field. The reason is that the Lebesgue o-field on the range space
may be too large, see for instance Remark 2.1.49 of [66].

Definition 1.58. Let O be a set and X' be a o-field. A set function u: ¥ — [0, o0]
is a measure (or countably additive set function or o-additive set function) on X if

w(@) = 0and
M(U An) = (A

n>1 n>1
for every infinite sequence {A,},>1 of pairwise disjoint sets from X. A measure
on X is said to be finite if u(O) < co. A measure on X is called o-finite if O =
Up>10n, O, € X, and pn(0,) < oo forall n > 1. If (O, X) is a measurable space
and p is a measure on X, then the triple (O, X, ) is called a measure space.

In the study of measurability properties of set-valued mappings we need also the
following notion of complete measure space.

Definition 1.59. Let (O, X, ) be a measure space. The measure u is said to be
complete, if for every A € X with u(A) = 0 it follows that every B C A belongs
to Y. Then (O, X, ) is said to be a complete measure space.

Roughly speaking, completeness is a property of the o-algebra X, but it is
common practice to use the term complete for the measure. It is well known that
every measure space can be “completed.” For this and other results in this direction,
we refer to Chap. 2 of [66].

The strategy for defining the integral of a function defined on a measure space
consists of two steps. In the first step the integral of simple functions is defined and,
in the second step, the integral is extended to limits of simple functions.

Definition 1.60. Let (O, X) be a measurable space. A function s: O — R which
assumes only a finite number of values {e; }/_, is said to be a simple (or a step,
or a finitely-valued) function, if 4; = s '({o;}) € X foreveryi € {1,...,n}.
In other words, a simple function is a finite linear combination of characteristic
functions of measurable sets, i.e., s(w) = Y i_, &; x4, (») for o € O where, recall,
the characteristic function of a set A is defined by

1 ifwe A,

1w = ifo ¢ A.

The integral of a nonnegative, simple function is defined in an intuitive way.
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Definition 1.61. Let (O, X, 1) be a measure space and s: O — [0,4o00) be a

simple function having the representation s = Zai x4, withea; > 0, 4; € X
i=1

fori € {1,...,n}. Then the integral of s is defined by

[ st dw) = Yautan.

i=1

If for some i € {1,...,n}, &y = 0, and u(A4;) = +oo, we set o;u(4;) = 0
(according to the usual arithmetic on extened real line).

It can be observed that the integral of a simple function is independent of
its particular representation. Next, the integral can be defined for a nonnegative
measurable function.

Definition 1.62. Let (O, X, 1) be a measure space and f: O — [0, +o00] be a X'-
measurable function. The integral of f with respect to i is defined by

/ flw)du(w) = sup{/ s(w) du(w) | s is a simple function, 0 <s < f.
o o

We say that f is integrableif [, fdu < +oc. Finally, if A € X, we can define the
integral of f over A by

/ fdp = / F(@) 14(@) du(@).
A (@]

The definition of the integral is completed by defining the integral of a measur-
able R-valued function. Given a X -measurable function f:0— R, we define its
positive and negative parts by £ = max{f,0} and f~ = max {— f,0} and note
that they are both X'-measurable nonnegative functions. Moreover, f = f — f~

and | f| = f*+ f.

Definition 1.63. Let (O, X, 1) be a measure space and f:O — R be a X-
measurable function. We say that f is ju-integrable, if both f* and f~ are
integrable in the sense of Definition 1.62. In that case we define

/Ofdu=/of+du—/of‘du-

We denote the class of y-integrable functions on O by £'(0).

Furthermore, a statement about w € §2 is said to hold “jt-almost everywhere” (u-
a.e. for short) if and only if it holds for all ¢ A for some A € ¥ with u(A4) = 0.
And, when the measure p is known from the context, we simply say that a statement
holds almost everywhere (a.e. for short) if it holds p-a.e.
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The following two results are useful is the sequel.

Theorem 1.64 (Fatoulemma). Ler (O, X, v) be a measure space and f,: O — R
be a sequence of X -measurable functions such that there is h € L1(O) with f, < h
u-a.e. on O foralln € N. Then

limsup/ fodu 5/ limsup f, d.
o o

If there is a function hy € L'(O) such that f, > hy p-a.e. on O foralln € N, then
/ liminf f, dpu < liminf/ fodu.
(@] (@]

Theorem 1.65 (Lebesgue-dominated convergence theorem). Let (O, X, ) be
a measure space and f,,: O — R be a sequence of X-measurable functions such
that f,(w) — f(w) p-a.e. on O and | f,(w)| < h(w) p-a.e. on O foralln € N
with h € LY(O). Then f € LY(O) and

/Ofdp,zlim/(ofndu.

We can generalize the linear space £'(0O) as follows.

Let (O, X, 1) be a measure space and 0 < p < oo. By L7(O) we denote the
set of all X-measurable functions f:( — R such that fo | f1Pdu < +o0,ie.,
[£17 € LY(O).If 1 < p < oo, the quantity

1/p
1/l = (/O|f|pd,u)

is called the L”-seminorm. On L?(O) we consider the equivalence relation ~
defined by f ~ g if and only if f = g p-ae. on O. Then we set L”(0) =
LP(0)/ ~. On the quotient space L?(Q) the quantity || - ||, is a norm, and, in fact,
(L?(O), |l - |l ) becomes a Banach space, see Sect. 2.2 for details.

We conclude this section by recalling some notion and results used in the next
chapters of the book, related to integration with respect to product measures.

Lemma 1.66. Let (O, X)) and (O,, X,) be measurable spaces and f: O;x O, —
R be a X x Xy-measurable function. Then f(wy,-) is Xy-measurable for each
w1 € Oy and (-, ) is X1-measurable for each w, € O,.

Definition 1.67. Let (O, X') be a measurable space and Y;, Y, be topological
spaces. A function f: OxY; — Y, is said to be a Carathéodory functionif f(-, y)is
(¥, B(Y,))-measurable forevery y € Y, and f(w, -) is continuous for every w € O.
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Lemma 1.68. If (O, X)) is a measurable space, Y, is a separable metric space, Y,
is a metric space, f:O x Y, — Y, is a Carathéodory function and x: O — Y| is
X -measurable, then O > w — f(w, x(w)) € Y, is X-measurable.

Theorem 1.69 (Fubini theorem). Le_t((’)l, 21, 101), (O, X5, o) be o-finite mea-
sure spaces, and let f: 01 x Oy — R be 1 x , integrable function. Then, we
have

the function f(w:,-) is pa-integrable, for pi-almost all w, € Oy,

the function / f(, wp) dusy(wy) is juy-integrable.
Oy

Similarly, we have
the function f(-, wy) is j1-integrable, for py-almost all w, € Oy,

the function / f(wr,-)dui(w) is po-integrable.
(@]}

Moreover,

/ Sflor, @) d(py x pa) = / ( f(o1, @) dﬂz(wz)) du(wr)
O1x0, (@] Oy

:/ ( f(a)l,a)z)dm(a)l)) d,uz(wz)-
(@) O

The above result enables to evaluate integrals with respect to product measures
in terms of iterated integrals. For definitions and basic properties related to product
measure spaces we send the reader to Sect. 2.4 of [66].



Chapter 2
Function Spaces

In this chapter we introduce function spaces that will be relevant to the subsequent
developments in this monograph. The function spaces to be discussed include
spaces of continuous and continuously differentiable functions, smooth functions,
Lebesgue and Sobolev spaces, associated with an open bounded domain in R?.
In order to treat time-dependent problems, we also introduce spaces of vector-valued
functions, i.e., spaces of mappings defined on a time interval [0, 7'] with values in a
Banach or a Hilbert space.

2.1 Spaces of Smooth Functions

Spaces of continuously differentiable functions. Everywhere in this section §2
denotes an open bounded subset of R? and x = (x1,...,xq) will represent a
generic point of 2. We define C(£2) to be the set of all continuous functions from
£2 to R. The set C(£2) forms a linear space under the usual addition and scalar
multiplication. Similarly, the notation C(£2) is used for the space of real-valued
functions continuous on £2. Since £2 is a bounded set, the space C(£2) consists of
functions which are uniformly continuous on §2 and it is a Banach space with the
norm
vl = sup [v(x)| = max [v(x)].
XER xeg

It is clear that C(£2) C C(£2) with the proper inclusion. Indeed a simple one-
dimensional example of function which belongs to C(§2) and does not belong to
C(R2) is given by taking v(x) = 1/x on 2 = (0,1) C R.

We introduce some space of continuously differentiable functions which can be
endowed with a Banach space structure. To this end we adopt the following notion
of multi-indices which is useful as a compact notation for partial derivatives.

S. Migérski et al., Nonlinear Inclusions and Hemivariational Inequalities, 23
Advances in Mechanics and Mathematics 26, DOI 10.1007/978-1-4614-4232-5_2,
© Springer Science+Business Media New York 2013
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A multi-index m is an ordered d-tuple of integers m = (my,...,mg), m; > 0
fori € {1,...,d}. The length |m| of the multi-index is the sum of the components
of m, |m| = Z?:l m;.Letv: 2 — R, D; = d/dx; and

[m| my+-+mg
DmU:Dml...DmdU: a v = a v
! d ox™  Oxy"Oxy"? .- 0x))

with D% = v.

Let k € N. We denote by C*(£2) the vector space of all functions v which,
together with all their partial derivatives D™ v of orders |m| < k, are continuous
on £2. Here and everywhere in this book, for k = 0, we set C°(£2) = C(£2) and
C°(R2) = C(R2). The set of k-times continuously differentiable functions on £ is
recursively defined by

Ck(2) = {v e C*'(R2) | D™v € C(2) for all m such that |m| = k}.

The set C*(£2) is a Banach space with the norm

lergy = D 1Dl

lm|<k

We also have a proper inclusion C*¥(2) C C¥(£2). The spaces of infinitely
differentiable functions are defined by

C*@2)= (k). c>*®@)=)c"®.

keNy keNy

Given 21, £2, C R¢, we recall that £2; CC §2, means that 2; C §2, and £, is
compact in R?. For a function v: 2 — R, its support is defined by

suppv = {x € 2 | v(x) # 0}.
We say that v has a compact support if suppv CC 2. We set
CsP(2) = {v € C*(£2) | suppv CC £2}.

It is clear that C°(£2) C C®(R2).

Space of Holder continuous functions. A function v: 2 — Ris said to be Holder
continuous in £2 if there exists two constants ¢ > 0 and A € (0, 1] such that

lv(x) —v()| < cllx =yl forall x,y e 2.
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The constant A is called the Holder exponent of v. If A = 1 the function is said to
be Lipschitz continuous. The space of Lipschitz continuous functions in §2, denoted
by C%!(£2), is a Banach space with the norm

v(X)—v
Ivllcor@y = Ivlic@ +  su M
wyew X =Ylgra
x#y

Let k € Ny and A € (0,1]. A function v € Ck(£2) is said to be (k, A)-Holder
continuous in §2 if there exists a constant ¢ > 0 such that

|D"v(x) = D™v(y)| <c|lx = yl}, forall x,y € 2

for all multi-indices |m| < k. The set of (k, A)-H&lder continuous functions in Qis
denoted by C**(£2) and it is a Banach space endowed with the norm

|D™v(x) — D™ v(y)|

[vllcka@ = lvllck@ + max  sup
oshml=k . e g lx = ylIA,
x#y

For a nonnegative integer k and 0 < © < A < 1, we have the following strict
inclusions:

CHl(R) c (@) c ch () c CH(@)
which hold for any open subset 2 of R It is also clear that C*!(2) Z C*+1(2).

The following result is a direct consequence of the definitions of the spaces
introduced above, see for instance Theorem 1.31 of [1].

Theorem 2.1. Let 2 be an open subset of R?, let k be a nonnegative integer and
0 < u < A < 1. Then we have the following embeddings:

CcH () c ¢k (), 2.1
Ck(R2) c CK (), (2.2)
CcH Q) c Q). (2.3)

Moreover, if $2 is bounded, then the embeddings (2.2) and (2.3) are compact.
In addition, if §2 is convex, we have the embeddings

Ck+1(§) C Ck’l(ﬁ),
CcH(@2) c cH(2). (2.4)

And, finally, if §2 is bounded and convex, then the embeddings (2.1) and (2.4) are
compact.
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2.2 Lebesgue Spaces

In this section we recall the definition of L? spaces as well as their main properties.
Proofs of standard results are omitted. We restrict ourselves to the spaces defined on
an open subset of R? although the theory is well developed in an abstract measure
space setting, as shown in Sects. 2.2 and 3.8 of [60].

Let £2 be an open subset of R? and consider the Lebesgue measure on R¢,
denoted meas (-). As on page 21, given two measurable functions u, v: 2 — R,
we say that u is equivalent to v, and we write u ~ v if u(x) = v(x) fora.e. x € £2.
We note that ~ is an equivalence relation in the class of measurable functions. For
convenience, with an abuse of notation, we identify a measurable function with its
equivalence class.

For 1 < p < oo, we define

L?(£2) = {u: 2 — R | uis a measurable function such that ||u||.r2) < oo},

1/p
il iy = (/Q |u(x>|f’dx) .

L*(2) = {u: 2 — R | u is measurable function such that ||u| 100 (2) < 00},

where

If p = oo, then

where the essential supremum norm is given by
lul|Loo(2) = esssup |u| = inf{a € R | |u(x)| < aforae. x € §2}.

The elements of L?(§2) are thus equivalence classes of measurable functions. For
simplicity, and when there is no possibility of confusion, we denote the L?(£2)
spaces simply by L? and the norms || - ||zr(2) by || - [r or || - || p-

Given a natural number s > 1 and a real number 1 < p < oo we denote by
L?(£2;R’) the space of functions u: £2 — R* whose components are in L?(£2),
ie., LP(§2;R*) = (L?(£2))*. We endow L”(£2;R’) with the norm

1/p
||u||u<g;Rx>=( /9 | dx) .

For a measurable function u: 2 — R, if u € L?(§2') for any 2’ CC £2, then we
say that u is locally p-integrable (or locally in L?(§2)) and write u € L] (£2).
The basic properties of L? spaces are provided in the following theorem.

Theorem 2.2. Let 2 be an open bounded subset of RY. Then

(a) Forl < p < oo, L?(82) is a Banach space.
(b) For1 < p < oo, LP(82) is reflexive and uniformly convex.
(c) Forl < p < oo, LP(82) is separable.
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(d) L*(82) is a Hilbert space with respect to the inner product

(u,v) 122 =/Qu(x)v(x)dx.

(e) If1 < p <r < oo, then L"(2) C L?(£2) and
lvll, < meas(£2)"/77V"||v||, forall v e L"(£2).

(f) Forl < p < oo, if{u,} convergestouin L?(82), then there exist a subsequence
{un, } of {u,} and a function h € LP(82) such that {u,,(x)} converges to u(x)
a.e. x € 2 and |u,, (x)| < h(x) a.e. x € §2 and for all k € N.

(g) For1 < p < o0, both the space C§°(82) and the family of all simple functions
in L?(82) are dense in L?(S2).

The triangle inequality for L7 (£2) norm is called the Minkowski inequality.

Theorem 2.3 (Minkowski inequality). Let 1 < p < ocoandu, v € L?(82). Then
u+vel?(2)and
e+ vl < llull, + vl
For 1 < p < oo, we define its (Holder) conjugate g by the relation 1/p+1/g =
1 and adopt the convention 1/0co = 0. It is easy to see that 1 < ¢ < co. Moreover,
l<g<xifl < p<oo,q=1if p=o00,and g = oo if p = 1. With this
notation we have the following result.

Theorem 2.4 (Holder inequality). Let 1 < p < oo and let q be its conjugate
exponent. If u, v: 2 — R are measurable functions, then

luvlly < llullp [[vilg-
In particular, ifu € L?(2) and v € L4(82), then uv € L'(£2).

The Holder inequality for p = 2 is actually the well-known Cauchy-
Bunyakovsky—Schwarz inequality. A third basic inequality associated with
integrable functions is the so-called Jensen inequality.

Theorem 2.5 (Jensen inequality). Let I be an open interval in R, f:1 — R be
a convex function, u € L'(82) withu(2) C I and f ou € L'(82). Then

1 1
/ (meas(.Q) /Qudx) = meas(£2) /Qf oudx.

Next, we recall two elementary inequalities of Young and Gronwall which are
frequently used in the book.

Lemma 2.6 (Young inequality). Letl < p <oo, 1/p+1/q =1, ande > 0.
Then

eP 1
ab < —lal’ + —1b|? forall a,b € R.
p elq
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Lemma 2.7 (Gronwall inequality). Assume that f, g:[0,T] — R are continu-
ous functions, h € LY(0, T), h > 0and
t
f@) <g@) +/ h(s) f(s)ds forall t €[0,T].
0

Then

f@)<g@k) + /Ot exp(/t h(r)dr)h(s) g(s)ds forall ¢t €[0,T].

A characterization of the dual of the L? spaces follows from the following well-
known result.

Theorem 2.8 (Riesz representation theorem for I7). Let1 < p < oo, 1/p +
1/g = 1 and let | € (LP(82))*. Then there exists v € L4(82) such that for all

u € LP(82), we have
l(u)=/ uvdx
Q2

and, moreover, ||v|ra2) = | |wr(2y*. Thus (LP(82))* = L4(£2).

To complete the statement in Theorem 2.8 we recall that the space L°°(£2) is
not separable and (L*°(£2))* is much larger than L'(£2). Details can be found in
Theorem 3.8.6 of [66]. Moreover, L'(£2) and L>°(£2) are not reflexive spaces.

The following result is useful in the study of weak solutions to partial differential
equations.

Lemma 2.9 (Variational lemma or Lagrange lemma). Let §2 be an open subset
of R, u e L} .(£2) and assume that

/ updx =0 forall ¢ € C5°(£2).
2

Thenu = 0 a.e. on S2.

We conclude this section with a collection of results on weak convergence in L?”.
Let 1 < p < oo and g be the conjugate exponent of p. If p = 1 or p = oo, then
assume in addition that £2 is bounded. By Theorem 2.8, it follows that a sequence
{u,} C L?(82) converges weakly (weakly * if p = 0o) to a function u € L?(£2) if
and only if

/unvdxa/uvdx forall v e LI(£2).
o) o)

Proposition 2.10. Let 2 be an open subset of R?, 1 < p < oo, and assume that
§2 is bounded when p = oo. Let {u,} C L?(£2).

(@) If u, — uweakly in L?(2) (weakly™ if p = 00), then

lull , < liminf|u,|, < sup|u.|, < oo.
neN
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(b) If1 < p < oo andsup ||u,||, < oo, then there exists a subsequence {u,, } such
n€N

that u,, — u weakly in L?(82) for some u € L?(82). This property also holds
in L®°(§2) with respect to the weak™ convergence.

(c) If1 < p <00, uy — uweakly in L¥(82) and ||u|, = lim ||u,|| ,, then u, — u
in L?($2).

2.3 Sobolev Spaces

The theory of Sobolev spaces has been developed by generalizing the notion of
classical derivatives and introducing the idea of weak or generalized derivatives.
These spaces are among the most common function spaces used both in the study of
partial differential equations and in diverse fields of mechanics. In this section we
summarize the main properties of Sobolev spaces.

Definition and basic properties. Let 2 be an open subset of R? and d €
N. Below, we adopt the multi-index notation introduced in Sect.2.1. Let m =

d
(my,...,mg) with m; > 0 forany i € {1,...,d}, |m| = > m; and D™ =

D" --- DI with D; = 9/0dx;.
Letu € L! (£2). A functionw € L}oc (£2) is called the mth weak derivative or

loc
generalized derivative of u, if

i=1

J,epredr =0 [ wods tora g e )
o 2

The weak derivative, if it exists, is uniquely defined up to a set of measure zero.
It will be denoted by w = D"u.

We recall that C°(§2) stands for the space of infinitely differentiable functions
with compact support in £2 and it is called the space of test functions. It can be
furnished with a convergence structure (see, e.g., Definition 3.9.1 of [66]). The
definition of weak derivative can be extended to distributions (linear and continuous
functionals on C°(§2)). Note that the weak derivative of function, as well as the
distributional derivative introduced in Definition 2.45, has a global feature, i.e., it
can not be defined pointwise. This represents one of the differences with respect the
classical derivative which, in contrast, can be defined in each point of the domain §2.

Let ] < p < ooand k € N. The Sobolev space W*-?(£2) is the space of
functions u € L”(£2) which have generalized derivatives up to order k such that
D™u e LP(R2) forall |m| < k. Fork = 0, we set W07 (2) = L?(£2).



30 2 Function Spaces

The space W*?(£2) becomes a Banach space with the norm

1/p
( > ||Dmu||£p(m) if 1<p<oo,
lullwer ) = Im| <k
max ||Dmu||Lo<>(Q) if p = OQ.
lm|<k

The Sobolev space W*2(£2) is denoted by H*(£2). By using Rademacher’s
theorem (Theorem 5.6.16 in [66] or Corollary 4.19 in [49]), it can be shown that
a real-valued Lipschitz continuous function defined on £2 is almost everywhere
differentiable on £2 and, moreover, W!'®(£2) = C%!(£2). Details can be found
in Sect. 5.8 of [80].

We now proceed with the following definition.

Definition 2.11. Let 1 < p < oo and k € N. Then, the Sobolev space WOk‘p(.Q) is
the closure of the space C°(§2) in the norm of the space Wkr ().

It follows from the definition above that the space Wok’p (£2) is a Banach space
with the norm || - ||y x.p (). We write Wok’z(.Q) = HF(£2).For 1 < p < oo, the dual
space of Wok’p (£2) is denoted by W =4 (£2) where ¢ is the conjugate exponent of p.
We usually use the notation W~'2(£2) = H~'(£2). Moreover, for k,[ € N, k < [
we have the inclusions

C5®(2) C Hy(2) C Hy(2) C LX(2) C H*(2) C H™(2) C (CFP(2)*,

each of these spaces being dense in the following one.
Additional properties of the Sobolev spaces are provided by the following result.

Theorem 2.12. Let 2 be an open bounded subset of R?, d > 1 and k € N. Then
WP (R2) is a uniformly convex Banach space (and hence reflexive) for 1 < p < oo,
and separable for 1 < p < oc. The Sobolev space H*(82) is a Hilbert space with
the inner product

(I/t, U)Hk(g) = Z (Dml/t, DmU)LZ(Q).

lm|<k

In the case of vector-valued functions v: 2 — R, s > 1, v = (vy, ..., v5), we
use the notation WK?(2; R*) = (W57 (£2))* and

s 1/p
Iollwer@rs) = (Z ””f”fvw(m) '
i=1
Regularity of the boundary. Open sets in R? could have very bad boundaries.
Some properties of Sobolev spaces require a certain degree of regularity of the
boundary and, for this reason, many theorems concerning Sobolev spaces hold under
additional conditions on the boundary of the open set £2. To present them, below,
we restrict ourselves to the case of bounded sets.



2.3 Sobolev Spaces 31

Definition 2.13. Let £2 be an open bounded subset of R? with a boundary I".
We say that the boundary I is of class C** or is (k,A)-Hélderian, k € Ny,
A € (0,1], if there exists / Cartesian coordinate systems S;, j = 1,...,[,
S; = (X1, Xja-1.Xja) = (X}, x;4), two real numbers o, B > 0, and /
functions a; with

aj € C**([~a,a]’™), j=1,...,1
such that the sets defined by
A = (x50 € R | ot < 0 x50 = a; (6]
vi= {(x;,xj,d) € RY | [1¥)llsumr <. aj(x) < xj0 < a; (X)) + ﬂ} ,
VE= () xp0) € RY | llgot < @, a;()) = B < ¥y < a; ()},
possess the following properties:
Acr,  vice, VIicRI\Q

forall j =1,...,] and
i

UAJ’:F.

Jj=1

If the mappings a; belong to Ck([—a,a]d_l), j = 1,...,1, we say that the
boundary I' is of class C¥. A boundary of C®!-class is then naturally called
a Lipschitz boundary, which means that I" is locally the graph of a Lipschitz
continuous function. An open bounded subset of RY with Lipschitz boundary is
called a Lipschitz domain.

We remark that the smooth domains (the sphere, parallelpiped, pyramid, etc.)
have a Lipschitz boundary and, in engineering applications, most domains are
Lipschitz domains. Well-known domains which are not Lipschitz domains are the
circles with a radius removed and the smooth domains with cracks. In the rest of
the book we always assume that §£2 has a Lipschitz boundary, which is a quite
natural requirement. Then the functions a; are Lipschitz continuous and, therefore,
as mentioned on page 30, they possess derivatives almost everywhere on A .

Definition 2.14. Consider now the function a; from Definition 2.13. Then the
vector v € R given by

1 aaj aaj ) aaj 2
= - ,—1], wh =11 —
v P (axj.1 9% 40 ) where s ( + Z_: (8xj.i)

is called the unit outward normal to the boundary I".
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The unit outward normal is defined uniquely almost everywhere on I" and its
components v; are bounded measurable functions, i.e., v € L®°([; Rd). It can be
proved that the vector v does not depend on the concrete coordinate system. In
this case the (d-1)-dimensional surface measure is well defined and it allows to
define L?(I") spaces and to introduce the trace operator. Also, it allows to extend
the integration by parts formula to Sobolev functions. More details in this matter
can be find in Chap. 3.9 of [66], for instance. Finally, it is known that if £2 is open
bounded and has a Lipschitz continuous boundary, then the Sobolev space W7 (£2)
for 1 < p < oo, introduced on page 29, can be equivalently defined to be the closure
of CK(2) in W (£2) norm.

Embedding results. We turn now on embedding and compact embedding results
concerning the Sobolev spaces.

Theorem 2.15. Let 2 be an open bounded set of R¢ with a Lipschitz boundary.
For nonnegative integers k, | such that 0 < | < k, we have the continuous
embeddings

Wk.p(g) c W’#’(,Q) forall 1 < p <oo0.

Moreover, for k > 0, we have
Whr(£2) ¢ WEP(£2) whenever 1 < p <r < oo.

Since Sobolev spaces are defined through Lebesgue spaces, it follows that,
roughly speaking, an element in a Sobolev space is an equivalence class of
measurable functions that are equal almost everywhere. When we say that a function
from a Sobolev space is continuous, we mean that it is equal almost everywhere to a
continuous function, i.e., we can find a continuous function in its equivalence class.

Theorem 2.16 (Rellich—-Kondrachov embedding theorem). Let §2 be an open
bounded set of R? with a Lipschitz boundary, k € Nand 1 < p < oo.

(@) If k < %, then WP (2) C L9(2) continuously for every ¢ < p* and
d
d—[;cp'
(b) Ifk = %, then WEP(2) C L"(2) compactly for every r < oo.
© If k > %, then WP (2) C C'(2) compactly for every integer | such that
0<l<k-4.

compactly for every g < p*, where p* =

The above embeddings are also valid for Wok’p (§2) for any open bounded subset of
R? with no restriction on the regularity of the boundary.

For the proof of Theorem 2.16, we refer to [1, p.144]. Moreover, we have the
following result which will be useful in what follows.

Corollary 2.17. Let 2 be an open bounded set of R? with a Lipschitz boundary,
k € Nand 1 < p < oo. Then the embedding W*?(2) C L?(2) is compact.
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Sobolev-Slobodeckij spaces. The Sobolev spaces of integer order have an intu-
itive interpretation. However, many applications require extension of the definition
of Sobolev spaces to include fractional order spaces.

Definition 2.18. Let £2 be an open bounded subset of R?. Let k be a nonnegative
real number of the form k = [k] + r > 0, where [k] is the integer part of k,
[k] > 0 and r € (0,1). We define the Sobolev—Slobodeckij space WX (£2) to be
the subspace of W7 (£2) with finite norm

|D"u(x) - D"u(y)|”
llbytoier = {1l + 3 [ [ LI ey
Im|=[k] |X—y||

1/p

where 1 < p < oo. If p = oo, WK®(£2) is defined to be the subspace of
W Lo (£2) for which the norm

[ullwroo(2) = llullwiico(o) + max esssup | D™ u(x) —Drmu(y)|
Iml=kl  \ e o % = Yl
x#y

is finite.

For a nonnegative real number k, the Sobolev space W*2(£2) is denoted
by H k (£2). Also, in the case of vector-valued functions, we use the notation
H*(2;R*) = WK2(2;R*). We recall Theorems 7.9 and 7.10 of [252], which
provide compact embeddings results for fractional order Sobolev spaces.

Theorem 2.19. Let 2 be an open bounded set of R? with a Lipschitz boundary
and let ry, 1, be real numbers such that 0 < r, < r;y < 1. Then the embedding
H™"(2) C H"2(82) is compact.

We use now Corollary 2.17 and Theorem 2.19 to provide the following examples
of evolution triples. The examples below can be easily generalized to vector-valued
functions.

Example 2.20. (i) Let £2 be an open bounded subset of R¢ with no restriction
on the regularity of its boundary and set V = WOk’p (2) and H = L*(R2)
with2 < p < oo and k € N. Then (V, H, V*) is an evolution triple with
V* = W*4(2), 1/p 4+ 1/q = 1 and the corresponding embeddings are
compact. This example serves as a prototype of an evolution triple of spaces.

(ii) Let £2 be an open bounded connected set of R? with a Lipschitz boundary, let
V be any closed subspace of H'(£2) such that H}(£2) C V C H'(£) and
let H = L*(£2). Since C{°(£2) C Hy(£2) C V, we know that V is always
dense in H. Thus the spaces (V, H, V*) form an evolution triple of spaces with
compact embeddings V C H C V*.

(iii) Let £2 be an open bounded connected set of R? with a Lipschitz boundary and
let § € (%, 1). Then we have the continuous dense and compact embeddings
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H'(2) C H(2) C HYV2(2) C H with H = L*(£2). This implies that
(H®(£2), H, (H%(£2))*) is also an evolution triple of spaces.

Trace operator. Functions from Sobolev spaces are uniquely defined only almost
everywhere in £2 and the boundary of 2 has measure zero in RY. Nevertheless, it
is possible to define the trace of a function from Sobolev space on the boundary in
such a way that for a Sobolev function that is continuous up to the boundary, its trace
coincides with its boundary value. More precisely, we have the following result.

Theorem 2.21. Let 2 be an open bounded set of R? with a Lipschitz boundary
02 = I' and 1 < p < oc. Then there exists a unique linear continuous operator

y: WP (2) — LP(I") such that

@ yu=ulrifueC' ().

®) llyullLrry < ¢ lullwrpe) with ¢ > 0 depending only on p and S2.

(¢) Ifu € W'P(2), then yu = 0in L?(I") if and only if u € Wolp(.Q)

@) If1 < p < oo, then y(W'P(2)) = W'™52(I).

) If1 < p < d, then y:W'P(2) — L"(I') is compact for any r such that
1<r< ‘Z’T_]f

) If p > d, then y: W'P(2) — L™ (I'") is compact for any r > 1.

The function yu is called the trace of the function u on 052 and the operator

y: WP (2) — LP(I") is called the trace operator.

The trace operator introduced in Theorem 2.21 is neither an injection nor a
surjection from W17 (§2) to L?(I"). The range y(W'P(R2)) = Wl_%‘p(l“) is
a space smaller than L?(I"). Usually we use the same symbol u for the trace of
ue€ Whr(82),i.e., we write u instead of yu.

We denote by H ~'/2(I") the dual space of H'/>(I"). The duality pairing between
H~'2(I"yand H'/?(I") is an extension of the L?(I") inner product. More precisely,
ifwe L>(I'"), thenw € H~Y/2(I") and

(W, U)H—I/Z([')XHI/Z([‘) = / wvdl forall v e Hl/z(F)
r
The following trace theorem holds for fractional Sobolev spaces and follows
from Theorem 1.5.1.2 of [92].

Theorem 2.22. Let 2 be an open bounded set of RY with C*' boundary I.

Assume that 1 < p < 00, 0 is a nonnegative real number such that o — % is

not an integer, 0 <k + 1, 0 — % =1l+4+r,re(0,1),andl > 0 is an integer. Then
there exists a unique linear continuous and surjective operator

y: WOP(Q) — W3 (I)

such that yu = u|r ifu € C*(Q).
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Sobolev spaces in contact mechanics. In the study of contact problems, we
frequently use Sobolev-type function spaces associated to the deformation and
divergence operators. To introduce them, we start with the following notation.
First, we denote by R? the d-dimensional real linear space, with d = 1, 2, 3 in
applications. The symbol S stands for the space of second-order symmetric tensors
on R? or, equivalently, the space of symmetric matrices of order d. The canonical
inner products and the corresponding norms on R¢ and S¢ are

u-v=uvi, |vlge =@ -v)/> forall u= (), v=(v;)eR?,
0:7 =07, |tllee=(: 7)!/2 forall o = (0ij), T = (1ij) € s?,

respectively. Here and throughout this section, the indices i and j run between 1 and
d, and, unless stated otherwise, the summation convention over repeated indices
is used. Moreover, we denote vectors and tensors by bold-face letters, as usual in
Mechanics, and we keep this convention everywhere in Part III of the book.

Next, let £2 be an open bounded set of R?. In general, displacements will be
sought in the space H'(£2;R?) or its subspaces. Given I'p C I" with meas(I'p) >
0, we introduce the spaces

H=L2RY), H={t= (1) | w =15 €L*(2)}=L*2:8,

V={veH' (2R |v=0onlp}, H ={teH|DivreH}

Recall that condition v = 0 on I'p in the definition of the space V' is understood in
the sense of trace, i.e., yv = 0 a.e. on I'p. It is well known that the spaces H, H,
V, and ‘H; are Hilbert spaces equipped with the inner products

(u,v)H=/u-vdx, (a,r)yzfozrdx,
o) fo)

(w,v)y = (e(u),e(v))n. (0,t)y, = (0,7)1 + (Dive,Divt)y,

where e: H!(£2;R?Y) — H and Div:H; — H denote the deformation and the
divergence operator, respectively, given by

e(m) = (s;;(), &) = %(”i.j +uj;), Dive = (0i;). (2.5)

Here and below an index that follows a comma indicates a derivative with respect
to the corresponding component of the variable. Therefore, since the summation
convention over repeated indices is adopted, the divergence of the stress field is
given by

4 90
ij
Gii : = E :_
ty.J ' axj
=1
The associated norms in H, H, V, and H; are denoted by | - ||z, || - l% || -

|lv, and || - ||%,, respectively. Since the trace operator is continuous, it follows that



36 2 Function Spaces

V' is a closed subspace of H 1 (£2; R4 ). Moreover, as it follows from the discussion
in Example 2.20 we obtain that (V, H, V*) is an evolution triple of spaces with
compact embeddings where, recall, V* denotes the dual space of V. In addition,
since meas(I'p) > 0, the following Korn inequality holds:

[0l < ¢ le@l forall v eV,

where ¢ > 0 depends only on §2 and I'p. This implies that the norm ||-||y = |le(-) || %
is equivalent on V' with the norm || - || ;1 (:a)-

Finally, we comment on the Green-type formulae which play a key role in
obtaining variational formulations of contact problems. Given §2 an open bounded
subset of R? with a Lipschitz boundary I and denoting by v = (v;) € R? the unit
outward normal vector on I, it is a well-known classical result that

/u,wdxz/uvvidf—/ uv;dx forall u,ve CY(Q)
Q r Q

for all i = 1,...,d. This is often called the Green formula or the divergence
theorem. This formula can be extended to functions from certain Sobolev spaces
so that the smoothness of the functions is exactly enough for integrals to be well
defined in the sense of Lebesgue.

Theorem 2.23 (Multidimensional integration by parts). Ler 2 be an open
bounded set of R? with a Lipschitz boundary I', and let 1 < p < oo with the
conjugate exponent q. Then for u € WP (2) and v € W'4(82), we have

/(uv,i—i—u,iv) dx:/uvvidf forall i =1,...,d.
o) r

We consider now v = (vy,...,vy), write the formula in Theorem 2.23 for v;
instead of v, and summ it overi = 1, ..., d. Then, with the notation
d
) v;
dive = —
ax,-

i=1
for the divergence of the vector field v and
Vu=(uy,...,uq)

for the gradient of the scalar field u we arrive at the following Green-type formula.

Theorem 2.24. Let 2 be an open bounded set of R? with a Lipschitz boundary I,
and let 1 < p < oo with the conjugate exponent q. Then for u € WP (2) and
v € W (2;RY), the following formula holds
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/(udivv+Vu-v) dx=/u(v-v)dF, (2.6)
2 r

where, recall, the dot denotes the inner product in R,

We conclude with a second Green-type formula that is repeatedly used in the rest
of the book in order to derive variational formulations of the contact problems.

Theorem 2.25. Let §2 be an open bounded and connected set of R with a Lipschitz
boundary I'. Then

/o:e(v)dx+/Divo-vdx=/ov-vdF 2.7)
2 2

r

forallve H'(2;R?) and 0 € C'(2;S?).

The proof of Theorem 2.25 is based on the integration by parts formula presented
in Theorem 2.23, combined with the definition of the deformation and divergence
operators in (2.5).

2.4 Bochner-Lebesgue and Bochner-Sobolev Spaces

In this section we introduce briefly the Bochner integral of Banach space-valued
functions, Bochner-Lebesgue spaces, and Bochner—Sobolev spaces. These spaces
play an important role in the study of evolutionary problems in Chap.5. We omit
most of the proofs and we refer to [66, 83,263] for detailed information and proofs.
Throughout this section E denotes a Banach space with a norm ||| g, E* is its dual,
and (-, -) gxx g represents the duality pairing between E* and E.

Weak and strong measurability. We begin with two types of measurability of
vector-valued functions.

Definition 2.26. Let (O, X, 1) be a measure space.

(i) A function s:0O — E is called a simple (or a step, or a finitely-valued)
function, if there exist {A;}*_, € ¥ mutually disjoint sets and {¢;}*_, € E
such that s = Zle c¢i x4;» where y 4 denotes the characteristic function of a
set A, see Definition 1.60.

(i) A function u: O — E is said to be measurable (or strongly measurable) if
there exists a sequence {s, } of simple functions s,,: O — E such that

lim ||s,(w) —u(w)||g =0 for pu-ae. w € O.
n—>o00
(iii) A function u: O — E is said to be weakly measurable (or E* measurable) if
for all e* € E* the real-valued function

O3 w (e, u(w))g*xg € R is measurable.
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(iv) A function u: O — E* is said to be weakly * measurable (or E measurable) if
for all e € E the real-valued function

O3 wr (u(w),e)g+xg € R is measurable.

Some basic properties of measurable functions are gathered in the following
result.

Lemma 2.27. Let (O, X, 1) be a measure space and E| be a Banach space. Then,
the following statements hold:

(i) Every continuous function u: O — E is measurable.

(i) If u:O — E is measurable, then the real-valued function O > w
lu(w)|| £ € R is measurable.

(iii) Ifu: O — E ismeasurableand g: E — E| is continuous, then the composition
gou:O — Ej is measurable.

iv) If u: O — E and g: O — R are measurable, then the product ug: O — E is
measurable.

V) If u:O — E and g:O — E™* are measurable, then the duality product
(g, u) pxxg: O — R is measurable.

vi) If {u,} is a sequence of measurable functions from O to E such that
Jim_{u, (@) — w(@)]| e = 0for p-a.e.w € O, then u is measurable.

The proofs of the statements (i)—(v) in the lemma are straightforward. The
statement (vi) represents a consequence of the corresponding property for £ = R
and the following result due to Pettis.

Theorem 2.28 (Pettis measurability theorem). Ler (O, X, i) be a finite measure
space. A function u: O — E is strongly measurable if and only if it is weakly
measurable and there exists A € X such that u(A) = 0 and u(O\ A) is a separable
set of E in the norm sense (i.e., u is j-a.e. separably valued).

Note that the Pettis measurability theorem shows that measurability and weak
measurability coincide when E is separable. Its proof can be found, for instance,
in [66].

Bochner integral. We first define the Bochner integral for a simple function, then
we extend this concept to a strongly measurable function.

Definition 2.29. Let (O, X, 1) be a measure space. A simple function s: O — E
is said to be Bochner integrable if it is of the form

k
§ = ZCiXAw

i=1

where ¢; are distinct elements of E withi = 1,...,k andk € N, the sets {A,-}f;l C
XY are mutually disjoint, and ¢; = 0 whenever t(A4;) = oco. For any measurable set
A € X the Bochner integral of s over A is defined by
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k
/Sdﬂ = ZCiM(Ai N A),
A

i=1
where ¢; u(A; N A) is set to be zero whenever ¢; = 0 and u(A4; N A) = oc.

Definition 2.30. Let (O, ¥, 1) be a measure space. A (strongly) measurable
function u: O — E is Bochner integrable if there exists a sequence of simple
functions {s,} such that

lim ||s,(w) — u(w)||g =0 for yu-ae.w € O
n—00

and
lim / l[$n (@) — u(w)||e dp = 0.
n—00 O

For any measurable set A € X' the Bochner integral of u over A is defined by

/ud,uzlim/sndu.
A noJa

It is a routine to verify that this is a well defined notion, i.e., the Bochner integral
of u is independent of the sequence of simple functions {s, } used.

A very convenient characterization of Bochner integrable functions is given in
the following result.

Theorem 2.31 (Bochner integrability theorem). Let (O, X, 1) be a finite mea-
sure space. A strongly measurable function u: O — E is Bochner integrable if and
only if w + |lu(w)| g is integrable over O, i.e.

/ (@)l d < os.
(@)

As a consequence of the previous theorem we obtain the following estimate
result.

Corollary 2.32. Let (O, X, 1) be a finite measure space. If u: O — E is Bochner

integrable, then
s
o

The Bochner integral represents a natural generalization of the Lebesgue integral
of a scalar-valued function. It enjoys many properties known from the Lebesgue
integral: the linearity, the Lebesgue-dominated convergence theorem, etc., as proved
in Sect. 3.10 of [66]. Nevertheless, the result we present in what follows exhibits a
property of the Bochner integral that has no analogue in the theory of Lebesgue
integral. To introduce it, we recall that if X and Y are Banach spaces and

= /O lu(@)z d.
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L:D € X — Y is a linear operator, then the operator L is said to be closed if
its graph defined by

Gr(L) ={(x,y) e X xY |xe D, y=Lx}

isclosedin X x Y.

Theorem 2.33. Assume that (O, X, 1) is a finite measure space, X, Y are Banach
spaces, L: X — Y is a closed operator, u: O — X is Bochner integrable and
L ou:O — Y is Bochner integrable, as well. Then

L(/ud,u) :/(Lou)du forall A € X.
A A

Remark 2.34. If L € L(X,Y), then it is clear that if u:(O — X is Bochner
integrable, so is L o u. Indeed, this results from the inequality ||Lu(w)|y <
|L| zcx,v)llu(w) || x which is valid for all v € O.

Bochner-Lebesgue spaces. Let (O, X, 1) be a measure space and 1 < p < oo.
Then the Bochner—Lebesgue space L?(O; E) is the space defined by

L?(O; E) = {u: O — E | uis Bochner integrable and / lu(@)||% du < oo
o

If p = oo, then the Bochner-Lebesgue space L?(O; E) is the space defined by

L*®°(O; E) = {u: O — E | uis measurable and there is M > 0
such that |u(w)||g < M p-ae. w € O}.

Note that, as in the case £ = R, in the definition of the Bochner-Lebesgue
spaces above, we identify functions with their equivalence classes. We endow
L?(O; E) with the norm

1/p
(/ ||M(w)||§d,u) 1< p <o,
O

esssup |lu(w)| & if p= o0,
w€eO

lullro:E) =

where ess sup lu(@)|| g = inf{M > 0| |u(w)||g < M p-ae. o e O}.

If (’) = (a,b) is an interval in R we simply write L”(a,b; E) instead of
L?((a, b), E), ie., LP(a,b; E) = L?((a,b); E). Using the Holder inequality, it
is easy to prove that, for an open bounded set O = 2 C Réand1 <r < p < oo,
we have the inclusions

C(2;E) CL®(2;E)C LP(2;E)C L' (2; E) C L' (2; E).
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In particular, if £2 C RY is open and bounded, and u is continuous on the closure
Q. then u belongs to L?(§2; E) forevery 1 < p < oo.

Next, we follow [66,68,69,229,263] to collect the following results on Bochner—
Lebesgue spaces which will be used in the rest of the book.

Theorem 2.35. Let (O, X, u) be a measure space. Then

(i) The space L?(O; E) is a Banach space for 1 < p < oo.
(ii) The family of all integrable simple functions is dense in L?(O; E) for 1 <
p < o0.
(iii) If X' is countably generated and E is separable, then L?(O; E) is separable
for 1<p<oo.
(iv) If p is o-finite and E is a separable reflexive Banach space, then L? (O; E) is
reflexive for 1 < p < oo.
(v) If, in addition, H is a Hilbert space with inner product (-,-) g, then L*>(O; H)
is a Hilbert space with the inner product

(V) 200:m) = / (u(w), v(w)) g dp forall u,v e L>(O; H).
O

The next definition and theorem concern the dual of the Bochner-Lebesgue
spaces.

Definition 2.36. Let (O, X, u) be a measure space and let 1 < p < oco. Then the
space LL(O; E*) is the space of all (equivalence classes of) weakly * measurable
functions u: @ — E* such that ||lu(-)||gx € LP(O). The space LL(O;E*) is
endowed with the norm

1/p
(f @z an) " 1= p <o,

ess sup ||u(w)|| g if p = o0.
weO

lull 20:p%) =

Theorem 2.37. Let (O, X, ) be a finite measure space, 1 < p < oo and q be the
exponent conjugate to p.

(1) Assume that E is separable. If L € (L?(O; E))*, then there exists a unique
z € LL(O; E*) such that
L) = / (z,v)p*xg du forall v e LP(O; E) (2.8)
(@]

and, moreover, ||L|(ro;e)* = |2l 140+ Conversely, every functional of
the form (2.8), where z € L},(O; E*), is linear and bounded on L? (O; E).

(ii) Assume that E is reflexive. If L € (L?(O; E))*, then there exists a unique
z € L9(O; E*) such that

L) = / (z,v)g*xg dp forall v e LP(O; E) 2.9)
o
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and, moreover, ||L||(ro;e)* = |zllLa(0:£%). Conversely, every functional of
the form (2.9), where z € L4(O; E*), is linear and bounded on L?(O; E).
In this sense we write (L?(O; E))* = L4(O; E™).

For later referral we recall below two important theorems for Bochner—Lebesgue
spaces.

Theorem 2.38 (Lebesgue-dominated convergence theorem). Let (O, X, ) be
a measure space and 1 < p < oo. If u,: O — E is a sequence of measurable
functions such that

lim u,(w) = u(w) for u-a.e.w € O
n—o0

and there exists g € LP(O) such that ||u,(w)||g < g(w) for u-a.e. o € O, then
ue L?P(O;E)andu, — uin L?(O; E).

Theorem 2.39 (Converse Lebesgue-dominated convergence). Let (O, X, i) be
a measure space and 1 < p < oo. If uy — u in L?(O; E), then there exist a
subsequence {u,, } of {u,} and g € L?(O) such that ||u,, (0)||g < g(w) for p-a.e.
w € O and

li;n uy, () = u(w) for p-a.e.w € O.

Next, we recall the well-known definitions for smooth vector-valued functions.

Definition 2.40. Let0 < T < oo. A function v: [0, T] — E is said to be (strongly)
differentiable at ty € [0, T] if there exists an element in E, denoted by v'(fy) and
called the derivative of v at t;, such that

v(to + 1) — (o)
h

lim

I
v (1
h—0 ( 0)

=0,
E

where the limit is taken with respect to & with o + h € [0, T']. The derivative at
to = 0 is defined as a right-sided limit, and that at 7y = 7 as a left-sided limit. The
function v is said to be differentiable on [0, T'] if it is differentiable at any 7y € [0, T'].
It is differentiable a.e. if it is differentiable a.e. on [0, T']. In this case the function v’
is called the (strong) derivative of v. Higher order derivatives of v, denoted as v,
i > 2, are defined recursively by v = (v@=DY".

We define C([0,T]; E) to be the space of functions v:[0,7] — E that are
continuous on [0, 7']. Given an integer m > 1, we define

C"([0,T];E) = {v e C(0,T); E) | v € C([0, T); E) fori = 1,...,m}.

The space C™ ([0, T']; E) is endowed with the norm

m
lullenqoryey = Y max {lu )]s | 1 € [0, T]}. (2.10)
i=0
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We also write u® = u and, for the sake of simplicity, in the rest of the book we use
the notation C"(0,T; E) = C"([0,T]; E).

The following result collects properties of vector-valued functions needed in the
sequel.

Theorem 2.41. Let0 < T <oo,m € Nyand1 < p < oo. Then

(i) C™(0,T; E) is a Banach space with the norm (2.10).

(i) C(0,T; E) is dense in LP(0,T;E) and the embedding C(0,T;E) C
L?(0,T; E) is continuous.

(iii) The set of all polynomial functions w:[0,T] — E of the form w(t) =
ZLO a;itt witha; € E foralli =1,...,nandn € Ny is dense in C(0,T; E)
and L?(0,T; E).

(iv) If, in addition, E is separable, then L?(0,T; E) is also separable for 1 <
p < oo.

(v) If, in addition, E is uniformly convex (respectively, locally uniformly convex,
strictly convex), then so is L? (0, T; E) for 1 < p < oo.

(vi) If, in addition, E| is a Banach space and the embedding E C E| is continuous,
then the embedding

LP(0,T:E) S L"(0,T: Ey)

is also continuous, for 1 <r < p < oo.
The following inequality is very useful in many applications.

Theorem 2.42 (Holder inequality). Let0 < T < oo, 1 < p <ocoand1/p +
1/q = 1. Then the following inequality holds:

T T 1/p T 1/q
/ |<v(r),u(r>>E*xE|drs(/ ||u(r>||§dr) (/ ||U(f)||q*dt)
0 0 0

forallue L?(0,T;E), ve L10,T; E¥).

The following result shows that the integral of the duality pairing is equal to the
duality pairing of the integrals and justifies various limit passages.

Proposition 2.43. Let1l < p<oo, I/p+1/g=1land 0 <t <T < oo.
() Ifu e L?(0,T; E), then

t t
<v,/ u(s)ds> :/ (v, u(s))grxg ds forall v e E*.
0 E*XE 0
(i) Ifu € LP(0,T; E*), then

t t
</ u(s)ds, v> = / (u(s),v)gxxp ds forall v e E.
0 E*XE 0
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(iii) Ifu, — uin L?(0,T; E), then

t t
/ u,(s)ds — / u(s)ds in E.
0 0
(iv) If, in addition, E is reflexive and separable, then from
u, > u in L?(0,T; E),
v, — v weaklyin L1(0,T; E™),

it follows that

t t
/ (Vi (8), un () E*xg ds —>/ (v(s), u(s)) pxxg ds,
0 0
and from
u, — u weakly in L*(0,T; E),
v, —> v inL10,T; EY),

it follows that
/ (Un(5). 0 (5)) £t ds — / (v(5). u(s)) g ds.
0 0

Bochner-Sobolev spaces. In what follows we provide some definitions and results
for Bochner—Sobolev spaces of functions defined on intervals. These results are
necessary in order to study abstract differential equations in Banach spaces. The
solutions of such equations naturally live in Bochner—Sobolev spaces of Banach
space-valued functions. Our presentation follows Sect. 23.2 of [263].

Unless otherwise stated, (0, 7") will represent an open bounded real interval. We
introduce the set L}oc (0, T'; E) of measurable functions u: (0, T) — E suchthatu €
L'(K; E) for all compact sets K € (0, T) (i.e., uyx € L'(0,T; E)). Note that for
all 1 < p < oo and any compact set K € (0, 7T"), we have L?(K; E) C LY (K E).
Hence L?(0,T; E) C L}OC (0,T;E)forall 1 < p < oo.Let D(0,T) or C°(0,T)
denote the space of all real-valued functions defined on (0, 7') which are infinitely
differentiable on (0, 7") and have compact support in (0, 7). The next result, often
called the generalized variational lemma, represents an extension of Lemma 2.9.

Lemma 2.44 (Generalized variational lemma). Let u € L! (0,T;E) be

loc
such that

T
/ u(s)p(s)ds =0 forall ¢ € C;°(0,T).
0

Thenu = 0in L'(0,T; E), i.e., u(t) = 0 fora.e. t € (0,T).

In order to introduce the Bochner-Sobolev spaces, we need to extend the notion
of distributional derivative to Banach space-valued functions.



2.4 Bochner-Lebesgue and Bochner—Sobolev Spaces 45

Definition 2.45. Given k > 1 and u, v € L'(0,T; E), we say that v is the kth
order (distributional or weak) derivative of u if

T T
/ v(s)p(s) ds = (—1)F / u(s)p®(s) ds
0 0

for all ¢ € D(0, T'), where the integrals are understood in the Bochner sense. The
kth order derivative is denoted by v = u®.

Note that the weak derivative is a global notion, i.e., in contrast to the strong
derivative introduced in Definition 2.40, it can not be defined at a point. Note also
that the weak derivative, if it exists, is uniquely defined up to a set of measure zero.

The requirement on stronger integrability of u and u’ leads to the following
definition of Bochner—Sobolev spaces.

Let 1 < p < oco. We define the Bochner—Sobolev space by equality

WP, T;E) ={ue LP(0,T;E) | u € L”(0,T: E)}.
It is a Banach space endowed with the norm

lullro.r:6) + W | Lro7;:E) if 1 <p<oo,
”””W‘-P(O.T;E) =
, )
max {||ul|Looo.7;E), [t [ Loo0. 136y} if p = o0.

We denote by CI? (0, T; E) the space of continuous bounded functions from
(0,7) to E. It is a Banach space with the norm

”u”C}?(O,T;E) = sup {[lu@)llz [ € (0,T)}.

By C%°(0,T; E) we denote the (closed) subspace of C(0,T; E) of uniformly
continuous and bounded functions on (0, T). Furthermore, for A € (0, 1], we
consider the space of A-Hdlder continuous functions (with exponent 1) defined by

CO*0,T; E) = {ue C)(0,T; E) | 3¢ > 0 such that
lu(s) —u(@)|| g < c|s—t|* forall s.z € (0. 7))},

equipped with the norm

T | s,t €(0,T), s#t;.

lullcoro.r;ey = llullco.r;g) + sup

It is well known that C%*(0, T; E) is a Banach space and each function belonging
to this space is uniformly continuous on (0, 7). It follows from here that each
Holderian function is a continuous function from [0, T'] to E.
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The following results include the basic properties of Bochner—Sobolev spaces.

Proposition 2.46. (i) The space W'-?(0, T; E) is a Banach space for 1< p<oco.
(i) If E is separable and 1 < p < oo, then WP (0, T; E) is separable.
(iii) If E is separable reflexive and 1 < p < oo, then W'P(0, T; E) is reflexive.
Giv) If (H,{-,")n) is a Hilbert space, then H'(0,T; H) = W'2(0,T;H) is a
Hilbert space with the inner product

T T
(U, v) 10.7:81) =/0 (u(s), v(s))u ds +/0 (u'(s),v'(8)) g ds

foru, v e Hl(O, T;H).

(v) The embedding wbr(o, T; E) C Co’l_% (0,T; E) is continuous for all 1 <
p = o0

(vi) If1 < p <coandu € WP (0, T; E), then there exists a continuous function
u.[0, T] — E which coincides with u almost everywhere. Moreover,

u(t) —uls) = /t u(r)dr.

N

foralls, t €[0,T].
(vii) (Sobolevembedding theorem) If1 < p < oo, then wlrp (0, T; E) is contained
in C(0,T; E) and there exists ¢ > 0 such that

lull Looo.m;5) < ¢ ”””WW(O,T;E) forall u e Wl'p((), T,E).

Proposition 2.47. Let1 < p < oo,u € W'?(0,T;E) andv € W'?(0,T). Then

(i) (Product rule) the product uv belongs to W' (0, T; E) and
(wv) = u'v + uw'.

(i) (Integration by parts)

T T
/ ' ($)v(s)ds = u(T)v(T) — u(0)v(0) — / u(s)v'(s) ds.
0 0

Next we recall the definition of an absolutely continuous function.

Definition 2.48. (i) We say that u: (0,7) — E is absolutely continuous if for
each ¢ > 0 there exists § > 0 such that >, u(t;) — u(s;)||z < e holds for
any countable collection of pairwise disjoint intervals (s;,#;) C (0, T) of total
length less then §.

(i) Let k € Nand 1 < p < co. We denote by AC"'P(O, T; E) the space of all
absolutely continuous functions u: (0, T) — E whose strong derivatives "
exist almost everywhere for 0 < m < k and belong to L”(0,T'; E).
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Definition 2.49. Let 1 < p < oo. For every k > 2, we define inductively the kth
Bochner—Soboleyv space

WP, TE) ={ue W'"(0,T;E) | u' € W12 (0,T: E)}

which is a Banach space with the norm

k
> N ror:E) if 1 <p<oo,
lullwero.r;e) = | i=0
Amax ”I/l(i)”LOO(O.T;E) if p = OoQ.
i=0,....k
We write HK(0,T; E) = Wk2(0,T; E). We also define Wol’p(O, T: E) as the
closure of the space COl (0, T; E) in the norm of the space WLP(0,T; E) and we put
H(0,T; E) = W) ?(0,T; E).
We have the following results.

Proposition 2.50. Let E be a reflexive Banach space and u:(0,T) — E be
absolutely continuous. Then u is strongly differentiable almost everywhere, u' €
LY(0, T; E) and, moreover,

u(t) = u(0) + /Ot u'(s)ds forall ¢ €[0,T].

Proposition 2.51. Let (0, 7)) be an open bounded real interval, 1 < p < oo,k € N
andu € LP(0,T; E). Then the following two statements are equivalent:

(i) ue Wkr(0,T; E).
(ii) There exists € AC*?(0,T; E) such that u(t) =u(t) a.e. t € (0,T).

Proposition 2.52. Let (0, T) be an open bounded real interval and 1 < p < oo.
Then

(i) A functionu € W'2(0,T; E) belongs to VVO“7 (0,T; E) if and only if u(0) =
u(T) =0.

(i1) (Poincaré inequality) if 1 < p < oo, then there exists a constant ¢ > 0 such
that

T T
/ lu(s)||% ds < c/ lu/ ()| ds forall ue Wol’p(O, T:E).
0 0
(iii) If H is a Hilbert space, then H*(0,T; H) is a Hilbert space with the inner

product

k

(. 0) ez = Y@ 09) oy forall wv € H(0,T: H).
i=0
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Evolution triples of Bochner-Sobolev spaces. We conclude this section by
recalling results on Bochner—Sobolev spaces in the context of evolution triples.

Theorem 2.53. Let (V, H,V*) be an evolution triple of spaces, 0 < T < o0,
1 <pg<o01/p+1/qg = 1andu € LP0,T;V). Then, the kth order
derivative of u exists and belongs to L4(0, T; V*) if and only if there is a function
w e L9(0,T; V*) such that

T

T
f (u(s). vy ¢ (s) ds = (~1)F f (W(s). V)= (s) ds
0 0

forallv € V and all ¢ € D(0, T). In this case u® = w and, moreover,

k
2 @) vy = (W), v)yexy = @ @), v)yyexy
forallv € V andae. t € (0,T). Here % (u(t), v) g is understood to be the kth
order derivative of the real-valued function (0, T) > t — (u(t),v)g € R.
Let (V, H, V*) be an evolution triple of spaces and V = L?(0, T; V). Recall that
from Theorem 2.37 it follows that V* = L?(0, T; *). We consider the linear space

W={ueV|u eV}, (2.11)

where the derivative of u with respect to ¢ is understood in the distributional sense.
The space W is a linear subspace of the space V and will play a central role in the
study of evolution problems of Chap. 5. Moreover, the following result holds.

Proposition 2.54. Let (V, H,V*) be an evolution triple of spaces and 0 < T <
~+o00. Then

(1) The space VV defined by (2.11) is a Banach space equipped with the norm
lulw = llully + llu'[[v=. (2.12)

(ii) The embedding VWV € C(0, T; H) is continuous. More precisely, ifu € W, then
there exists a uniquely determined continuous functionu: [0, T] — H which
coincides almost everywhere on (0, T') with u. Writing u instead of u, we have

max |[u(? <c|u
repo 1) lula < cllullw
with a constant ¢ > 0.

(iii) (Integration by parts formula) For any u, v € W andany0 < s <t < T, the
following formula holds:
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(u@),v@®) g — (u(s),v(s))n
- / (D) 0@ yey + (0 (D). u(@)vexy) d.

From Propositions 2.46(vii) and 2.54(ii) we have the following corollary which
will be useful in the study of evolutionary inclusions in Chap. 5.

Lemma 2.55. Let (0, T) be an open bounded real interval.

(i) Let 1 < p < oo, V be a Banach space, u,, u € WbLr(0,T:V) and u, — u
weakly in W'P(0, T V). Then u,(t) — u(t) weakly in V, forall t € [0, T].

(ii) Let (V, H, V™) be an evolution triple of spaces and the space W be defined
by 2.11). If uy, u € W and u, — u weakly in W, then u,(t) — u(t) weakly in
H forallt €0, T]

Proof. (i) Let u,, u € W'“P(0,T;V) and u, — u weakly in W'7(0,T; V).
Since the embedding W'-7(0,T;V) C C(0,T;V) is continuous, we know
that u, — u weakly in C(0, T; V). We fix v* € V* and ¢ € [0, T]. Then, for
@ € (C(0,T;V))* defined by p(y) = (v*,y(#))v*xy with y € C(0,T;V),
we have

(V* un(O))vexy = @un) = @) = (V" u())y=xy.

Hence u, (1) — u(t) weakly in V for all ¢ € [0, T'] which proves (i).

(ii) Letu,,u € W and u, — u weakly in W. Since W C C(0, T'; H) continuously,
we have u, — u weakly in C(0,T; H). We fix h € H and¢ € [0, T]. Then, we
define ¢ € (C(0,T; H))* by ¥(y) = (y(¢),h)y forall y € C(0,T; H) and
t € [0, T]. We note that

(n (). M) = Y (un) — Y () = (u(®), ).
This implies that u,(t) — u(t) weakly in H for all ¢ € [0, T] which proves the
property (ii). O

Finally, we recall the following compactness embedding theorem for Bochner—
Sobolev space which will be crucial in the study of evolutionary problems.

Theorem 2.56. Let 1 < p < oocand1 <r < oo. Let X, Y, Z be Banach spaces
such that X and Z are reflexive, X C Y C Z, the embedding X C Y is compact
and the embedding Y C Z is continuous. Then the embedding

{ue LP(0,T:X) |u' € L"(0,T;Z)} C LP(0,T;Y)

is compact.



Chapter 3
Elements of Nonlinear Analysis

In this chapter we present basic material on the set-valued mappings, nonsmooth
analysis, subdifferential calculus, and operators of monotone type. For set-valued
mappings we concentrate on measurability and continuity issues which we need in
subsequent chapters. The section on nonsmooth analysis is devoted to results on the
generalized differentiation for locally Lipschitz superpotentials. Next, we provide a
result on the subdifferential of the integral superpotentials which is an essential tool
in Chaps. 4 and 5 of the book. Finally, we recall the results on single and multivalued
operators of monotone type in Banach spaces. The surjectivity results for such
operators play a crucial role in our existence results for stationary and evolutionary
inclusions. Most of the results presented in this chapter are stated without proofs.

3.1 Set-Valued Mappings

In this section we briefly recall some definitions and basic results on the
measurability and continuity of set-valued mappings, called also multivalued
functions or multifunctions. For the proofs and a more detailed presentation we
refer to monographs [14, 39, 66,67,109, 132,264].

Throughout the rest of the book we denote by 2% all subsets of a set X and by
P(X) all nonempty subsets of a set X. For a normed space X we use the notations

Pre)(X) ={A € X | Aisnonempty, closed, (convex)},
Puyke)(X) = {A € X | A is nonempty, (weakly) compact, (convex)}.

We start with the following definitions.

Definition 3.1. Assume that X and Y are two sets, F: X — P(Y) is a multifunc-
tion and let A C Y. Then

S. Migérski et al., Nonlinear Inclusions and Hemivariational Inequalities, 51
Advances in Mechanics and Mathematics 26, DOI 10.1007/978-1-4614-4232-5_3,
© Springer Science+Business Media New York 2013
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(1) The weak inverse image of A under F is the set
FT(A)={xeX | Fx)NA#0}.
(ii) The strong inverse image of A under F is the set

FT(A) ={xeX|F(x) CA}.

Definition 3.2. Let Y be a normed space and A € P(Y). The support function of
the set A is defined by

Y*2y" > o0(y*, A) =sup{{(y*.a)y+xy |a € A} € RU {+o0},

where (-, -)y*xy denotes the duality pairing of Y * and Y.

Definition 3.3. Let X and Y be sets, and F: X — P(Y) be a multifunction.
The graph of the multifunction F is the set

Gr(F)={(x,y) e X xY |y e F(x)}.

Definition 3.4. Let (O, X') be a measurable space. Given a separable metric space
(X, d) and a multifunction F: O — 2%, we say that

(i) F is measurable if for every U C X open, we have F—(U) € X.
(ii) F is graph measurable if Gr (F) € ¥ x B(X).

Moreover, if X is a separable Banach space and F: O — P(X), we say that F is
scalarly measurable if for every x* € X* the function O 5 w — o(x*, F(w)) €
R U {400} is ¥'-measurable.

The next theorem summarizes the properties of measurable multifunctions and
can be found in Sect. 4.2 of [67].

Theorem 3.5. Let (O, X) be a measurable space, (X,d) be a separable metric
space and F: © — 2% be a multifunction with closed values. Consider the following
properties:

(1) Forevery D € B(X), F~(D) € X.

(2) Forevery C C X closed, F~(C) € X.

(3) F is measurable.

(4) For every x € X, the function w — d(x, F(w)) is X -measurable.
(5) F is graph measurable.

Then we have the following relations:

@ 1) = 2 = @) = @ = O
(b) If X is o-compact, then (2) <= (3).
(c) If X is complete and X is complete, then conditions (1)—(5) are equivalent.

Concerning the scalar measurability of multifunctions, we recall the following
result.
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Theorem 3.6. (i) If (O, Y) is a complete measurable space, X is a separable
Banach space and F:O — P(X) is graph measurable, then F is scalarly
measurable.

(i) If (O, X) is a measurable space, X is a separable Banach space and F: O —
Puke(X), then F is measurable if and only if F is scalarly measurable.

It follows from Theorem 3.6 that, under the assumption in (ii), for P, .-valued
multifunctions the notions of measurability and scalar measurability are equivalent.
Now we recall the concepts of continuity of multifunctions.

Definition 3.7. Let X and Y be Hausdorff topological spaces and F: X — 2¥ be a
multifunction. Then

(1) F is called upper semicontinuous at xo € X, if for every openset V C Y
such that F(xy) C V, we can find a neighborhood N (xy) of x¢ such that
F(WN(x0)) C V. We say that F is upper semicontinuous (usc), if F is upper
semicontinuous at every xo € X.

(ii) F is called lower semicontinuous at xo € X, if for every open set V. C Y
such that F(xo) NV # @, we can find a neighborhood N '(x() of xo such that
F(x)NV # @forall x € N(xo). We say that F is lower semicontinuous (Isc),
if F is lower semicontinuous at every xo € X.

(iii) F 1is called continuous (or Vietoris continuous) at xo € X, if F is both usc
and Isc at xo. We say that F is continuous (or Vietoris continuous), if it is
continuous at every xog € X.

The next two propositions give equivalent conditions for semicontinuity of
multifunctions between metric spaces, which are sufficient for our purpose.

Proposition 3.8. Let X, Y be metric spaces and F: X — 2. Then the following
statements are equivalent:

(1) F is usc.

(2) Forevery C C Y closed, F~(C) is closed in X.

B) Ifx € X, {x,} C X withx, — xandV C Y is an open set such that
F(x) C V, thenwe can find ny € N, depending on V, such that F(x,) C V for
all n > ny.

Proposition 3.9. Let X, Y be metric spaces and F: X — 2. Then the following
statements are equivalent:

(1) F islsc.

(2) Forevery C CY closed, FT(C) is closed in X .

3) Ifx € X, {x,} C X withx, - xinX and y € F(x), then for everyn € N,
we can find y, € F(x,) suchthat y, — yinY.

From the propositions above it follows that a single-valued operator F: X — Y
is upper semicontinuous or lower semicontinuous in the sense of Definition 3.7 if
and only if F is continuous.
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Definition 3.10. Let X and Y be metric spaces and F: X — 2 be a multifunction.
We say that F is closed at xy € X, if for every sequence {(x,, y,)} C Gr(F) such
that (x,, y») — (X0, y0) in X x Y, we have (xo, yo) € Gr(F). We say that F is
closed, if it is closed at every xo € X (i.e., Gr(F) C X x Y is closed).

Definition 3.11. Let X and Y be metric spaces and F: X — Py(Y) be a
multifunction. We say that F is locally compact if for every x € X, we can find
a neighborhood NV (x) such that F(NV (x)) € Pr(Y).

The following proposition provides the relations between upper semicontinuity
and closedness of multifunctions.

Proposition 3.12. Assume that X and Y are metric spaces. Then, the following
statements hold:

(1) If a multifunction F: X — Py(Y) is usc, then F is closed.

(2) If a multifunction F: X — P (Y) is closed and locally compact, then F is usc.

(3) A multifunction F: X — Py (Y) is usc if and only if for every x € X and every
sequence {(xn,yn)} € Gr(F) with x, — x in X, there exists a converging
subsequence of {y,} whose limit belongs to F(x).

Note that, in general, a closed multifunction is not in usc, i.e., the converse of
Proposition 3.12(1) fails. A counterexample can be found in Sect. 4.1 of [66].

The next convergence theorem will be applied in the study of evolutionary
inclusions and hemivariational inequalities in Chap. 5.

Theorem 3.13. Let 0 < T < oo and F be an usc multifunction from a Hausdorff
locally convex space X to the closed convex subsets of a Banach space Y endowed
with the weak topology. Let {x,} and {y, } be two sequences of functions such that

(1) x,:(0,T) = X and y,,: (0, T) — Y are measurable functions, for alln € N.

(2) Foralmostallt € (0, T) and for every neighborhood N'(0) of 0in X x Y there
exists ng € N such that (x,(t), y,(t)) € Gr (F) + N(0) for all n > ny.

(3) x,(t) = x(t) forae. t € (0,T), where x:(0,T) — X.

4) y, € L'0,T;Y) and y, — y weakly in L'(0, T;Y), where y € L'(0,T;Y).

Then (x(t), y(t)) € Gr (F), i.e., y(t) € F(x(t)) fora.e.t € (0,T).

In nonlinear analysis, when we deal with multifunctions depending on a param-
eter, we often need the following classical notion of convergence of sets.

Definition 3.14. Let (X, 7) be a Hausdorff topological space and let {A,,} C P(X)
forn > 1. We define

7-liminfA4, = {x € X | x = r-limx,, x, € 4, foralln > 1}

and

t-limsup A, ={x € X | x = t-limx,,, x,, € Ap,, 11 <Ny <---np <---}.
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The set 7-liminf A, is called the t-Kuratowski lower limit of the sets A, and
t-limsup A, is called the t-Kuratowski upper limit of the sets A,. If A =
t-liminf A, = 7-limsup A, then A is called t-Kuratowski limit of the sets A,.

In what follows we need the following definition.

Definition 3.15. Let A be an arbitrary subset of a normed space X . The convex hull
of A, denoted by conv (A), is the smallest convex set containing A. In other words,
the convex hull of an arbitrary set A is the intersection of all convex sets containing
A. The closed convex hull of A, denoted by conv (A), is the closure of the convex
hull of A.

The following result concerns the pointwise behavior of weakly convergent
sequences in L? (O; E) spaces.

Proposition 3.16. Let (O, X, u) be a o-finite measure space, E be a Banach space,
and1 < p < oo. Ifuy, u € LP(O; E), u, — uweakly in L?(O; E) and u,(w) €
G(w) for p-a.e. w € O and alln € Nwhere G(w) € Pyr (E) for p-a.e. v € O, then

u(w) € conv (w- lim sup {u, (a))},,eN) for p-a.e.on 0.

We conclude this section with the statements of two basic results on the
fundamental problem of the existence of a measurable selection for a measurable
multifunction. We recall that, given a multifunction F: O — P(X), a function
f:O — X is said to be a selection of F, if f(w) € F(w) forall w € O.

Theorem 3.17. If (O, X) is a measurable space, X is a separable, complete
metric space, and F: O — Pr(X) is measurable, then F admits a X -measurable
selection.

Theorem 3.18. If (O, X) is a complete measurable space, X is locally compact,
separable metric space, and F: O — P(X) is a multifunction such that Gr (F) €
Y x B(X), then F admits a X -measurable selection.

Measurable selections facilitate significantly the analysis of measurable
multifunctions and are useful in a large number of applications.

3.2 Nonsmooth Analysis

The purpose of this section is to present the background of the theory of generalized
differentiation for a locally Lipschitz function. We also elaborate on the classes of
functions which are regular in the sense of Clarke and prove some results needed in
what follows. Throughout this section X will represent a Banach space with a norm
Il - llx, X*is its dual and (-, ) x*xy denotes the duality pairing between X* and X.
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Generalized gradients. We begin with the definitions of generalized directional
derivative and the Clarke subdifferential for a class of locally Lipschitz functions.
To introduce these notions we recall the following definitions.

Definition 3.19 (Lipschitz function). Let U be a subset of X. A function ¢p: U —
R is said to be Lipschitz on U, if there exists K > 0 such that

lp(y) —9@)| < K ||y —zllx forall y,ze€U. (3.1

The constant K is called the Lipschitz constant. The inequality (3.1) is also referred
to as a Lipschitz condition.

Definition 3.20 (Locally Lipschitz function). Let U be a subset of X. A function
¢:U — R is said to be locally Lipschitz on U, if for all x € U there exists a
neighborhood A/(x) and K, > 0 such that

lp(y) — @) < Ky |ly —zllx forall y,z e N(x).

The constant K in the previous inequality is called the Lipschitz constant of ¢
near x. It is easy to see that a function ¢: U — R defined on a subset U of X, which
is Lipschitz on bounded subsets of U, is locally Lipschitz. The converse assertion
is not generally true, as it results from the example presented in Sect. 2.5 of [38].
Nevertheless, these two properties are equivalent if dim X < oo.

Definition 3.21 (Generalized directional derivative). The generalized direc-
tional derivative (in the sense of Clarke) of the locally Lipschitz function
¢:U € X — R at the point x € U in the direction v € X, denoted 0O (x;v),
is defined by
Opvry — 1: o(y + Av) —o(y)
¢ (x;v) = limsup .
y—>x,A40 A

We note that, in contrast to the usual directional derivative, the generalized
directional derivative ¢° is always defined.

Definition 3.22 (Generalized gradient). Let ¢:U < X — R be a locally
Lipschitz function. The (Clarke) subdifferential or the generalized gradient in the
sense of Clarke of ¢ at x € U, denoted d¢(x), is the subset of a dual space X *
defined by

dp(x) ={C e X* | ¢°(x;v) > (£, v)x+xx forall ve X}.

The next proposition provides basic properties of the generalized directional
derivative and the generalized gradient.

Proposition 3.23. If ¢:U — R is a locally Lipschitz function on a subset U
of X, then
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(i) For every x € U, the function X > v +— ¢°(x;v) € R is positively
homogeneous (i.e., 9°(x; Av) = Ap°(x;v) for all . > 0), subadditive (i.e.,
@%(x;v1 + v2) < @°(x;v1) 4+ ©°(x:v2) for all vi, v € X), and satisfies the
inequality |p°(x;v)| < K. ||v||x with K, > 0 being the Lipschitz constant of
@ near x. Moreover; it is Lipschitz continuous and ¢°(x; —v) = (—¢)°(x;v)
forallv € X.

(ii) The function U x X 3 (x,v) = ¢°(x:v) € R is upper semicontinuous, i.e.,
forallx e U, v € X, {x,} C U, {v,} C X such that x, — x in U and
v, — v in X, we have lim sup ¢°(x,; v,) < ¢°(x:v).

(iii) For everyv € X we have ¢°(x;v) = max {{{,v)x*xx | € dp(x)}.

(iv) For every x € U the gradient 0¢(x) is a nonempty, convex, and weakly*
compact subset of X* which is bounded by the Lipschitz constant K > 0 of ¢
near Xx.

(v) The graph of the generalized gradient d¢ is closed in X x (W*~X*) topology,
ie., if {x,} C U and{{,} C X* are sequences such that {, € d¢(x,) and
xXp = xin X, § — ¢ weakly* in X*, then { € dp(x) where, recall, (w*-X*)
denotes the space X * equipped with weak™ topology.

(vi) The multifunction U 3 x +— dp(x) € X* is upper semicontinuous from U
into w*~X*, see Definition 3.7.

Proof. The properties (i)—(v) can be found in Propositions 2.1.1, 2.1.2 and 2.1.5
of [48]. For the proof of (vi), we observe that from (iii), the multifunction d¢(-)
is locally relatively compact (i.e., for every x € U, there exists a neighborhood
N (x) of x such that dp(N (x)) is a weakly * compact subset of X*). Thus, due
to Proposition 3.12, since the graph of dg is closed in X x (w*—X*) topology, we
obtain the upper semicontinuity of x — d¢(x). O

Relation to derivatives. In order to state the relations between the generalized
directional derivative and classical notions of differentiability, we need to introduce
the following definitions.

Definition 3.24 (Classical (one-sided) directional derivative). Let ¢9:U — R be
defined on a subset U of X. The directional derivative of ¢ at x € U in the direction
v € X is defined by

p(x +Av) —p(x)
1 )

@' (x;v) = lim (3.2)
A0

whenever this limit exists.

Definition 3.25 (Regular function). A locally Lipschitz function ¢: U — R on a
subset U of X is said to be regular (in the sense of Clarke) at x € U, if

(i) Forall v € X the directional derivative ¢’ (x; v) exists.
(i) Forallv € X, ¢'(x;v) = ¢°(x;v).

The function ¢ is regular (in the sense of Clarke) on U if it is regular at every point
xeU.
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Remark 3.26. Using Definitions 3.21 and 3.24, it is easy to see that for all x € U
and all v € X such that ¢’(x; v) exists, we have ¢’(x;v) < ¢°(x;v).

Definition 3.27 (Gateaux derivative). Let ¢: U — R be defined on a subset U of
X . We say that ¢ is Gdteaux differentiable at x € U provided that the limit in (3.2)
exists for all v € X and there exists a (necessarily unique) element ¢ (x) € X*
(called the Gateaux derivative) such that

@' (x;v) = (@5 (x), v)x*xx forall ve X. (3.3)

Definition 3.28 (Fréchet derivative). Let ¢:U — R be defined on a subset U
of X. We say that ¢ is Fréchet differentiable at x € U provided that (3.3) holds at
the point x and, in addition, the convergence in (3.2) is uniform with respect to v
in bounded subsets of X . In this case, we write ¢’(x) instead of ¢, (x) and we call
¢'(x) the Fréchet derivative of ¢ in x.

The two notions of differentiability presented above are not equivalent, even in
finite-dimensional spaces, as it results from the following example.

Example 3.29. Let ¢: R? — R be defined by

xf X2
p(x) = 3 X +x3
0 if x = (0,0).

if x = (x1,x2) # (0,0),

Then, it is easy to see that ¢ is Gateaux differentiable at x=(0, 0) with ¢ (0,0) =0.
Nevertheless, ¢ it is not Fréchet differentiable at x = (0,0). Indeed, for 1 =
(h1, hy) € R?, we have

o) _ hih 1

RGEN

and, therefore, if we move along the curve h% = h,, we have
o(h) 1

o i

Note that, even if the notions of differentiability presented above are not
equivalent, the following relations between Gateaux and Fréchet derivative hold:

1
— — ash; — 0.

(1) If ¢ is Fréchet differentiable at x € U, then ¢ is Gateaux differentiable at x.
(ii) If ¢ is Géteaux differentiable in a neighborhood of x and ¢g; is continuous at
x, then ¢ is Fréchet differentiable at x and ¢’(x) = ¢ (x).

Besides its local character, the notions of differentiability introduced above have
also a global character. For instance, we say that a function p:U C X — R is
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Fréchet differentiable in U if it is Fréchet differentiable at any point in U. Moreover,
if p: U C X — R is Fréchet differentiable in U and ¢’: U — X* is continuous,
then we say that ¢ is continuously differentiable and write ¢ € C'(U).

The following notion of strict differentiability is intermediate between Gateaux
and continuous differentiability.

Definition 3.30 (Hadamard derivative). A function ¢:U — R defined on a
subset U of X is Hadamard (strictly) differentiable at x € U, if there exists an
element Dyp(x) € X* (called the Hadamard derivative) such that

Av) —
lim o +4v) — ¢(y) = (Dyp(x),v)x*xy forall v € X,

y—x, A0 A

provided the convergence is uniform for v in compact sets.

It is well known that if ¢ is strictly differentiable, then the Clarke subdifferential
de(x) reduces to a singleton. Also, if ¢:U — R is locally Lipschitz on U, then
Gateaux and Hadamard differentiabilities are equivalent and when ¢:R?Y — R,
then Fréchet and Hadamard differentiabilities coincide.

The following concept of the subgradient of a convex function generalizes the
classical notion of gradient.

Definition 3.31 (Convex subdifferential). Let U be an open convex subset of X
and ¢: U — R be a convex function. An element x* € X* is called the subgradient
of ¢ at x € U if the following inequality holds

@(v) = @(x) + (x*, v — x) x*xx forall veU. (3.4)

The set of all x* € X* satisfying (3.4) is called the (convex) subdifferential of ¢
at x, and is denoted by dg(x). Sometimes we refer to d¢ as the subdifferential of
the convex function ¢ or the subdifferential of ¢ in the sense of convex analysis.

The following two propositions collect the properties related to differentiability,
subdifferentiability of locally Lipschitz and regular functions. Their proofs can be
found in Chaps. 2.2 and 2.3 of [48].

Proposition 3.32. Let : U — R be defined on a subset U of X. Then

(i) The function ¢ is strictly differentiable at x € U if and only if ¢ is locally
Lipschitz near x and d¢(x) is a singleton (which is necessarily the strict
derivative of ¢ at x). In particular, if ¢ is continuously differentiable at
x € U, then ¢°(x;v) = ¢'(x;v) = (¢'(x),v)x*xx for all v € X and
dp(x) = {¢'(x)}.

(ii) If ¢ is regular at x € U and ¢'(x) exists, then ¢ is strictly differentiable at x.

(iii) If ¢ is regular at x € U, ¢'(x) exists and ¥: U — R is locally Lipschitz near
x, then 8(p + ¥)(x) = {¢'(x)} + 0V (x).
(iv) If ¢ is Gateaux differentiable at x € U, then ¢ (x) € d¢(x).
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(v) If U is an open convex set and ¢ is convex, then the Clarke subdifferential
dp(x) at any x € U coincides with the subdifferential of ¢ at x in the sense of
convex analysis.

(vi) If U is an open convex set and ¢ is convex, then the Clarke subdifferential
dp: U — 2X" is a monotone operator (see Definition 3.54 (a) on page 81).

Proposition 3.33. Let ¢:U — R be defined on a subset U of X. Then, the
following statements hold:

(1) If ¢ is strictly differentiable at x € U, then ¢ is regular at x.
(i) IfU is an open convex set and ¢ is a convex function, then @ is locally Lipschitz
and regular on U.
(iii) If ¢ is regular at x € U and there exists the Gateaux derivative ¢ (x) of ¢ at
X, then 0¢(x) = {¢g(x)}.

Recall that, using a corollary of the celebrated theorem of Rademacher (see, e.g.,
Theorem 5.6.16 in [66] or Corollary 4.19 in [49]), it can be proved that if a function
¢:U — R is locally Lipschitz on an open set U C R?, then ¢ is Fréchet
differentiable almost everywhere on U. Using this result we have the following
useful characterization of the Clarke subdifferential, which says that, in the case
when X is a finite-dimensional space, the generalized gradient is “blind to sets of
measure zero.”

Proposition 3.34 (Generalized gradient formula). Ler :U C RY — R be a
locally Lipschitz function near x € U, N be any set of Lebesgue measure zero

in RY and N, be the set of Lebesgue measure zero outside of which ¢ is Fréchet
differentiable. Then

dgp(x) = conv{lime'(x;) | x; = x, x; € (N U N,)},

where ¢’ denotes the Fréchet derivative of ¢ and conv is the convex hull.

Basic calculus. In the remaining part of this section, following Sect. 2.3 of [48],
we recall the basic calculus rules for the generalized directional derivative and the
Clarke subdifferential which are needed in the sequel.

Proposition 3.35. Let ¢, ¢1, ¢2: U — R be locally Lipschitz functions on a subset
U of X. Then

(i) (Scalar multiples) the equality d(Ap)(x) = Adp(x) holds, for all A € R and
allx e U.
(i1) (Sum rules) the inclusion

(@1 + @2)(x) € g1 (x) + dga(x) (3.5)
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holds for all x € U or, equivalently,
(g1 +¢2)°(x1v) < 9] (x:0) + @3 (x:v) (3.6)

forallx e U,v € X.

(iii) If one of @1, @2 is strictly differentiable at x € U, then (3.5) and (3.6) hold
with equalities.

(iv) If @1, @2 are regular at x € U, then @1 + @, is regular at x € U and we also
have equalities in (3.5) and (3.6).

Note that the extension of (3.5) and (3.6) to finite nonnegative linear
combinations is immediate.

We turn now to a mean value property of locally Lipschitz functions. To this end,
for the convenience of the reader, we recall that the line segment [x, y] used below
isdefined by [x,y] ={z=Ax+ (1 —=A)y | A €0, 1]}.

Proposition 3.36 (Lebourg mean value theorem). Ler x, y € X and ¢:U C
X — R be a locally Lipschitz function defined on an open subset U containing
the line segment [x, y]. Then there exist z € [x, y] and { € 0¢(z) such that p(y) —
P(x) = (5, y — X)x*xx.

The proof of the following result can be found in Lemma 4.2 of [184] and follows
from the chain rule for the generalized gradient.

Proposition 3.37. Let X and Y be Banach spaces, ¥: Y — R be locally Lipschitz
and T: X — Y be given by Tx = Ax + y for x € X, where A € L(X,Y) and
y €Y is fixed. Then the function ¢: X — R defined by ¢(x) = (T x) is locally
Lipschitz and

() ¢°(x;v) < ¥%(Tx; Av) forall x, v € X.
(i) dp(x) € A*dy(Tx) forall x € X.

where A* € L(Y*, X*) denotes the adjoint operator to A. Moreover, if ¥ (or —Yr)
is regular, then ¢ (or —¢) is regular and in (i) and (ii) we have equalities. These
equalities are also true if instead of the regularity condition, we assume that A is
surjective.

The following result concerns the partial generalized gradients under the
regularity hypothesis.

Proposition 3.38. Let X; and X, be Banach spaces. If ¢: X1 x Xo — Riis locally
Lipschitz and either ¢ or —g is regular at (x1, x2) € X1 X X, then

0p(x1,x2) S 019(x1, x2) X D20(x1, X2), 3.7

where 01¢(x1, X3) (respectively, 0,¢(x1,Xx2)) represents the partial generalized
subdifferential of (-, x2) (respectively, ¢(x1,-)). Equivalently,
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@°(x1, X251, 2) < @) (X1, X2501) + @3 (X1, X2502) forall (vi,v2) € X1 X X3,

where ?(x1, x2;v1) (respectively, ¢9(x1, x2;v2)) denotes the partial generalized
directional derivative of ¢(-, x2) (respectively, ¢(x1,-)) at the point x| (respectively,
X) in the direction v (respectively, v3).

A proof of Proposition 3.38 can be found in [48] or [66]. Note that without the
regularity hypothesis, in general there is no relation between the two sets in (3.7),
as it results from the Example 2.5.2 in [48].

Next, we state and prove an additional result concerning the subgradient of
functions defined on the product of two Banach spaces.

Lemma 3.39. Let X| and X, be Banach spaces, (x1,x3) € X1 X X5, g: X1 —> R
be locally Lipschitz near x| and h: X, — R be locally Lipschitz near x,. Then

(1) ¢: X1 x X, = R given by o(y1,y2) = g(y1) forall (y1,y2) € X1 X Xz isa
locally Lipschitz function near (x1, x2) and

(1) ¢°(x1, x2;v1,v2) = g%x1; vy) for all (vi,v2) € X x Xo.
(i) dg(x1, x2) = dg(x1) x {0}.

Moreover, if g (respectively, —g) is regular at xi, then ¢ (respectively, —¢) is
regular at (x1, x2).

) ¥: X1 x Xo — R given by ¥ (y1, y2) = h(y) forall (y1,y2) € X1 X Xy isa
locally Lipschitz function near (x1, x2) and

(1) YO(x1, x2; v1,v2) = h%(x2; v2) for all (v, v2) € X1 X X».
(i) dY(x1,x2) = {0} x 0h(x2).

Moreover, if h (respectively, —h) is regular at x,, then \ (respectively, —\r) is
regular at (xy, x2).

(3) Let 0: X1 x Xo — R be given by 0(y1,y2) = gO) + h(yz) for all
(y1,y2) € X1 X Xo. Then 0 is locally Lipschitz near (x1, x2). Moreover, if g
(respectively, —g) is regular at x| and h (respectively, —h) is regular at x, then
0 (respectively, —0) is regular at (xy, x3) and

) Qo(xl,xz; V1, U2) = gO(Xl; V1) + hO(XQ; Uz) for all (Ul, vy) € X X X».

(i1) 00(xy, x2) = dg(xy) x dh(xy).
Proof. We prove (1) since the proof of (2) is analogous. It is clear that ¢ is locally
Lipschitz near (xi, x,). The relation (i) follows from the direct calculation

©((r1,y2) + A(v1,v12)) — @(¥1, ¥2)
A

(X1, x2; 01, v2) = lim sup
(y1.y2)=>(x1.x2),A40

gy + Avy) — g(n)
A

= lim sup
(y1.y2)=>(x1.x2),A40
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g1 + Av) — g(y1)
A

= limsup
y1—>x1.A40

= go(xl;vl)

for all (v, v2) € X| X X5, which shows the condition (i).
For the proof of (ii), let (x{,x}) € 0¢(x,x2). By the definition of the
subdifferential, we have

(X v1) xrxx, + (X3, v2) xpxx, < 9% (x1, X25 V1, 02)
for every (vi, v2) € X; X X,. Choosing (vy, v3) = (v1,0), we obtain
(s v e, < @0 x2501,0) = g% (xnsv1)
for every vy € X which means that x{* € dg(x). Taking (v, v2) = (0, v,), we get
(x;vv2>X2*xX2 < g%x1;0) = 0 for v, € X,. Since v, € X, is arbitrary, we have

(x3, vz)XjXX2 = 0 and then xJ = 0.
Conversely, let (x{, x3) € dg(x;) x {0}. Forall (vi, v2) € X; x X, we have

(xf,vl)xl*xxl + (x;sUZ)Xz*xXZ = (xikvvl)Xl*xXl
0/, .
= g (X1,U1)
= ¢°(x1, X2; V1, 02)

which implies that (x}, xJ) € dp(x1, X2).
Now, in addition, we suppose that g is regular at x;. Then from (i), we have

g(x1 + Avy) — g(xy)
A

@ (x1, X251, 12) = g0 (xi;v1) = g (x1501) = lxlirol

i o((x1,x2) + A(v1,v2)) — @(x1, X2)
= l1im
240 A

= ¢'(x1,x2; V1, v2)

for all (v, v7) € X; x X,, which shows that ¢ is regular at (x1, x7).

We turn to the proof of (3). It is obvious that 6 is locally Lipschitz near (x, x)
and 0(y1, y2) = ¢(y1,¥y2) + ¥ (y1, y2) forall (y1, y2) € X; x Xa, where ¢ and ¢
are defined in (1) and (2), respectively. In view of (1) and (2), we know that ¢ and ¥
(respectively, —p and —r) are regular at (x;, x2) € X x X,. Hence 6 (respectively,
—6) is regular at (x1, x2) as the sum of regular functions (see Proposition 3.35(iv)).
Furthermore, for all (v, v2) € X| X X5, we have
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9(()61,)(2) =+ )L(vl, l)z)) — 9()61,)(2)
A

0°(x1, x23 01, v2) = 6/ (x1, X3 V1, v2) = 111113

=1 1
Ali,o A Alw A

g +Av) —g(x) . h(x2 + Avy) — h(x2)
m + lim

= g'(x1:v1) + 1 (x2;v2)
= go(xl; V) + ho(xz; v2)

which implies (3)(i). To show (3)(ii), we use the property (3)(i) and proceed as in
the proof of (1)(ii). The proof of the lemma is complete. |

In what follows we turn to some additional properties of locally Lipschitz
functions which are regular in the sense of Clarke. We consider the classes of
nonconvex functions which are the pointwise maxima, minima, or differences of
convex functions. The next result corresponds to Proposition 2.3.12 of [48] and
Proposition 5.6.29 of [66].

Proposition 3.40. Let @1, ¢2: U — R be locally Lipschitz functions on U, U be a
subset of X and ¢ = max {¢@y, ¢2}. Then ¢ is locally Lipschitz on U and

dp(x) C conv{der(x) | k € I(x)} forall x € U, (3.8)

where I(x) = {k € {1,2} | o¢(x) = @r(x)} is the active index set at x. If in
addition, ¢, and @, are regular at x, then ¢ is regular at x and (3.8) holds with
equality.

Corollary 3.41. Let @1, ¢2: U — R be strictly differentiable functions at x € U, U
be a subset of X and ¢ = min {@1, 2}. Then —¢ is locally Lipschitz on U, regular
at x, and d¢(x) = conv{dpi(x) | k € I(x)}, where I(x) is the active index set at
x defined in Proposition 3.40.

Proof. Since ¢; and ¢, are strictly differentiable at x € U, the functions —¢; and
—@, also have the same property. From Propositions 3.32(i) and 3.33(i), it follows
that —p; and —¢, are locally Lipschitz near x and regular at x. Let fi = —¢;,
fo = —@prand f = max{fi, f2}. It follows from Proposition 3.40 that f is locally
Lipschitz near x, regular at x, and df(x) = conv{df;(x) | k € I(x)}. On the other
hand, we have

S =max{fi, fo} = max{—¢;, —¢2} = —min{g, 9} = —¢

and

—0¢(x) = d(—p)(x) = 3f (x) = conv{d(—¢i)(x) | k € I(x)}
= conv{—dyi(x) | k € I(x)} = —conv{dyr(x) | k € I(x)},

which concludes the proof. O
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The next proposition represents a generalization of Lemma 14 of [178].

Proposition 3.42. Let ¢, ¢2: U — R be convex functions, U be an open convex
subset of X, ¢ = @1 — @y and x € U. Assume that 0@, (x) is a singleton (or dp,(x)
is a singleton). Then —g is regular at x (or ¢ is regular at x) and

dp(x) = g1 (x) — dga(x), (3.9)
where 0@y is the subdifferential in the sense of convex analysis of the function gy,
k=12

Proof. From Proposition 3.33(ii) we know that ¢, k = 1, 2 are locally Lipschitz
and regular on U. Suppose that dg;(x) is a singleton. By Proposition 3.32(i), the
function ¢, is strictly differentiable at x. Thus —¢; is also strictly differentiable at
x and, by Proposition 3.33(i), it follows that —¢; is regular at x. Hence —¢p =
—@1 + ¢ is regular at x as the sum of two regular functions. Moreover, from
Proposition 3.35(i) and (iii), we have

—0p(x) = (=) (x) = I(=¢1 + ¢2)(x)

(=) (x) + 02 (x)
—0¢1(x) + dpa(x)

which implies (3.9).

If 0, (x) is a singleton then, as above, by using Proposition 3.33(i), we deduce ¢,
is strictly differentiable at x which in turn implies that —¢, is strictly differentiable
and regular at x. So ¢ = ¢; + (—¢») is regular at x, being the sum of two regular
functions. Moreover, by Proposition 3.35(i) and (iii), we obtain

0p(x) = 3(@1 + (—¢2))(x) = 0@1(x) + I(—¢2)(x) = dp1(x) — dga(x)

which gives the equality (3.9). In view of convexity of ¢k, k = 1, 2, note that the
Clarke subdifferentials of these functions coincide with the subdifferentials in the
sense of convex analysis, which completes the proof. O

The next result provides a continuity criterium for a function defined on the
product of two Banach spaces.

Lemma 3.43. Let X and Y be Banach spaces and ¢: X x Y — R be such that

(1) @(-, ) is continuous on X forall y € Y.
(i) ¢(x,-) is locally Lipschitzon Y forall x € X.
(iii) There is a constant ¢y > 0 such that for all { € dp(x, y) we have
Zlly+ = co(X + lIxllx + lylly) forallx € X, y €Y,

where 0@ denotes the generalized gradient of ¢(x,-).
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Then ¢ is continuouson X x Y.

Proof. Let x € X and y;, y € Y. By the Lebourg mean value theorem
(see Proposition 3.36), we can find y* in the interval [y, y,] and { € dp(x, y™*)
such that ¢(x, y1) — ¢ (x, y2) = ({, y1 — y2)y*xy. Hence

A

lp(x, y1) —o(x, y2)| < [lly=lly1 = yally
co (14 llxlx + [1y*[ly) Iyi = y2lly

IA

IA

o (1 + llxllx + Iyilly + lly2lly) lyi — y2lly

for some ¢; > 0. Let (xo,y0) € X XY, {x,} C X and {y,} C Y be such that
X, — Xo in X and y, — yo in Y. We have

[ (X, yu) — @(x0, o) = @ (Xn, Yu) — @(Xn, yo)| + l@(xn, yo) — ¢(x0, yo)|

IA

cr (T lxanllx + [lyally + yolly) lyn = yolly

+lo(xn, y0) — ¢(xo, yo)|.

Since ||x;|lx, |vnlly < ¢z with a constant ¢; > 0 and ¢(-, yo) is continuous, we

deduce that ¢(x,, y,) — ¢(xo, yo), which completes the proof. O

We conclude this section with a result on measurability of the multifunction of
the subdifferential type.

Proposition 3.44. Let X be a separable reflexive Banach space, 0 < T < oo and
0:(0,T) x X — R be a function such that ¢(-, x) is measurable on (0, T) for all
x € X and ¢(t,) is locally Lipschitz on X forallt € (0, T). Then the multifunction
(0,7)x X > (t,x) > 0¢(t,x) C X* is measurable, where d¢ denotes the Clarke
generalized gradient of ¢(t, -).

Proof. Let (t,x) € (0,T) x X. First, note that since X is separable, by Defini-
tion 3.21 we may express the generalized directional derivative of ¢ (¢, -) as the upper
limit of the quotient %((p (t,y + Av) — (¢, y)), where A | O taking rational values
and y — x taking values in a countable dense subset of X . Therefore,

p(t,y +Av) —o(t,y)

@°(t, x;v) = limsup

y—=>x,AL0 A
. Pty +Av) —o(.y)
= 1n£ sup 7
Ty —xlx <
O<A<r
= inf sup

A

0
e ly —xllx <rn0<A<r

yED ALEQ
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forall v € X, where D C X is a countable dense set. From this it follows that, for
all v € X, the function (¢, x) — ¢°(¢, x; v) is Borel measurable as “the countable”
limsup of measurable functions of (¢, x) (note that by hypotheses, the function
(t,x) — @(t, x), being Carathéodory, is jointly measurable).

Next, let F:(0,T) x X — 2% be defined by F(t,x) = d¢(t,x) for all
(t,x) € (0,T) x X. We know from Proposition 3.23(iv) that for every (¢, x) €
(0,7) x X, the set dgp(z, x) is nonempty, convex, and weakly* compact in X*.
From Corollary 3.6.16 of [66], it follows that if X is a reflexive Banach space,
then X is separable if and only if X* is separable. Hence X * is a separable Banach
space. Since the weak and weak * topologies on the dual space of a reflexive Banach
space coincide (see e.g. page 16), the multifunction F is Py, (X *)-valued. Using
the definition of the support function (see Definition 3.2), from Proposition 3.23(iii),
we have

O'(U,F(I,X)) SUP{(ZsU)X*xx | é. € F(tvx)}
max {({, V) x+xx | ¢ € F(t,x)}

= ¢"(t.x:0)

for all v € X. Since the function (¢, x) > ¢°(¢, x; v) is measurable for all v € X,
we get that the function (¢, x) — o (v, F (¢, x)) is measurable for allv € X, i.e., F
is scalarly measurable. We use now Theorem 3.6 to see that F' is measurable, which
completes the proof. O

3.3 Subdifferential of Superpotentials

In this section our goal is to state and prove a result on the subdifferentiability of
integral functionals defined on Bochner—Lebesgue spaces. Everywhere below we
suppose that (O, ¥, i) is a complete finite measure space and X is a separable
Banach space. Given a multifunction F: O — P(X) and 1 < p < oo, the set of
selections of F' that belong to L”(O; X) is defined by

SE={f€eL?(0:;X)]| f(w) € F(w) p-ae.}.
We also recall the following definition.

Definition 3.45. A function ¥: O x X — R = R U {400} is said to be

(i) a normal integrand if it is X x B(X)-measurable and for p-almost all w € O
X = ¥ (w, x) is lower semicontinuous.
(ii) a convex normal integrand if it is a normal integrand and for p-almost all
w € O, x> Y¥(w, x) is convex.
(iii) a Carathéodory integrand if it is X x B(X)-measurable and for p-almost all
w € O, x — ¥(w, x) is finite and continuous.
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(iv) a proper convex normal integrand if it is a convex normal integrand and for
p-almost all w € 2, x — Y (w, x) is proper (i.e. ¥(w,x) > —oo for all
x € X and there is xo € X such that ¢ (w, x¢) < +00).

We consider the integral functional ¥: L?(O; X) — R given by

v(v) = /Olp(a),v(a))) du(w) forallv € L?(O; X),

where ¥: O x X — R is a given integrand. Under the above notation, exploiting the
lines of the proof of Proposition 5.5.21 in [66], we can show the following result on
the subdifferential of the convex functionals.

Proposition 3.46. Assume that : O x X — RU {400} is a proper convex normal
integrand and there exists at least one element v € LP(O; X) with 1 < p < o0,
such that ¥(v) < +o00. Then 0¥ (v) = Sgw(,’v(,)) withl/p+1/qg=1.

We now turn to the subdifferentiation of the integral functionals defined on the
Bochner—Lebesgue spaces. To this end, we assume in what follows that E;| and
E, are reflexive Banach spaces and we consider a function j which satisfies the
following hypothesis.

j:Ox(0,T) x E; x E; — Ris such that

(@ j(-, -, n, &) is measurable on O x (0, T) forall n € E},
£ € E, and there exists e € L?(O; E,) such that for all
w e L*(O; Ey), wehave j(-,-,w(-),e(-)) € L'(O x (0, T)).

(b) j(x,t,-,&) is continuous on E; forall £ € E;, ae.
(x,t) € Ox(0,T) and j(x,¢,n,-) is locally Lipschitz
on E, foralln € Eq, ae. (x,1) € Ox(0,7).

(©) 10j(x. 2.0, 6) | gz = Co(t) + 1 [[§lle, + T2 [nll £, for all
ne ke E,, ae (x,t) € Ox(0,T) withcy,cy,¢c2 >0,
Cco € L*°(0,T).

(3.10)

(d) Either j(x,t,n,-) or — j(x,t,n,-) is regular on E, for all
nekE;,ae. (x,t) e Ox(0,7).

(e) j%(x.,1,-,-; p) is upper semicontinuous on E; x E, for all
p € Ey ae. (x,1) e Ox(0,T).

() jOCc, 11,6 =) < do (1 + Inlle, + I§]l5,) forall € Ey,
£ € Ey ae. (x,t) e Ox(0,T) withdy > 0.

Next, we define the superpotential J: (0, T) x L2(O; Ey) x L*(O; E;) — R by
equality
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J(t,w,u)z/ Jx, t,w(x), u(x))du (3.11)
o

forallw € L2(O; Ey), u € L*>(O; E;) and ae. t € (0, T). Our main results in this
section is the following.

Theorem 3.47. Let E| and E, be separable reflexive Banach spaces, and assume
that the hypotheses (3.10)(a)—(c) are satisfied. Then the functional J defined
by (3.11) satisfies

() J(t,-,-) is well defined and finite on L*(O; E1) x L*(O; E) for a.e. t €
0,7).
(i) J(-,w,u) is measurable on (0, T) for allw € L*>(O; E,), u € L*(O; E»).
(iii) J(t,w,-) is Lipschitz on bounded subsets of L>(O; E») forallw € L*(O; Ey),
ae.t €(0,7T).
(iv) Forallw € L*(O; E)), u, v € L*>(O; E), a.e.t € (0,T), we have

JO(t,w, u;v) 5/ JOx, t, w(x), u(x); v(x)) du.
O
(v) Forallwe L*(O;E)), u € LZ(O; Ey), ae. t € (0,T), we have

aJ(t,w,u) g/ j(x,t,w(x),u(x))du.
o

This inclusion is understood in the sense that for each u* € 3J(t,w,u) C
L*(O; E}), there exists a mapping O > x + {(x) € EF such that
§(x) € 9j(x.1,w(x),u(x)) for a.e. x € O, ({().2) prx, € LY (O) for all
z € E,, and

(“*av>L2(O;E2*)xL2((’);E2) = /O(é'(x),v(x))E;‘sz dp

forallv € L*(O; E»).
(vi) Forallw € L*(O; E)), u € L*>(O; E,), a.e.t € (0,T), we have

0J(t,w, M)||L2(O;E2*) < cot) + et llull 20: 6y + 2 Wl L200: )

with co(t) = /3 meas(O) ¢o(1), ¢, = /3¢ and ¢, = /3.

(vii) If, in addition, (3.10)(d) is satisfied, then (iv) and (v) hold with equalities.
(viii) If, in addition, (3.10)(d) is satisfied, then J(t,w,-) or —J (¢, w, -) is regular for
allw € L*(O; Ey), a.e. t € (0, T), respectively.
(ix) 1If, in addition, (3.10)(d) and (e) are satisfied, then the multifunction dJ (t, -, -):
L2(O; Ey) x L2(0; Ey) — 2F(OED has g closed graph in L*(O; Ey) x
L*(0; Ey) x (w-L*(O; EY)) topology for a.e. t € (0,T).
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(X) 1If, in addition, (3.10)(f) holds, then
Ot wous—u) < do (14 w208, + lull2(0:£,)

forallw e LZ(O; E),ue L*(0; E>), ae. t € (0,T) with dy > 0.

Proof. For the proof of (i), we first observe that from (3.10)(b) and (c) and
Lemma 3.43, j(x,t,-,-) is continuous on E; x E, for a.e. (x,t) € O x (0,7).
This, together with (3.10)(a), implies that j is a Carathéodory function. By
Lemma 1.68, we infer that j(-,-, w(-,-),u(:,-)) is measurable on O x (0,T) for
allw € L2(O x (0,T); Ey), u € L*(O x (0,T); E;). Thus, by Lemma 1.66, the
function j (-, £, w(-), u(-)) is measurable on O forallw € L*(O; E\),u € L*(0; E,),
ae.t € (0,T). Hence J(t,-,-) is well defined on L?(O; E;) x L?*(O; E»), for a.e.
t e (0, 7).

Next, let w € L>(O; E1) and ¢t € (0,T)\ N with meas(N) = 0 be fixed. Let
e € L*(O; E») be such as in (3.10)(a). From Fubini’s theorem (see Theorem 1.69
on page 22), we know that j(-,z,w(-), e(-)) € L'(O). Hence J(t,w,e) < +oco. Let
u € L*(O; E,). By Proposition 3.36, for a.e. x € O, we can find z(x) € [u(x), e(x)]
and ¢{; € dj(x,t,w(x), z(x)) such that

Je o w(x), u(x)) = jx, 1, w(x), e(x)) = (G (x), u(x) — e(xX)) grxp,-  (3.12)
Hence,

7o, 2 w(x), u(x)) — j(x. 1, w(x), e(x))]
= &) gg lulx) — e £,

< (Co + c2w)llg, +cillz()e,) u(x) —e(x) |k,
< (€0 + 2w, +Cilu(x)|E, +Crlle(X) | E,) [u(x) —e(x) | £, -
Then, from the Holder inequality, we have
/OIj(x,t,W(x),u(x))—j(x,t,W(x),e(X))IdM

< /O @+ Elw@)e + 1l E) 1) — )i dpe

<c (\/ meas(O)+|wll .20:5,) + ull20;E,) + ||e||L2(o;E2)) lu—ellr20:k)
(3.13)
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for some ¢ > 0. Therefore,
J@t,wou) < |J@t,w,u) —J(t,w,e)| + |J(x,t,w,e)|

< /O G W) 1)) — jtow(x). e dpt + [T w. )]

<c (\/ meas(O) + |wll2o:k,) + lull 20:5,) + ”e”LZ(O;Ez))
X (||M||L2(O;E2) + ||€||L2(O;E2)) + [J(t,w,e)

which gives J(t,w,u) < oo forall w € L*>(O:;E)), u € L*(O; E,) and a.e.
t € (0, T). We conclude from above that (i) follows.
Analogously as in the proof of (i), from (3.12), we have

Jtw(x),u(x)) = jx, 1, wx), e(x)) + (& (x), u(x) — e(x)) grxr,
= jGxtw(x). e(x)| + (¢o + C2llwX) g, + Crlu(x)] e, + Crlle(x)]lE,)
X ([u() | £, + lle () £,)

forallw € L2(O; Ey), u € L*>(O; E>) and a.e. (x,1) € O x (0, T). From (3.10)(a),
it is easy to see that the function (x,7) + j(x,t,w(x),u(x)) is integrable on
O x (0,T). On the other hand, from the Fubini theorem, we infer that J(-, w, u)
is measurable on (0, T') for all w € L*(O; E}), u € L*(O; E») and, therefore, (ii) is
satisfied.

Next, we establish the Lipschitzness of J(z, w,-) on bounded sets, for all w €
L*(O:Ey) and ae.t € (0,T). Let u, uy € L*(O; E>) be such that [|u[|12(0;£,),
llu2ll 2(0;E,) < 7, where r > 0. Since the argument in (3.13) is still valid if we
replace u by u; and e by u,, we have

[T w.u0) = Tt w,w2)| < @ (ymeas(©) + [l 2oz +
Hlutll 20k, + ||“2||L2(O;E2))||“1 — 2l 12(0: )

for all w € L?(O;E;) and a.e. t € (0,T). Therefore, J(¢,w,-) is Lipschitz on
bounded subsets of L2(O; E,) for all w € L*(O; E;) and a.e. t € (0, T), and (iii)
follows.

For the proof of the inequality in (iv), let w € L?(O; E}), u, v € L*(O; E,) and
t € (0,T7)\ N, where meas(N) = 0. Since E, is separable, we may express the
generalized directional derivative of j(x, ¢, w(x), -) as the upper limit of

JOLwx), y + Av(x)) — j(x, 1, w(x), y)
1 )
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where A | 0 taking rational values and y — u(x) taking values in a countable dense
subset of £, i.e.,

7O, 1, w(x), u(x); v(x))
j(xv l,W()C), y + AU(X)) - j(xs l,W(X), y)

= limsup

y—u(x), A0 A
= inf sup JOx 1 w(x), y + Av(x)) = jx, 1, w(x), y)
Oy —u)ls < A
O<A<r
— inf sup JOt,w(x),y + Av(x)) — j(x, ¢, w(x),y)
Oy —u)llg, < 0<A<r X
yED, ALEQ

where D C E; is a countable dense set. From this it follows that the function
(t,x) = %%, t,w(x),u(x);v(x)) is measurable as “the countable” limsup of
measurable functions of (¢, x). Thus, the integrand on the right hand of the
inequality in (iv) is a measurable function of x € O.

Subsequently, we apply the Fatou lemma (Theorem 1.64 on page 21) to establish
the inequality (iv). First, we note that from the Lebourg mean value theorem
(Proposition 3.36 on page 61), for a.e. (x,7) € O x (0, T), we obtain

Jx, t,w(x), u(x) + )&v()ic)) — j(x,t,w(x),u(x)) - ), U(x))E;‘sz (3.14)

with some {(x,1) € 9j(x,t,w(x),u(x)) and u(x) € [u(x),u(x) + Av(x)], A €
(0, 1]. Next, since

IE(x. Ol gx = o+ C2llw()ll e, + Crl[ulx)ll e,
and

@Ol 2, < luC) e, + lu@)lE, + Alv()lE, < 2[u()]Ee, + [v()lE,

(¢, 1), U('))Ez*sz is bounded from above by an L' (©) function fora.e. ¢ € (0, T).
This shows that it is permitted to apply the Fatou lemma after taking upper limit
in (3.14) as A | 0. We have

we have ||{‘(x,t)||E; < z(x,t) with z € L*®(0,T;L*(©O)) and, therefore,

Jo(t,w, u; v)

) J(t,w,y + Av) = J(t,w,y)
= lim sup
y—=u,A0 A
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/ j(x,t,w(x),y(x) +AU(X))—J'(X%W(X),Y(X)) d,bL
o

= 1.
im sup p

y—=u,A0

< / lim sup j(X, t, W(X), y(X) + AU(X)) - j(x7 Z, W(X), Y(x)) dﬂ
O y—u,l0 A

:/Ojo(x,t,w(x),u(x);v(x))dﬂ

which proves (iv).

The next step is to show (v). To this end we use the inequality in (iv) and,
similarly as in Sect. 2.7 of [48], we reduce the problem to the convex case, and
then we apply a result for subdifferentiation of convex integral functionals. Let us
fixw e L>(O; Ey),u € L>(O; E,),and t € (0,T)\ N, where meas(N) = 0. Let
u* € dJ(t,w, u). By the definition of the generalized directional derivative and (iv),
we have

(", V) 12(0:E5 % L2(0:1E5) = Tt w,u; v)
5/ 7O, 1, w(x), u(x);v(x)) du (3.15)
O

for all v € L?*(O; E,). We introduce the functional ¥: (0, T) x L*>(O; E;) — R
defined by

W(t.v) = /O W £ W), u(x), v () e,

where ¥ (x,1,1,&,p) = jo(x,t,n, & p)foralln € Ej, €, p € E;andae. x € O.
Then (3.15) implies

(", 0) 12035 x12(0sE5) < W1, 0) = W(2,0) forall v € L*(O; Ey)

which means that ™ € d¥ (¢, 0), where d¥ denotes the subdifferential in the sense
of convex analysis of the integral functional ¥ (¢, -). From the properties of j° we
know that v is a convex Carathéodory integrand and ¥ (¢,0) = 0. Also, from
Proposition 3.46 applied with v = 0 € L?(O; E»), we know that

0P (t.0) = S5y (.1w()u0.0)
Moreover, we note that
aW(xv t’ r” E’ 0)
= {§ S E; | (Zs p)E;‘sz =< w(-x’ z, n, Ev p) - w(-x’ z, n, Evo) for all p e E2}

= {é‘ € E; | (Zsp)Ez*XEz E jo(xstv 77»570) forallp € EZ} = aj(xv[s r’sé)
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forall n € Ey, § € Ep, and a.e. x € O, where the subdifferentials of ¥ and
j are taken with respect to their last variables. Therefore, we conclude that u* €
aw(t,0) = Sazj(~.t,w(~),u(-)) which proves the inclusion in (v).

We turn now to the proof of the estimate in (vi). Let w € L*(O; Ey),
u € L*>(O;Ey)) and t € (0,T) \ N, where meas(N) = 0. Let also u* €
dJ(t,w,u). From the inclusion in (v), there exists { € L*(O;E5) such that
C(x) € dj(x,t,w(x),u(x)) forae. x € O and

(“*aU>L2(O;E2*)xL2((’);E2) = /O@(x),v(x))E;sz dp (3.16)

forall v € L2(O; E»). Also, by the hypothesis (3.10)(c), we have
IE) Iz = Co(r) + ¢ lu(x)|| g, + €2 [wx)| g, forae. x € O.

Taking the squares of both sides, integrating over O and applying the elementary
inequality (@ + b + ¢)?> < 3 (a® + b*> + ¢?) fora, b, ¢ € R, we obtain

121720 < 3 (Eé(t) meas(O) + 1 [|ul}2(0.,) + 5 ||w||iz(o;El)). (3.17)

The inequality in (vi) is now a consequence of (3.16) and (3.17).

Next, we turn to the proof of (vii). To this end, we prove that under (3.10)(a)—(d),
we have equalities in (iv) and (v). First, we consider the case when j(x,¢,7,-) is
regular for all n € E; and a.e. (x,7) € O x (0,7), i.e., the one-sided directional
derivative j'(x,t,n, & p) of j(x,t,n,-)existsand jO(x,t, 0, & p) = j'(x,t, 1, & p)
forae. (x,t1) € Ox (0,T) andforall n € E1, &, p € Ey. Letw € L*(O; Ey), u,
v € L%(O; E,). Exploiting (iv) and using again the Fatou lemma, we get

JO(Z,W, u; v)
. J(t,w,y + Av) = J(t,w, y)
= lim sup
y—=u,A0 A
> fiminf J(@t,w,u+ Av) — J(t,w,u)
240 A
P j(x,l,w(x),u(x) +AU(X))—j(X,[,W(X),M(X))
= liminf du
A0 o A

et i), N et
> /Ohlﬁionf](x t,w(x), u(x) + v(;c)) Je, 1, w(x), u(x)) i

:/Oj’(x,t,w(x),u(x)iU(x))d,u
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= [P0 di
o
> JO%t,w,u;v) (3.18)
for a.e. ¢+ € (0,7). Furthermore, using the Lebourg mean value theorem

(Proposition 3.36 on page 61) and the Lebesgue-dominated convergence theorem
(Theorem 1.65 on page 21), we obtain

J(t,w, u;v)
o JE,wou+ Av) = J(t,w,u)
= lim
240 A
. J e, 1, w(x), u(x) + Av(x)) — j(x, 1, w(x), u(x))
= lim du
Mo Jo A

_/ i L5 L W), u(x) + Av(x)) — j(x. L wx), ux))
o o A0 A #

_ /Oj’(x,z,w(x),u(x); v(x)) dpt (3.19)

which implies that J'(¢, w, u; v) exists for a.e. ¢ € (0, T). From (3.18) and (3.19),
we deduce

JO(l,w,u;v)=/ FOCe, 1, w(x), u(x); v(x)) du
o

= [ 7 etow. w0 60 d
= J'(t,w,u;v)
for a.e. t € (0,T). We conclude from the above JO(t, w,u;v) = J'(t,w, u; v) for
a.e.t € (0, T). This means that J(¢, w, ) is regular and (iv) holds with equality.
Next, we treat the case when —j(x,t,n,-) is regular for all n € E; and a.e.
(x,1) € O x (0,T). We proceed similarly as above and use the property (i) of
Proposition 3.23 to obtain

JO(t wou;—v) = (=) (1. w. us v)

- /O (=)0 et w(x), u(x): v(x) die

= /o 7Ot w(x), u(x); —v(x)) dp
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for a.e. ¢ € (0,T). Since the latter holds for all v € L*(O;E,), we deduce
that (iv) holds with equality. Also, the repetition of the reasoning in (3.18) yields
the conclusion that —J(z,w,-) is regular. A careful examination of our previous
considerations shows that under the hypothesis (3.10)(e) we have equality in the
inclusion (v). This completes the proof of (vii).

The proof of (viii) is a consequence of (vii) since we already know that J (¢, w, -)
or —J(t,w,-) is regular for all w € L*>(O; E|) and a.e. t € (0,T).

Next, we turn to the proof of (ix) and, therefore, we suppose that (3.10)(a)—(e)
are satisfied. We prove that the multifunction

AJ(t,-,): L2(O; Ey) x LX(O; E,) — 21O

has a closed graph in L*(O; E|) x L*(O; E») x (w—L*(O; E)) topology for a.e.
t € (0,T). Let {w,} C L*(O; Ey), {u,} C L*(O; E,), w, — win L>(O; E}),
u, — uin L*(O; Ey), {uf} C L*(O; E}), uf — u* weakly in L?(O; E5) and
wy € 0J(t, wy, u,). The latter is equivalent to

(u, V) 2O EF) X L2 (O E) = VATCRTANTES)
for all v € L*(O; E,) and a.e. t € (0,T). By Theorem 2.39 we may assume, by
passing to subsequences, if necessary, that w,(x) — w(x) in Ey, u,(x) — u(x)
in B> forae. x € O, |w,(x)|[g, < wo(x) and [[u,(X)|E, < uo(x) with wo, up €

L*(0). Let v € L*(O; E»). By the Fatou lemma, (3.10)(e) and the equality in (iv),
we have

lim sup JO(2, wy, 13 v) < limsup/ GO0, 1w (X)), 1y (x); v(x)) djt
o

5/limsupjo(x,t,wn(x),un(x);U(x))dﬂ
o

A

< [ 7t u: ) di
= JO(Z, w, u; v)
fora.e.t € (0, T). Hence we deduce
(", v) 12(0:E5)xL2(0;E,) < limsup Tt W unsv) < JOt, w,us v)
for all v € L*(O:; E,) and a.e. t € (0,T), which proves that u* € 3J(t, w, u).
It follows from above that the graph of dJ(z,-,-) is closed in the aforementioned
topology for a.e. t € (0, T'), which completes the proof of (ix).

Finally, assume (3.10)(a)—(c) and (f). Exploiting the inequality (iv) and the
Holder inequality, we have
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Potwai=) < [ OG0, o) dy
(@]

< /O (4 + we)lg, + )l ) du

<do (1 + Wl 20:8,) + lull2(0:£,))
forallw € L?>(O; E1), u € L>(O; E;) and a.e. t € (0, T) with dy > 0. This proves
the property (x) and completes the proof of the theorem. O
From Theorem 3.47(i) we deduce the following.
Corollary 3.48. Let E be a Banach space and j: O x (0, T) x E — R be such that

@ j(,-, &) is measurableon O x (0,T) forall & € E andthere exists e €
L*(O; E) such that j(-,-,e()) € L'(O x (0, T)).

(b) j(x,t,-) is locally Lipschitz on E for a.e. (x,t) € O x (0,T).

© lloj(x.t.)llex = co(t) + 1 |§llg forall § € E, ae (x,1) € O x
(0, T) withcy,c; >0, ¢y € LZ(O, T).

Then j(-,-,u(-)) € LY(O x (0, T)) forall u € L*>(O; E).

Proof. Using the Lebourg mean value theorem (Proposition 3.36 on page 61),
analogously as in (3.12), for all e € L*(O; E), we have

/ [j(x,t,u(x))| dudt
Ox(0,T)

< / Gt () — j(at, e()] dpudt + / 1 Cxt.e ()| dud
Ox(0,T) (@) T)

x(0,
= / [(E e 1), u(x) — (X)) pexe| dpdt + / (.1, e ()| dpud
Ox(0.1) Ox(0.T)
< f @(6) + T2 ) (u )z + le()ls) dud
Ox(0.T)
+/ |j(x,2,e(x))| dudt
Ox(0.T)

< / (o(?) +crllu(x)|| e +rlle() | ) Nlu) e + lle(x)[|£) dudt
Ox(0.T)

+/ [j(x,t,e(x))| dudt
Ox(0.T)
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for some ¢ (x,t) € dj(x,t,e(x)) ande(x) € [u(x),e(x)] fora.e. (x,t) € Ox(0,T).
Hence, by the hypotheses, it is easy to deduce that j (-, -, u(-)) € L'(O x (0, T)) for
allu € L*(O; E). O

Note that Theorem 3.47 represents a generalization of a result obtained in
Theorem 2.7.5 in [48]. We shall use Theorem 3.47 and Corollary 3.48 in Chap.4
in the case when O = 952 and £ is an open bounded subset of R?, with the
corresponding (d—1)-dimensional Lebesgue measure.

We end this section with some additional results on the Clarke subdifferential of
the indefinite integral, which will be very useful in the applications we present in
Chaps. 7 and 8 of the book. First, we recall the following definition.

Definition 3.49. We say that a locally Lipschitz function ¢: X — R defined on a
Banach space X satisfies the relaxed monotonicity condition, if there exists m > 0
such that

(m —m. & — &) xexx = —m||& — &% (3.20)
forall§ € X, n; € dp(§),i = 1,2.

The relaxed monotonicity condition will be frequently used in the rest of the
book. Note that this condition holds with m = 0, if ¢: X — R is a convex function.
Next, we consider the function g: R — R given by

g(r) :/ p(s)ds forall r e R (3.21)
0

with p € L (R). For r € R, we set

loc

p(r) = lim essinf p(t), p(r) = lim esssup p(7).
- §—>0 |r—r|<$ §—0 le—r|<8

The properties of the subdifferential of g are collected below.

Lemma 3.50. (i) Let p € L7 (R). Then g is a locally Lipschitz function and
dg(r) C [p(r), p(r)], where [-, -] denotes the line segment.
(ii) Let p € LS (R) be such that forallr € R

loc

there exist lim p(§) = p(r—) € Rand lim p(§) = p(r+) € R.
E—)r_ é%_>r+

Then dg(r) = p(r) for all r € R where p:R — 2® is a multifunction which
results from p by “filling in a gap procedure,” i.e.,

N [p(r=). prH)]if p(r—) < p(r+)
p(r) = forallr € R.

[p(r+). pro)]if  p(r+) < p(r-)

(iii) If p: R — R is a continuous function, then dg(r) = p(r) forall r € R.
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Proof. For the proof of (i) and (ii) we refer to [41]. The proof of (iii) is immediate
since in this case g is continuously differentiable and, from Proposition 3.32(i), we
have dg(r) = {g’(r)} forall r € R. O

The filling in a gap procedure described in Lemma 3.50 is illustrated in the
following simple case.

Example 3.51. Consider the function p € L°°(R) defined by

1 if r < —4,
—2r—6  ifre(—4,-1),

p(r) =1 2r if r e [-1,1],
—2r+6 ifr € (1,4),
—1 if r > 4.

Then the multivalued function 7 takes the form

[1,2] ifr =—4,
[—4,-2]  ifr=—1,
p(r) =1 [2.4] ifr =1,
[-2,-1] if r =4,
p(r) otherwise.

Moreover, the nonconvex locally Lipschitz function g: R — R defined by (3.21) is
given by

r+38 if r < —4,
—r2—6r—4 ifre[-4,-1],

g(r)=4qr? if r e [—1,1],
—r24+6r—4 ifrell,4],
—r +8 ifr > 4.

Note that it satisfies the inequality |0g(r)| < 4(1 + |r]|) forall r € R.

The following result gives a sufficient condition for the relaxed monotonicity
condition.

Lemma 3.52. Let p € L (R) be such that

loc

p(r) < g(rz) + M(ry —ry) forallry, r, e Rwith M >0

and let g be given by (3.21). Then g satisfies the condition (3.20) with constant
m=M.
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Proof. First observe that g°(r;s) < p(r)sif s > 0 and g°(r;s) < p(r)sifs <0.
Using these facts, for r; < r,, we have

g (rizra—r1) + g%(rairi = r2) < (ra = r) P(r1) + (11— r2) p(r2)
< (n—r) (@) —p(r2)) < M (r,—r1)”.
Analogously, for r, < r|, we get
gorira—r) + &(riri — ) < (= 1) p(r) + (1 —r2) p(r2)
< (rn—r) (@) —p(r) < M (r1 — ).

On the other hand, we obtain

g (riira—r1) + g(rair — r) = max{¢ (r, — ) | ¢ € 0g(r)}
+max{—{(r2—r1) | € dg(r)}
> ni(ra —r1) + (=n2)(ra —r1)
= (m —m)(r2—r1)
forallr; € R, n; € dg(ri),i = 1,2.Hence (11 —n2)(r—r1) < M |r; —r|?, which
concludes the proof. O
From Lemmas 3.50 and 3.52, we obtain the following.
Corollary 3.53. Let the function g:R — R be given by (3.21) with the integrand p.

1) If p:R — R is a continuous function, then the function g satisfies the
condition (3.20) with constant m > 0 if and only if the function «:R — R
defined by a(r) = p(r) +mr forr € R is nondecreasing.

(ii) If p:R — R is Lipschitz continuous, i.e., |p(r1) — p(r2)| < L|ri—rz| forall ry,
r, € Rwith L > 0, then g satisfies the condition (3.20) with constantm = L.

3.4 Operators of Monotone Type

In this section we provide the basic results on operators of monotone type in Banach
spaces. Most of the material presented here can be found in standard textbooks such
as [67,109,264]. The development of a complete theory of operators of monotone
type requires the consideration of set-valued operators, called also multivalued
operators, as well as the study or single-valued operators.
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Multivalued operators. For any multivalued operator A: X — 2¥ between two
nonempty sets X and Y, we define

D(A) = {x € X | A(x) # 0@} (the domain of A),

R(A) = UyexA(x) (therange of A),

Gr(A) ={(x,y) e X xY |y € A(x)} (the graph of A),

ALY - X, AN (y)={xe X |yeA(x)} (theinverseof A).

If X and Y are linear spaces, Ay, Ay: X — 2Y and A, u € R, we define A4, +
wAzy: X — 2¥ by

AA1(x) + nAz(x) ifx € D(Ay) N D(A)
(A4 + pAr)(x) =
otherwise.

Hence D(AA; + As) = D(A;) N D(A,). We also say that A,: X — 2V is an
extension of A;: X — 2Y if and only if Gr(A4;) € Gr(4,). We sometimes write
Ax instead of A(x).

In what follows X is a real Banach space with anorm || - || x, X * denotes its dual
and (-, -) x*xx is the duality pairing between X* and X.

Definition 3.54. The multivalued operator A: X — 2% " is called

(a) monotone, if for all (u, u™), (v,v*) € Gr(A), we have
(W — v u—v)yexx 2 0.

(b) strictly monotone, if for all (u, u*), (v,v*) € Gr (A4), u # v, we have
(u* —v*, u—v)xyrxx > 0.

(¢c) strongly monotone, if there exist ¢ > 0 and p > 1 such that for all (u, u*),
(v,v*) € Gr(A), we have

(U —v* u—v)xsxx > cllu—vl%.
(d) uniformly monotone, if there exists a strictly increasing continuous function
a: [0, +00) — [0, 400) such that a(0) = 0, a(t) — 400 ast — +o0 and, for

all (u,u*), (v,v*) € Gr(A), we have

(" —v* u—v)yexx = alllu—vllx)fu—vlx.
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(e) maximal monotone, if A is monotone and if (u, u*) € X x X* is such that
(u* —v*,u—v)x*xx >0 forall (v,v*) € Gr(4)

then (u,u*) € Gr(A). The latter is equivalent to saying that Gr(A) is not
properly included in the graph of another monotone multivalued operator.

Remark 3.55. 1t is clear that the following implications hold: A4 is strongly mono-
tone =—> A is uniformly monotone — A is strictly monotone —> A is
monotone.

Example 3.56. If X = R, then a maximal monotone mapping f: R — 2% is called
maximal monotone graph in R?. In particular, every increasing continuous function
f:R — R represents a maximal monotone graph in R?. More generally, if f:R —
R is an increasing function which has one-sided limits in every point s € R, denoted
by f(s+), then it generates a maximal monotone graph in R?, defined by f(s) =
[f(s—), f(s+)] for all s € R. Note that this graph is obtained by filling in the gaps
at the points of discontinuity of f".

We recall some useful extensions of the notion of monotonicity. The main results
of the theory of pseudomonotone multivalued operators are developed in [35].

Definition 3.57. Let X be a reflexive Banach space and A: X — 2% " be a
multivalued operator. We say that

(a) Ais pseudomonotone,if

(1) A has values which are nonempty, bounded, closed, and convex.

(2) A is usc from each finite-dimensional subspace of X to X * endowed with
the weak topology.

(3) If {u,} C X with u, — u weakly in X, and u; € Au, is such that

limsup (u), uy — u) x*xx <0,
then for every y € X, there exists u*(y) € Au such that
(W*(¥),u—y)x*xx <liminf (u), uy — y)x*xx.

(b) A is generalized pseudomonotone, if for any sequences {u,} C X, {u;} C X*
with ) € Auy,, u, — u weakly in X, u — u* weakly in X*, and

. *
limsup (uy,, uy, —u)x*xx <0,

we have u* € Au and (i), uy) x+xx — (U, u)xrxx.

The next result shows that every pseudomonotone operator is generalized pseu-
domonotone, while the converse holds under an additional boundedness condition.

Proposition 3.58. Let X be a reflexive Banach space and A:X — 2% be an
operator.
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(1) If A is a pseudomonotone operator, then A is generalized pseudomonotone.

(i) If A is a generalized pseudomonotone operator which is bounded (i.e., maps
bounded sets into bounded ones) and for each u € X, Au is nonempty, closed
a and convex subset of X*, then A is pseudomonotone.

The properties of pseudomonotone operators listed in the proposition below are
essential in the applications.

Proposition 3.59. Let X be a reflexive Banach space.

() If A: X — 2% is a maximal monotone operator with D(A) = X, then A is
pseudomonotone.

(i) If A, Ay X — 2X* are pseudomonotone operators, then A; + Ay is
pseudomonotone.

In what follows we introduce the notion of coercivity.

Definition 3.60. Let X be a Banach space and 4: X — 2" be an operator. We say
that A is coercive if either D(A) is bounded or D(A) is unbounded and

inf {(u*, u)x+xx | u* € Au}
1 pr—
llull x =00, u€ D(A) fluell x

The following is the main surjectivity result for pseudomonotone and coercive
operators.

Theorem 3.61. Let X be a reflexive Banach space and A:X — 2% be pseu-
domonotone and coercive. Then A is surjective, i.e., R(A) = X*.

Following Definition 1.3.72 and Theorem 1.3.73 of [67], we recall in what
follows a useful version of the notion of pseudomonotonicity of multivalued
operators together with the corresponding surjectivity result.

Definition 3.62. Let X be a reflexive Banach space, let L: D(L) C X — X* be a
linear maximal monotone operator, and let A: X — 2% " be an operator. We say that
A is pseudomonotone with respect to D(L) or L-pseudomonotone, if the following
conditions hold:

(1) A has values which are nonempty, bounded, closed, and convex sets.

(2) A is usc from each finite-dimensional subspace of X to X* endowed with the
weak topology.

(3) If{u,} C D(L) withu, — uweaklyin X, Lu, — Luweakly in X*, u} € Au,
is such that u} — u* weakly in X* and

limsup (), uy, — u) x*xx <0,

then u* € Auand (1}, u,) x+xx — (U™, u) x*xx.

Theorem 3.63. Let X be a reflexive Banach space which is strictly convex, let
L:D(L) C X — X* be a linear, densely defined, and maximal monotone operator.
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IfA: X — 2X" g bounded, coercive, and pseudomonotone with respect to D(L),
then L + A is surjective, i.e., (L + A)(D(L)) = X*.

To provide an example of the operator L which satisfies the properties in this
theorem we assume in what follows that (V, H, V*) is an evolution triple, 0 < T' <
00,1 < p <oo,and 1/p+1/q = 1. We consider the subspace of V = L?(0,T; V)
defined in (2.11) on page 48, i.e.,

W={ueV|u eV*},

where V* = L49(0, T; V*). The distributional derivative Lu = u’ restricted to the
subset D(L) = {u € W | u(0) = 0} defines a linear operator L: D(L) C V —
V* by

T
(Lu, v)pxy* = / (W (1), v())y=xy dt forallv € V. (3.22)
0

From Proposition 32.10 and Theorem 32L of [264], we deduce the following result.

Lemma 3.64. Let (V, H,V*) be an evolution triple of spaces, 0 < T < 0o, 1 <
p < oo, andV = LP(0,T;V). Then the operator L: D(L) C V — V* defined
by (3.22) is linear, densely defined, and maximal monotone.

Note that we use Theorem 3.63 in the study of the evolution problems presented
in Chap. 5.

Single-valued operators. We turn now to the case of single-valued operators. First,
we recall that a single-valued operator A: D(A) C X — X ™ can be understood as a
multivalued operator A: X — 2¥" by setting Au = {Au} if u € D(A) and Au = 0
otherwise. Therefore, all the notions presented above in the case of multivalued
operators can be easily formulated in the case of single-valued operators. For
example, a single-valued operator A: D(A) C X — X* is monotone if

(Au— Av,u —v)x+xx > 0 forall u,v € D(A),

a single-valued operator A: D(A) C X — X* is maximal monotone if A is
monotone and from the conditions (u, u*) € X x X* and

(u* — Av,u — v)x*xx >0 forallv € D(A)

it follows that u € D(A) and u* = Au, and a single-valued operator A: D(A) C
X — X* is strongly monotone if there exists ¢ > 0 and p > 1 such that

(Au— Av,u—v)xxxx > clu—v|%§ forall u,v e D(A).

Below we specialize the definition of pseudomonotonicity for multivalued
operators to the single-valued case.



3.4 Operators of Monotone Type 85

Definition 3.65. Let X be a Banach space. The single-valued operator 4: X — X*
is pseudomonotone if it is bounded (i.e., it maps bounded subsets of X into bounded
subsets of X *) and satisfies the inequality

(Au,u — v)y*xx < liminf (Au,,u, — v)x+xy forallv € X, (3.23)
whenever the sequence {u, } converges weakly in X towards u with
lim sup (Auy,, uy, — u)x*xx < 0. (3.24)

In some situations we need the following characterization of pseudomonotonicity.

Proposition 3.66. Let X be a reflexive Banach space and A:X — X*. The
operator A is pseudomonotone if and only if A is bounded and satisfies the following
condition

if uy, — uweakly in X and limsup (Au,, u, —u)x+xxy <0,
(3.25)
then Au, — Au weakly in X* and lim (Au,, u, — u) x+xx = 0.

Proof. Assume the condition (3.25). Let u, — u weakly in X be such that
limsup (Au,, u, — u)x+xx < 0. Then, for every v € X, we have

liminf (Au,, u, — v)x*xx > liminf (Au,, u, — u) x+xx
+ liminf (Au,, u — v) x*xx

= (Au,u — V) x*xx,

which implies that A is pseudomonotone.
Conversely, assume that A is pseudomonotone and let u, — u weakly in X such
that (3.24) holds. We take v = u in (3.23) and use (3.24) to obtain

0 < liminf (Au,, u, — u) x+xx

< limsup (Au,, u, — u) x+xx <O0.

Therefore, it follows that lim (Au,,, u, —u) x=xx = 0. Moreover, for any v = u—aw
withw € X and o € R, by (3.23) we have

(Au, aw) x*xx < liminf (Au,, u, —u 4+ aw) x*xx
= lim (Au,, u, — u) xy*xx + liminf (Au,, aw) x*xx

= liminf (Au,, aw) x+xx.

Taking first « > 0 and next @ < 0, we easily deduce that
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lm (Aup, w)xsxx = (Au, w)x*xx

for all w € X and, therefore, condition (3.25) is satisfied. 0

We note that when X is finite dimensional, then A is pseudomonotone if it is
continuous and vice versa (see Proposition 3.67(ii)). Moreover, it is useful to recall
that when X is a Hilbert space and A: X — X* is a linear and bounded operator,
then the weak (strong) convergence in X of {u,} to u implies the weak (strong)
convergence of {Au,} to Au.

For pseudomonotone operators on a reflexive Banach space we have the follow-
ing result.

Proposition 3.67. Let X be a reflexive Banach space and A:X — X* be
a pseudomonotone operator. The following properties hold:

(1) Ifu, — uweakly in X and Au, — z weakly in X* with
lim sup (Auy, un) x*xx < (2,U) x*xx,

then z = Au.
(i) Ifu, — uin X, then Au, — Au weakly in X *.

We recall in what follows the various continuity modes for nonlinear single-
valued operators as well as the relationship between them and the pseudomono-
tonicity.

Definition 3.68. Let X be a Banach space and A: X — X™*. We say that

(a) A is demicontinuous, if for all w € X the functional u +— (Au, w)x*xy is
continuous, i.e., A is continuous as a mapping from X to (w*-X*).
(b) A is hemicontinuous, if for all u, v, w € X the functional

t > (A(u 4+ tv), w)x*xx

is continuous on [0, 1], i.e., A is directionally weakly continuous.
(c) Ais radially continuous, if for all u, v € X the functional

t > (A(u+ tv), v) x*xx

is continuous on [0, 1], i.e., A satisfies the condition (b) only for w = v.
(d) A is weakly continuous, if for all w € X the functional u +— (Au, w)y+xx is
weakly continuous, i.e., A is continuous as a mapping from (w—X) to (w*—X*).
(e) A is totally continuous, if A is continuous as a mapping from (w—X) to X *.

It is easy to see that if A: X — X™ is continuous, then it is demicontinuous
which, in turn, implies that A is hemicontinuous and, therefore, it is radially
continuous. If 4: X — X™* is linear and demicontinuous, then it is continuous.
It can be shown that for monotone operators A4: X — X* with D(4) = X, the
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notions of demicontinuity and hemicontinuity coincide (see Exercise 1.9 in Sect. 1.9
of [67]). Moreover, from Proposition 27.6 of [264], we have the following result.

Theorem 3.69. Let X be a Banach space and A: X — X*.

(1) If the operator A is a bounded, hemicontinuous, and monotone, then A is
pseudomonotone.
(i) If A is pseudomonotone, then A is demicontinuous.

In the following we collect some additional properties of pseudomonotone
operators.

Proposition 3.70. Let X be a reflexive Banach space. Then

(i) A radially continuous monotone operator A:X — X™* satisfies condi-
tion (3.23) whenever the sequence {u,} converges weakly in X towards u
and (3.24) holds. In particular, a bounded radially continuous monotone
mapping is pseudomonotone.

(1) The sum of two pseudomonotone operators remains pseudomonotone, i.e., if
Ai:X — X* and Ay: X — X* are pseudomonotone, then the operator
X sur> (A + Ay)u € X* is pseudomonotone.

(iii) A shift of a pseudomonotone operator remains pseudomonotone, i.e., if
A: X — X is pseudomonotone, then X > u +— A +v) € X* is
pseudomonotone for any v € X.

(iv) A perturbation of a pseudomonotone operator by a totally continuous operator
is pseudomonotone, i.e., if A: X — X* is pseudomonotone and B: X — X*
is totally continuous then X 3 u+ (A + B)u € X™ is pseudomonotone.

Note that the monotonicity assumption plays a crucial role in the result (i).
Indeed, the example which follows shows that even if the operator is linear and
continuous, it is not necessarily pseudomonotone.

Example 3.71. Let X be a Hilbert space and let A: X — X™* be given by
(Au, v)x*xx = (—u, v)x. Then A fails to be pseudomonotone.

Proof. Indeed, suppose that the condition in the definition of pseudomonotoni-
city is valid, i.e., for every {u,} which converges weakly in X towards u with
lim sup (Au,, u, — u)x+xx < 0, we have

(Au,u — v) x+xx <liminf(Au,,u, —v)x+xy forallv € X. (3.26)

Consider {u, },2, an orthonormal set of vectors in X. Then, for every v € X, by the
Bessel inequality

o0

2 2
D (wv)x < Ik
n=1

we know that lim (u,, v)x = 0. Hence u, — 0 weakly in X and, by the definition
of A, we have
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lim sup (Au,, ) x+xx = limsup (—|u,[|3) = —1. (3.27)
We take now u = v = 0 in (3.26) to obtain
0 < liminf (Au,, u,) x*xx - (3.28)

Inequalities (3.27) and (3.28) lead to a contradiction which concludes the proof. O

We reformulate now Definition 3.60 in the case of single-valued operators
defined on X with values in X *.

Definition 3.72. Let X be a Banach space. An operator A: X — X* is said to be
coercive if
(Auv u)X*XX

luly—oo  |lullx

= +00. (3.29)

Note that the coercivity condition (3.29) is satisfied if we assume that there exists

a function o: R — R such that lim «(f) = 400 and
t—+o00

(Au,u) x+xx > a(|lullx) lullx forall ue X.
And, in particular, it is satisfied if there exists o > 0 such that
(Au,u)xexx > a|lul3 forall u e X. (3.30)

This remark justifies the following definition.

Definition 3.73. Let X be a Banach space. An operator A: X — X* is said to be
coercive with constant o if there exists @ > 0 such that (3.30) holds.

The following surjectivity result shows the importance of the class of pseu-
domonotone coercive single-valued operators.

Theorem 3.74. Let X be a Banach space and A: X — X* be pseudomonotone and
coercive. Then A is surjective, i.e., for any | € X*, there is at least one solution to
the equation Au = f.
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Chapter 4
Stationary Inclusions and Hemivariational
Inequalities

In this chapter we study stationary operator inclusions, i.e., inclusions in which
the derivatives of the unknown with respect to the time variable are not involved.
We start with a basic existence result for abstract operator inclusions. Then we use
it in order to prove the existence of solutions for various operator inclusions of
subdifferential type. We also prove that, under additional assumptions, the solution
of the corresponding inclusions is unique. Finally, we specialize our existence
and uniqueness results in the study of stationary hemivariational inequalities. The
theorems presented in this chapter will be applied in the study of static frictional
contact problems in Chap. 7.

4.1 A Basic Existence Result

In this section we establish the existence of solutions to an abstract operator
inclusion. Given a normed space X, by X* we denote its (topological) dual and
by || - ||x its norm. For the duality brackets for the pair (X, X *) we use the notation
(-, ") x*xx - We consider two evolution triples of spaces (V, H,V*) and (Z, H, Z*).
We recall that this means that V' and Z are separable, reflexive Banach spaces, H
is a Hilbert space and V € H C V*, Z C H C Z* with continuous and dense
embeddings. Moreover, we suppose that V' C Z with compact embedding. Let
AV > V* BV — 27" be given operators and f € V*. The operator inclusion
under consideration is as follows.

Problem 4.1. Find u € V such that Au+ Bu > f.
We complete the statement of Problem 4.1 with the following definition.

Definition 4.2. An element # € V is a solution to Problem 4.1 if and only if there
exists £ € Z* such that Au + ¢ = f and ¢ € Bu.

In the study of Problem 4.1 we consider the following hypotheses.
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A:V — V* is pseudomonotone and coercive with constant o > 0. 4.1

B:V — 27" is such that
(a) |Bvllz+ < bo(1 + ||v||y) forall v € V with by > 0.

(b) Forall v € V, Bv is nonempty, convex,

weakly compact in Z*.

©) (Bv, v)yexy = —billvll% = ballvlly — b3 forall v € V 42)

with by, by, b3 > 0.

(d) Gr(B) C V x Z*isclosed in Z x (w—Z"*) topology,
ie., if ¢, € Bv, withv,,v € V,v, — v in Z and
tn,t € Z*, ¢, — ¢ weakly in Z*, then ¢ € Bu.

Recall that, according to Definition 3.73, an operator A:V — V* is called
coercive with constant @ > 0, if (Av, v)y*xy > « ||v||%, for all v € V; the notion
of pseudomonotonicity for a single-valued operator is given in Definition 3.65; in
(4.2) and below, the notation w—Z* stands for the space Z* endowed with the weak
topology; and, finally, sufficient conditions for pseudomonotonicity are provided in
Theorem 3.69(i).

Note that since B is a multivalued operator, then for each v € V, Bv represents a
setin Z* and therefore notations || Bv|| z+ and (Bv, v)y+xy are not a priori defined.
Nevertheless, we specify that the inequality (4.2)(a) is understood in the sense that
lv*llz= < bo(l + |jv|ly) for all v* € Bv and, similarly, (4.2)(c) means that
(V¥ 0)y*xy > —=bi|[v|3 — ba|lv|ly — b3 for all v* € Bu. For the convenience
of the reader we shall use such notation for multivalued operators everywhere in the
rest of the book.

Our main existence result in the study of Problem 4.1 is the following.

Theorem 4.3. Assume that (4.1) and (4.2) hold, f € V* and a« > by. Then
Problem 4.1 has at least one solution u € V and, moreover,

lully <@+ fllv) (4.3)

with a positive constant c.

Proof. We define the multivalued map F:V — 2" by Fv = (A + B)v for
v € V. We show that F is pseudomonotone and coercive. First, we prove the
pseudomonotonicity of F and, to this end, we use Proposition 3.58 which states
that a generalized pseudomonotone operator which is bounded and has nonempty,
closed, and convex values is pseudomonotone.

From the property (4.2)(b), it is clear that F has nonempty, convex, and closed
values in V*. From the boundedness of A (guaranteed by (4.1) and Definition 3.65)
and (4.2)(a), it follows that F is a bounded map, i.e., it maps bounded subsets of V'
into bounded subsets of V*.



4.1 A Basic Existence Result 97

We show that F is a generalized pseudomonotone operator. To this end, let v,,
velV,v, > vweaklyin V, vy, v* € V*, v¥ — v* weakly in I'*, v € Fv, and
assume that

limsup (v, v, — V)y*xy <O.

We prove that v* € Fv and
Uy vn)vexy = (U™, V) ey

We have v’ = Av, + {, with {, € Bv,. From the compactness of the embedding
V C Z it follows that

v, = v in Z. 4.4

By the boundedness of B, guaranteed by (4.2)(a), passing to a subsequence, if
necessary, we have

¢w — ¢ weakly in Z* with some ¢ € Z*. (4.5)

From (4.2)(d), (4.4), and (4.5), since ¢, € Bv,, we infer immediately that { € Bv.
Furthermore, from the equality

(Vs vn = V)vrexy = (AVn, vy — V) vy + (Gns Un — V) z¥x2,
we obtain
lim sup (Av,, vy, — V)y*xy = limsup (v}, v, — V)y*xy < 0.
Exploiting now the pseudomonotonicity of 4, by Proposition 3.66 we deduce that
Av, — Av weakly in V* (4.6)

and
lim (Av,, v, — V) y*xy = 0. 4.7)
Therefore, passing to the limit in the equation v} = Av, +{,, we have v* = Av+¢
which, together with { € Bv, implies v* € Av + Bv = Fv. Next, from the
convergences (4.4)—(4.7) we obtain
lim (U;lk, vn)V*xy
= lim (Av,,, v, — U)V*XV + lim (Av,,, U)V*XV + lim (é'n, Un)Z*xZ
= (Av, V)yexy + (L, V) zexz = (V*, V) pexy

which, according to Definition 3.57, shows that F is a generalized pseudomonotone
operator.
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Next, by the hypotheses on the operators A and B we have

(Fu,v)pexy = (Av, V) y*xy + (B, v) z%xz
> (a = b))l = ballvlv —bs = B(lvllv) lvllv
forall v € V, where §(t) = (¢ — b))t — by — l% and B(t) —> +o0,ast — 4oo.
Hence

i inf { (V*, V)y=*xy | V* € Fv}
lim = +00,

llvlly —o0 lv]lv

which, by Definition 3.60, means that the operator F is coercive.

We are now in a position to apply Theorem 3.61 to the multivalued operator F.
We deduce that F is surjective, which implies that Problem 4.1 has a solutionu € V.
Moreover, from the coercivity of F, we have

(o = b)) lullyy = ballully = b3 < |l f v+ llully

which implies that the estimate (4.3) holds with a positive constant ¢ depending on
by, by, b3, and «. This completes the proof of the theorem. O

4.2 Inclusions of Subdifferential Type

In this section we use the result of Sect.4.1 to show the existence of solutions to
various general operator inclusion of the subdifferential type. Then, we complete
these existence results with various uniqueness results. To this end, we introduce
some additional notation.

Let (V,H,V*) and (Z, H,Z*) be evolution triples of spaces such that the
embedding V' C Z is compact, as introduced in Sect. 4.1. We denote by ¢, > 0 the
embedding constant of V' into Z. Let X be areflexive Banach spaceand M: Z — X
be a given linear continuous operator. We denote by || M || the norm of the operator
M in L(Z,X)and by M*: X* — Z* the adjoint operator to M .

General existence and uniqueness results. Let A:V — V* be an operator,
J:X x X — R be a given functional and f € V*. We consider the following
inclusion of subdifferential type.

Problem 4.4. Find u € V such that
Au+ M*3J(Mu, Mu) > f.

Recall that a solution of Problem 4.4 is understood in the sense of Definition 4.2.
In the study of Problem 4.4 we need the following hypotheses.
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J: X x X — Ris such that
(a) J(w, ) is locally Lipschitz on X forall w € X.

(®) [[0J(w, w)||x* < co + cillullx + c2llwllx
for all w,u € X with ¢g, cy,cy > 0.

(4.8)
(¢) 3J: X x X — 2% has a closed graph
in X x X x (w=X") topology.
(d) JO(w, u; —u) < do (1 + |lullx + [|w|lx) forall
w,u € X with dy > 0.
M € L(Z, X). 4.9)

Note that in (4.8) the symbols dJ and J 9 denote the Clarke subdifferential and
the generalized directional derivative of J(w, -), respectively.

Under the notation of this section, we have the following existence result.

Theorem 4.5. Assume that (4.1) and (4.9) hold, f € V* and one of the following
hypotheses:

(i) (4.8) (@)—(c) and a > (c1 + c2) 2 | M|
(ii) (4.8).

is satisfied. Then Problem 4.4 has at least one solution u € V for which the estimate
(4.3) holds.

Proof. We apply Theorem 4.3 to the operator B: V — 27 " defined by
Bv=M*3J(Mv,Mv) forveV.

To this end, we show that under hypothesis (4.8)(a)—-(c) the operator B satisfies
4.2).
First, using (4.8)(b), (4.9), and the continuity of the embedding V' C Z, we have

IBvllz= < [M*||[0J(Mv, Mv)]|x
< IM7 (co + (c1 +c2) M| |lv]l2)
< M| (co + (1 + ) ce [M ] [[v]lv), (4.10)

which proves (4.2)(a).

In order to establish (4.2)(b), we recall that the values of dJ(w, -) are nonempty,
convex, and weakly compact subsets of X * for all w € X, see Proposition 3.23(iv).
Let v € V. Then, it follows from above that Bv is a nonempty and convex subset
in Z*. To show that Bv is weakly compact in Z*, we prove that it is closed in Z*.
Indeed, let {¢,} C Bv besuchthat, — {in Z*. Since ¢, € M* dJ(M v, Mv) and
the latter is a closed subset of Z*, we obtain { € M™* dJ(M v, M v) which implies
that { € Bv. Therefore, the set Bv is closed in Z* and convex, so it is also weakly
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closed in Z*. Since Bv is a bounded set in a reflexive Banach space Z*, we get that
Buv is weakly compact in Z*. This proves (4.2)(b).
For the proof of (4.2)(c), let v € V. Using (4.10), we have

[(Bv, v)y=xv| < [ Bvlly=|vllv < ce[|Bv[z=|vllv
< ce|vllv (co IMIl + (c1 +e2) ce IM|*|]lv)
< (i) IMIPIlF +coce IM] o]y

Hence
(B, v)yexy = —(c1 + ca) ¢ IM | |vll5 — coce M| [[v]lv

and (4.2)(c) holds with b; = (c1 + ¢2) ¢2 [|[M ).

For the proof of (4.2)(d), let £, € Bv,, where v,, v € V, v, — vin Z, {,,
(€ Z* and {, — ¢ weakly in Z*. Then ¢, = M*z, and z, € dJ(Mv,, Mv,).
The continuity of the operator M implies M v, — M v in X and the bound (4.8)(b)
implies that, at least for a subsequence, we have z, — z weakly in X* with some
z € X*. Using equality {, = M*z, we easily get { = M *z. Exploiting (4.8)(c),
from z, € dJ(Mv,, Mv,) we obtain z € dJ(Mv, Mv) and, subsequently, { €
M*dJ(Mv, Mv),i.e., ¢ € Bv. The proof of all conditions in (4.2) is now complete.

Finally, we need to verify that « > b;. In case (i), this condition holds since
o > (c1 + ) 2 |M|* = by. In case (ii), this condition is satisfied with b; = 0.
Indeed, let v € V and ¢ € Bv. So { = M*zand z € dJ(Mv, Mv). Using (4.8)(d)
we have

—(z, Mv) x*xx < J'(Mv, Mv;—Mv) < dy (1 + |[Mvllx + [|Mv]/x)

<do(1+2[M]||vllz) <do(1+2c|[M]]v]y).
Hence, it follows that

(Cv)vexy = (L v)zexz = (M "2, 0) zxz
= (&, Mv)xxx = —do (1 + 2c. M| [v]lv)
which implies that (4.2)(c) holds with »; = 0 and completes the proof. O

We are now in a position to formulate a corollary of Theorem 4.5 which will be
useful in the study of the hemivariational inequalities we present in Sect. 4.3. Let
A:V — V™ be an operator, J: X — R be a given functional, and let f € V*.
We consider the following inclusion.

Problem 4.6. Find u € V such that
Au+ M*3J(Mu) > f.
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For this problem we need the following modification of the previous
hypothesis (4.8).
J: X — Ris such that
(a) J is locally Lipschitz on X.

(®) [[0J )| x* < co + c1 ||ullx forallu € X .11
with ¢g, c; > 0.

(c) JOu; —u) < do (1 + |ully) forallu € X
with dy > 0.

Under the notation of this section, we have the following existence result.

Corollary 4.7. Assume that (4.1) and (4.9) hold, f € V*, and one of the following
hypotheses:

(i) 4.11) (a), (b) and o > ¢; 2 |M|%
(i) (4.11).

is satisfied. Then Problem 4.6 has at least one solution u € V which satisfies the
estimate (4.3).

Proof. We apply Theorem 4.5 to a functional J which is independent of the variable
w € X. Since the graph of dJ is closed in X x (w—X*), see Proposition 3.23(v)
on page 56, the condition (4.8)(c) is easily satisfied. Now, it is obvious to see that
the hypotheses (4.8)(a), (b) (and (4.8), respectively) follow from (4.11)(a), (b) (and
(4.11), respectively). The application of Theorem 4.5 concludes the proof. O

We complete now the existence result of Corollary 4.7 with a uniqueness result
concerning Problem 4.6. This will be done under stronger hypotheses on the data
that we present below.

A:V — V* is such that

(a) A is pseudomonotone and coercive with

constant o > 0. (4.12)

(b) A is strongly monotone, i.e.,
(Av) — Avy,v) — ) yexy = myflug — vaf},
for all vy, v, € V withm; > 0.

J: X — Ris such that
(21 — 22ty — 2) xoxx = —mallur — w3 (4.13)

forall z; € J(u;), zi € X*, u; € X, i = 1,2 withm, > 0.

my > myct |M|>. (4.14)



102 4 Stationary Inclusions and Hemivariational Inequalities

Concerning the assumption (4.12), we note that if A:V — V* is strongly
monotone with a constant m; > 0 and A0 = 0, then A is coercive with constant
o« = m;. Therefore, using Theorem 3.69(i), it follows that the hypothesis (4.12)
is satisfied if, for instance, A is strongly monotone, bounded, hemicontinuous, and
A0 = 0. Moreover, we remark that the inequality condition which appears in (4.13)
represents the relaxed monotonicity condition introduced in Definition 3.49. And,
we recall that for convex functionals, this condition holds with m, = 0.

Theorem 4.8. Assume that (4.9), (4.12)—~(4.14) hold and f € V*. If one of the
following hypotheses:

() (4.11) (a), (b) and a > ¢y 2 | M ||*.
(i) (4.11).

is satisfied, then Problem 4.6 has a unique solution u € V which satisfies the
estimate (4.3).

Proof. The existence of solutions to Problem 4.6 follows from Corollary 4.7. We
prove the uniqueness. Let u;, u, € V be solutions to Problem 4.6. Then, there exist
zi € X* and z; € dJ(Mu;) such that

Au; + M*z; = f for i = 1,2. (4.15)

Subtracting the above two equations, multiplying the result by u; — u,, and using
the strong monotonicity of A4, we have

millur — w5 + (M*z1 — M*2,u1 — ua) y=xy < 0. (4.16)
Next, by (4.13), we obtain

(M*z1 — M2, u1 — up)y+xy = (21 — 22, Muy — Mup) xxx

—my |Muy — Mus||%

\%

and, therefore,
(M*2 = M*25,u1 — wa)ysxy = —maycl [|M|* [luy — a5 (4.17)
We combine (4.16) and (4.17) to obtain
milluy = wa||f = mo ¢ M| [luy — wa)7 <0,

which, in view of (4.14), implies u; = u,. Subsequently, from (4.15) we deduce that
71 = zz which completes the proof of the theorem. O
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Time-dependent subdifferential inclusions. In what follows we study a station-
ary time-dependent version of Problem 4.6. We provide a result on its unique
solvability which will be needed latter in this section, in the study of abstract
inclusions with Volterra integral term. To this end, we introduce the following spaces

V=1L1%0,T:V), Z2=L1%0,T:Z), and H = L*0,T: H),

where 0 < T < +oo. Since the embeddings V. C Z € H C Z* C V* are
contingous, from Theorems 2.37 and 2.41(vi), it is known that the embeddings V C
Z C H C Z* C V* are also continuous, where Z* = L?(0,T;Z*) and V* =
L*(0,T;V*).

Let A:(0,.T) xV — V* J:(0,T) x X — Rand f:(0,T) — V* be
given. Then, we consider the following time-dependent inclusion, in which the time
variable plays the role of a parameter.

Problem 4.9. Find u € V such that
A(t,u@)) + M*0J(t, Mu(t)) > f(t) ae.t € (0,T).
In the study of Problem 4.9, we specify Definition 4.2 of the solution to include

the time-dependent case.

Definition 4.10. A function u € V is called a solution to Problem 4.9 if and only if
there exists { € Z* such that

A(t,u(t)) +¢(@) = f(t) ae.t €(0,T),
L(t) e M*3J(t, Mu(t)) ae.t € (0,7).

In order to provide the solvability of Problem 4.9 we need the following
hypotheses on the data:

A:(0,T) x V — V*is such that
(a) A(-, v) is measurable on (0, T') forall v € V.

(b) A(z,-) is pseudomonotone and coercive with
constant @ > 0, fora.e.t € (0,7). (4.18)

(c) A(t,-) is strongly monotone for a.e. t € (0,7), i.e.,
(A(t.v1) — At v2), V1 — V) pryey = myllor — vaf,
forallvj,v, € V, ae.t € (0,T) withm; > 0.
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J:(0,T) x X — R is such that
(a) J(-, u) is measurable on (0, T') for all u € X.
(b) J(t,-) is locally Lipschitz on X fora.e.t € (0, 7).

(©) |0J(t,u)||x* < co+ ci|lullx forallu € X,
a.e.t € (0, T) with ¢o,c; > 0. (4.19)

() (z1 — 22, u1 — W) x*xx = —maflur — ua||%
forall z; € 8J(t,ui),zi € X*, u,eX,i =1,2,
ae.t € (0,T) withm, > 0.

(e) JO(t,u; —u) < do (1 + ||u|lx) forallu € X,
a.e.t € (0,T) with dy > 0.

We are now in a position to state and prove the following existence and
uniqueness result.

Theorem 4.11. Assume that (4.9), (4.18) hold and f € V*. If one of the following
hypotheses:

() (4.19) (@)—(d) and & > ¢1 2 | M|
(i) (4.19).

is satisfied and the smallness assumption (4.14) holds, then Problem 4.9 has a
unique solution u € V. Moreover; the solution satisfies

lully < ¢ A+ fllve) (4.20)

with some constant ¢ > 0.

Proof. We use Theorem 4.8 for ¢t € (0, T') fixed. From the hypotheses (4.18)(b), (¢)
it follows that the operator A(t, -) satisfies (4.12) for a.e. t € (0, T). It is obvious
that the hypothesis (i) (and (ii), respectively) implies the assumption (i) (and (ii),
respectively) of Theorem 4.8 and that, for a.e. ¢+ € (0,7), J(¢,-) satisfies (4.11)
and (4.13). Hence, exploiting Theorem 4.8, we deduce that for a.e. t € (0,7)
Problem 4.9 has a unique solution u(¢) € V and, moreover,

lu@lly < c (T +[fOllv+) ae.re(0,T) (4.21)

with ¢ > 0. We point out that the constant ¢ in (4.21) is independent of the
parameter ?.

We prove that the function ¢ > u(¢) defined above is measurable on (0, 7). To
this end, given g € V* we denote by w € V' the unique solution of the inclusion

At w) + M*3J(t, Mw) > g ae.t € (0,T). (4.22)
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Since A and J depend on the parameter 7, the solution w is also a function of ¢,
i.e., w = w(t). We claim that the solution w depends continuously on the right-hand
side g, for a.e. t € (0,7T). Indeed, let g1, go € V* and w;(t), wa(t) € V be the
corresponding solutions to (4.22). Using Definition 4.10 we have

At,wi(t)) + 6(t) = g ae.t €(0,7), (4.23)
A(t,wy(t)) + &(t) = g2 ae.t € (0,7), (4.24)
&) e M*3J(t, Mw(2)), &(t) € M*3J(t, Mw, (1)) ae.t € (0,T).

Subtracting (4.24) from (4.23), multiplying the result by w; () — w» (), we get

(A, w1(1)) — A, wa(2)), wi(t) —wa(2))v*xv
+(C1 (1) = &a(t), wi (1) —wa(t)) z+xz
= (g1 — g2, wi(t) = w2(t))v=xv
for a.e. t € (0,T). Since ;(t) = M*z(¢t) with z;(t) € dJ(t, Mw;(t)) for a.e.
t €(0,T)andi =1, 2, by (4.18)(b) and (4.19)(d), we obtain
my [wi(t) = wa (D)5 = ma e [ M [lwi(6) = wa ()}

=< llgr = &2llv= w1 () = w2 D) llv
fora.e.t € (0, 7). Exploiting (4.14), we get
[wi(t) =w2(D)lv <€ lg1 — g2llv+ forae.r € (0,7), (4.25)

where © = (m; — myc2 |M|*>)~! is independent of 7. Hence, we have that the
mapping V* 3 g — w(t) € V is continuous, for a.e. ¢t € (0, T'), which proves the
claim. Now, by (4.25) and the measurability of f, we deduce that the solution u of
Problem 4.9 is measurable on (0, 7'). Since f € V*, from the estimate (4.21), we
conclude that u € V and, moreover, (4.20) holds. O

Subdifferential inclusions with Volterra integral term. We conclude this section
with a result on the unique solvability of abstract inclusions with Volterra-type
integral term. To this end, let C(-) be a family of linear bounded operators which
satisfy

C e L*(0,T; L(V,V*)). (4.26)

We consider the following subdifferential inclusion.
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Problem 4.12. Find u € V such that
t
A(t,u(t)) + / C(t —s)u(s)ds + M*dJ(t, Mu(t)) > f(t) ae.t € (0,7T).
0

Under the assumption (4.26) we remark that if v € V, then the function

l»—>/ C(t—s)v(s)ds 4.27)
0

belongs to the space V*. The integral term in the previous inclusion is called
the Volterra integral term. Moreover, the operator defined by (4.27) is called the
Volterra operator. For this reason we refer to Problem 4.12 as to a subdifferential
inclusion with Volterra integral term. And, as in the case of Problem 4.9, we remark
that no derivatives of the unknown are involved in Problem 4.12 and, therefore, in
this problem the time variable plays the role of a parameter. Finally, we recall that
the solution to Problem 4.12 is understood in the sense of Definition 4.10.
We have the following existence and uniqueness result.

Theorem 4.13. Assume that (4.9), (4.18), (4.26) hold and f € V*. If one of the
following hypotheses:

(i) (4.19) (a) — (d) and & > ¢, 2 | M ||~
(i) (4.19).

is satisfied and (4.14) holds, then Problem 4.12 has a unique solution.

Proof. We use a fixed point argument. Let 7 € V*. We denote by u, € V the
solution of the inclusion

At uy (1)) + M*3J(t, Muy,(t)) > f(t) —n(t) ae.t €(0,7), (4.28)
guaranteed by Theorem 4.11. We know that u,, € V is unique and it satisfies

luglly < e L+ 1L N+ lInllv) (4.29)

with ¢ > 0. We consider the operator A: V* — V* defined by
t
(An)(@) = / C(t —s)uy(s)ds forall n e V*, ae.t€(0,7T). (4.30)
0

It is easy to check that the operator A is well defined. Indeed, for n € V*, using
(4.26) and the Holder inequality, we have
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H/t C(t —s)uy(s)ds
0

t
< /0 1C( = ) e gy ds
V*

¢ 12, at 12
5(/ ||C(r)||2(v,v*)dr) (/ ||un(r)||2vdr)
0 0

= ||C||L2(O.t;£(V,V*)) ||“n||L2(o.t;V)

fora.e.t € (0,T). Hence

T t
1Al = /0 (H /0 Clt = syuy(s) ds

where, here and below, we use the notation ||C || = |[C||;2( 7;z(v,v+))- Keeping in
mind (4.29), we obtain that the integral in (4.30) is well defined and the operator A
takes values in V*.

Next, we show that the operator A has a unique fixed point. To this end, in what
follows we denote by A* the kth power of the operator A. Let 71, 7, € V* and let
uy = uy, and ur = u,, be the corresponding solutions to (4.28). We have u;, u, € V
and

2
) dt < T |11 uy .
V*

At ur (1)) + &(0) = f(1) —m(@) ae.1€(0,7), (4.31)
At ux(1)) + &(1) = f(1) —ma(t) ae.1€(0,7), (4.32)
Ci(t) € M*3J(t, Muy(t)), &) € M*3J(t, Muy(t)) ae.r € (0,T).

Subtracting (4.32) from (4.31), multiplying the result by u;(t) — u»(¢) and using
(4.18)(b) and (4.19)(d), we obtain

lur (@) = u2(O)lly <€l () = m2(t)|lv+ forae.r € (0.7) (4.33)

with ¢ > 0. Using (4.26), from (4.33), we infer
t 2
1 AT @) = (An) O < ( /0 1C(t = $)(ur(s) — us(s)) v+ ds)
<|cPp /0 lir(s) — us(s) 2 dis

t
<2 c|P /0 11(5) = n2(5) e ds
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fora.e.t € (0, T) and, consequently,

(A% (1) = (A20) @) 3+ = [|AAD)(2) — A(AD) @) |3+

<2 c| /0 1(Am(S) = (An) ()| ds

<7 ||C||4/0 (/0 ||171(1:)—172(1:)||%/*dr) ds
<7 C) ( [ 10 = moi- ds) ( | ds)

t
— T Cl /0 1) = ma(s) [ ds

fora.e. t € (0, T). Reiterating this inequality k times leads to

tk_l

51 L o) =l ds

(A ) (0) — (A ) @) |I3« < T | C

fora.e.t € (0, T). This implies that

@|C|IVT)*
[A¥ny — Af¥palye < T”’?l — My,
Since
ak
lim —— =0 forall a >0,
k=00 /!

from the last inequality we deduce that for k sufficiently large AX is a contraction on
V*. Therefore, the Banach contraction principle implies that there exists a unique
n* € V* such that n* = AFp*. It is clear that A¥(An*) = A(A*n*) = An*, so
An* is also a fixed point of AX. By the uniqueness of the fixed point of A*, we have
n* = An*. So n* € V* is the unique fixed point of A. Then u,+ is a solution to
Problem 4.12, which concludes the existence part of the theorem.

The uniqueness part follows from the uniqueness of the fixed point of A. Namely,
let u € V be a solution to Problem 4.12 and define the element n € V* by

n() = /Ot C(t —s)u(s)ds forall t €[0,T].
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It follows that u is the solution to the problem (4.28) and, by the uniqueness of
solutions to (4.28), we obtain u = u,,. This implies An = 71 and by the uniqueness
of the fixed point of A we have n = 7n*, sou = u,+, which concludes the
proof. O

4.3 Hemivariational Inequalities

In this section we use the results of Sect. 4.2 to provide existence and uniqueness
results of solutions to hemivariational inequalities. To this end we introduce the
following notation.

Let 2 C RY be an open bounded subset of R? with a Lipschitz boundary
02 = I' and let I'c C I' be any measurable part of d§2. Also, let V' be a closed
subspace of H'(£2;R*), s e N, H = L*(£2;R*), and Z = H?(£2;R*) with a fixed
S (%, 1). Denoting by i: V — Z the embedding and by y: Z — L*(I'¢;R)
and yo: H'(2;R*) — HY>(I'c:R*) C L*(I'c;R¥) the trace operators, we get
yov = y(iv) for all v € V. For simplicity, in what follows we omit the embedding
i and we write ypv = yv for all v € V. From the theory of Sobolev spaces we
know that (V, H, V*) and (Z, H, Z*) form evolution triples of spaces and V C Z
with compact embedding, see Example 2.20 on page 33. We denote by ¢, > 0
the embedding constant of V' into Z. It follows from Theorem 2.22 that the trace
operator y: Z — L?*(I'c:R®) is linear and continuous. We denote by ||y| the
norm of the trace in £(Z, L*>(I'c;R*%)) and by y*: L>(I'c;R®) — Z* the adjoint
operator to y.

A general existence result. Let A: V' — V* be an operator, j: [¢c xR’ xR* - R
be a prescribed functional and f € V*. Then we consider the following problem.

Problem 4.14. Find u € V such that

(Au, v)y*xy +/ JOu yu;yv)dI = (f.v)yexy forallv e V.
I'c

An inequality as above is called a hemivariational inequality. Here, the notation
j© stands for the generalized directional derivative of j(x,7,-). In what follows
sometimes we skip the dependence of various functions on the variable x € 2 U I’
and omit the symbol y of the trace operator.
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For this hemivariational inequality we make the following hypotheses.

j:Te xR* x R* — R is such that

(a) j(-,n, &) is measurable on I'¢ for all , & € R® and there
exists e € L*>(I'c;R®) such that for all w € L>(I'¢c; RY),
we have j(-, w("),e() € L' (I'c).

(b) j(x,-, &) is continuous on R forall £ € R, ae.x € I[¢
and j(x, n, ) is locally Lipschitz on R for all n € R,
ae.x € Ic.

(©) 10j(x,n.&)llrs =Co + 1 [|Ellrs + T2 [[n]lrs forall n,§ € R, (4.34)
ae.x € I'c withcy,cy,cp > 0.

(d) Either j(x,n,-) or — j(x,n,-) is regular on R* for all
nelRfae xelc.

(e) j%(x,-,-; p) is upper semicontinuous on R* x R for all
peRae xelc.

() jOoCx.n. & —§) < 3_0(1 + |€llrs + [Inllrs) for all n, & € R,
ae.x € I'c withdy > 0.

In order to establish the existence of solutions to Problem 4.14, we associate
to this problem an operator inclusion already studied in Sect. 4.2. To this end, we
introduce the functional J: L>(I'c;R®) x L?(I'c;R*) — R defined by

J(w,u) = / JOx,w(x), u(x))dI” for w,u € L*>(I'c:R®). (4.35)
I'c

The following result on the properties of the functional (4.35) represents a direct
consequence of Theorem 3.47.

Corollary 4.15. Assume that (4.34)(a)—(c) hold. Then the functional J defined by
(4.35) satisfies
(i) J is well defined and finite on L*>(I'c;R®) x L*(I'c; R?).
(i) J(w,-) is Lipschitz continuous on bounded subsets of L*>(I'c;R®) for all w €
L*(I'c:R%).
(iii) Forallw, u, v € L*(I'c;R®), we have

JO(w, u; v) 5/ JO(x, w(x), u(x); v(x))dI. (4.36)
I'c

@iv) Forallw, u € LZ(FC; R?), we have

aJ(w, u) g/ aj (x, w(x),u(x))dr.
I'c
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(v) Forallw, u € LZ(FC; R?), we have

10J (W, W)l 12(rerey < co + ¢t llull 2resrsy + 2 W L2 (resrsy

with ¢ = /3 meas(I¢)co, c; = «/551, and ¢, = \/352.
(vi) If, in addition, (4.34)(d) is satisfied, then (iii) and (iv) hold with equalities.
(vii) If, in addition, (4.34)(d) is satisfied, then J(w,-) or —J(w,") is regular on
L*(I'c;R¥) for allw € L*(I'c;RY), respectively.
(viii) If, in addition, (4.34)(d), (e) are satisfied, then the multifunction

3J: LX(I'c;RY) x L3(I'c; R) — 2L (e

has a closed graph in L>(I'c;R*) x L>(I'c; R®) x (w—L?(I'c; R%)) topology.
(ix) If, in addition, (4.34)(f) holds, then

JOw,u; —u) < do(1 + lull L2 (resrey + Wl 2(re smsy)

forall w, u € L>(I'c;R*) with dy > 0.
We are now in a position to state and prove the following result.

Theorem 4.16. Assume that (4.1) holds and f € V*. If one of the following
hypotheses:

(i) (4.34) (a) — (e) and o > /3 (1 + ©2) ||y II>.
(i) (4.34).

is satisfied, then Problem 4.14 has at least one solution u € V. Moreover, the
solution satisfies

fully <c (L4 fllve) (4.37)
with a constant ¢ > 0.

Proof. We apply Theorem 4.5. To this end, we consider the space X = L>(I'¢c; R¥),
the operator M: Z — X givenby Mz = yzforall z € Z, and the functional J
defined by (4.35). Itis clear that M € L(Z, X), i.e., (4.9) holds. From Theorem 4.5
combined with Corollary 4.15, we know that Problem 4.4 admits a solutionu € V.
According to the definition of the solution, there exists z € L*(I'c;R*) such that

Au+y*z=f (4.38)
with z € J(yu, yu). The last inclusion is equivalent to

(@D 2oy < I (yu, yusv) (4.39)
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forall v e L*(I'c;R*). We combine now (4.38), (4.39), and (4.36) to obtain

(f = Au,v)yrxy = (Y 2, 0)vexv = (2. YV) 12(rero)

< J(yu, Vu:yv)S/ j(yu, yu; yvydr

I'c

forall v € V. Hence we deduce that u € V is a solution to Problem 4.14. Moreover,
the estimate (4.37) follows from (4.3), which ends the proof. |

Particular cases. Let A:V — V™ be an operator, f € V* and h;, ji: [¢c x R® —
R,i =1,...,k be given functions, k € N. In what follows we study the following
particular case of Problem 4.14 which will be applied in the study of a static contact
problem we present in Chap. 7.

Problem 4.17. Find u € V such that

k

(Au, v)y*xy +/ Zhi(yu) JPyusyv)dIn = (fov)y«xy forallv € V.
Fe j=
The hypotheses on the integrands are the following, fori = 1,...,k.

h;: I'c x R* — R is such that
(a) h; (-, n) is measurable on I'¢ for all n € R*.
(4.40)
(b) h;i(x,-) is continuous on R fora.e. x € I'¢.

(¢) 0 < hi(x,n) < h; forall n € R*,ae. x € I['c with h; > 0.

ji:Te x R* — R is such that

(a) Ji (-, &) is measurable on I'¢ for all £ € R® and there exists
e; € L>(I'c;R*) such that j; (-, e;(-)) € L' (I'c).

(b) ji(x, ) is locally Lipschitz on R® for a.e. x € I'c.

(©) [10j; (x. &) |lrs < coi + c1i ||E||re forall § € RS, ae. x € I'c (4.41)
with co;, cy; > 0.

(d) Either j;(x,-) or — j;(x,-) is regular on R® fora.e. x € I'¢.

(e) j2(x, & —£) < doi (1 4 ||&||rs) forall £ € RS, ae. x € I'c
with dy; > 0.

We have the following existence result.
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Corollary 4.18. Assume that (4.1), (4.40) are satisfied and f € V*. If one of the
following hypotheses:

(i) (4.41) (2) — (d) and & > ﬁ(zﬁ;l cii E) vl

(i) (4.41).

holds, then Problem 4.17 has at least one solution u € V. Moreover, the solution
satisfies the estimate (4.37).

Proof. 1t is enough to check that the function j: I'c x R® x R® — R defined by

k
Je.n.8) =) hi(x.n) ji(x.£) forae x € I'c, alln.§ € R

i=1

satisfies the hypotheses of Theorem 4.16.

First, suppose that hypothesis (i) holds. Then, it is clear that j(-,n,§) is
measurable on I'¢ for all n & € R*, j(x,-, &) is continuous on R* for all £ € RS,
a.e. x € I'c j(x,n,-) is locally Lipschitz on R® for all n € R*, a.e. x € I¢. If,

either j; (x,-) or —j;(x,-) are regular on R®, fora.e. x € I'¢, foralli = 1,...,k,
then either j(x,n,-) or —j(x,n,-) is regular on R* for all n € R’, a.e. x € I,
respectively. From Corollary 3.48 applied to the functions j; fori =1, ..., k, we

have j;(-,e(-)) € L'(I'c) forall e € L*(I'c; R*). Hence, from the inequality

k
/ 1w o)l dr = / Y el T

i=l1

k
< ;E /F ljCxeCelar

which is valid for all e, w € L?>(I'c;R®), we deduce that j(-, w(-),e(-)) € L'(I'c)
forall e, w € L*(I'c; R%). It is also clear that j satisfies (4.34)(c) with

k k
Co = E hicoi, €1 = E hic;; and ¢, = 0.
i=1 i=1

We conclude from above that the function j satisfies conditions (4.34)(a)—(d).
Moreover, by the hypothesis (i), we have a > /3 (¢| + ¢2) ¢2 ||y ||>.
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In order to show (4.34)(e), let (,,&,) € R* x R*, (n,, &) — (0,€), (n,€) €
R* x R’, and p € R*. We have

k
limsup j°(x, 7y, &, p) = limsup Z hi(x,00) JP(x.Eq: p)

i=1

k
Z lim sup ((h,- (x.mn) = hi(x,m) 2 (x. €0 p)

i=l1
hi (1) (3, 6 )

k
S (Il (cor + v 1 llzs) imsup 15 Cx, ) — i (. )

i=l1

IA

IA

+h (v, 1) limsup j(x. £, p)

k
<Y hitem) il (xEp) = 0. E:p)

i=l1

for a.e. x € I'c, which proves the upper semicontinuity of the function j 0(x, 1 P)
for all p € R* and a.e. x € I'¢c. We conclude from here that (4.34)(e) holds and,
therefore, we infer that the hypothesis (i) of Theorem 4.16 is satisfied.

Secondly, under the hypothesis (ii), we have

=t
for all n, £ € R’ and a.e. x € [, and so in this case the assumption (ii) of
Theorem 4.16 is satisfied.

Finally, we apply Theorem 4.16 to complete the proof of the corollary. O

Next, we consider a particular form of Problem 4.14 for which we provide a
result on its unique solvability and which will be applied, again, to a static contact
problem in Chap. 7.

Problem 4.19. Find u € V such that

(Au,v)V*XV+/ jo(yu;yv)dl"z (fiv)y*xy forallv e V.
I'c

In the study of Problem 4.19, besides (4.12), we need the following hypotheses
on the function j.
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j:Tc x RY — R is such that

(a) j(, &) is measurable on I'¢ for all £ € R® and there
exists e € L>(I'c;R®) such that j(-,e()) € L'(I'¢).

(b) j(x,-) is locally Lipschitz on R® fora.e. x € I'¢c.

(©) 107 (x,€)|lrs <Co+C1 ||E]|rs forall € € RY, ae.x € I¢
with ¢g,c; > 0.

(d) (&1 — &) - (61 — &) = —ma||&1 — &}, forall &, & € RS,
L €dj(x,&),i =1,2, ae. x € I'c withmy > 0.

() joCx. & —§) < do (1 + |§]lgs) forall § € RY, ae. x € I'c
with dg > 0.

(4.42)

We also need the smallness condition
2 2
my > myc, || (4.43)
where, recall, m; and m, are the constants in (4.12) and (4.42), respectively.

We have the following existence and uniqueness result.

Theorem 4.20. Assume that (4.12) holds and f € V*. If one of the following
hypotheses:

(i) (4.42) () — () anda > /3¢, 2 |y
(ii) (4.42).

is satisfied and (4.43) holds, then Problem 4.19 has a solution u € V which satisfies
the estimate (4.37). If, in addition, the regularity condition

either j(x,) or — j(x,-) is regular on R® for a.e. x € I'¢

holds, then the solution of Problem 4.19 is unique, and denoting by u; the unique
solution corresponding to f = f;, i = 1, 2, there exists ¢ > 0 such that

luy —uzlly <c| fi— fallv=. (4.44)

Proof. We apply Theorem 4.8. To this end, we observe that (4.43) implies (4.14)
and consider the functional J: L?>(I'c; R*) — R defined by

J(u) = / Jj(x,u(x))dI’ for ue L*(I'c;RY). (4.45)
I'c

First, let us assume the hypothesis (i). Due to (4.42)(a)—(c), we are able to apply
Corollary 4.15 to the functional J given by (4.45). From conditions (i)—(v) of
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Corollary 4.15, we infer that (4.11)(a), (b) are satisfied with ¢g = /3 meas(I¢) ¢
and ¢; = V37,

8J (u) < / 0j(x,u(x))dI’ forall u e L*(I'c;R®) (4.46)
I'c
and, moreover,
JO(u; v) 5/ 7O, u(x); v(x)) dI™ forall u,v € L*(I'c:R%). (4.47)
I'c

Subsequently, under the hypotheses (4.42)(a)—(d), we show that the functional
J satisfies condition (4.13). Indeed, let u;, z; € L>*(I'c;:R%), z € 0J(u;), i =
1, 2. From (4.46), we deduce that there exist ; € L>(I'c;R*) such that {;(x) €

dj(x,u;(x)) fora.e. x € I'c and

(zis V) L2(resms) =/ ¢i(x)-v(x)dI forall v e L*(I'c;RY)
I'c

fori =1, 2. By (4.42)(d), we have

(m—awn—mhmhww=Lﬂ@&J—Q&DKMQ)—M&DdF

v

ﬂM/IM@%ﬂﬁm@dF
I'c

2
= _m2”ul - u2”L2(FC;Rf)'

We conclude from above that condition (4.13) is satisfied. Moreover, we observe
that hypothesis (i) implies condition @ > ¢; ¢2 ||y ||* and, therefore, the hypothesis
(i) of Theorem 4.8 is verified.

Secondly, we assume the hypothesis (ii). Then, applying again Corol-
lary 4.15(ix), we obtain (4.11). Therefore, it is easy to see that the hypothesis
(ii) of Theorem 4.8 is satisfied.

From Theorem 4.8 we deduce that there exists a unique solution u# € V to the
problem

Au+y*oJ(yu) > f (4.48)

which satisfies the estimate (4.37). We proceed our proof with the following step.

Claim: every solution to (4.48) solves Problem 4.19. It follows from (4.48) that
there exists z € J(yu), z € L>(I'c;R®) such that Au + y* z = f. Multiplying the
latter by v € V, we have

(Au, V)yexy + (2. YV) L2resrs) = (fL0)vexy
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while (4.47), together with the definition of the subdifferential, implies

(. vV) 12 (rems) < T (yus yo) E/ JOCx, yux)s yo(x)) drT.

I'c

It follows from above that u is a solution to Problem 4.19 and this proves the claim.
Finally, we assume the regularity hypothesis either on j or —j. In order to prove
that, under this hypothesis, the solution of Problem 4.19 is unique, we show that u €
V solves (4.48) if and only if u € V' solves Problem 4.19. Due to the previous claim,
it is enough to prove the “if” part. So let u € V' be a solution to Problem 4.19, i.e.,

(Au, v)y*xy +/ FOCe, yu(x); yv(x))dI' = (fiv)pexy forall v e V.
I'c

Then, by Corollary 4.15(vi), we know that in (4.47) we have the equality. Hence
(Au, v)yexy + J(yu; yv) > (fiv)prxy forallv e V.
From the latter, by exploiting the equalities
J(yu;yv) = (J o) (u:v) and d(J o y)(u) = y* 9 (yu)
(which represent a consequence of Proposition 3.37), we have
(f — Au, v)prxy < J'(yu; yv) = (J 0 y)°(u;v) forallv e V

and
f—Aucd(J oy)(u) = y*dJ(yu).

We deduce from here that u € V is a solution to (4.48).

It remains to prove the inequality (4.44). Let f; € V* and u; be the unique
solution to Problem 4.19 corresponding to f;, i = 1, 2. Since Problem 4.19 is
equivalent to (4.48), we have Au; + y*¢; = fi and {; € 0J(yu;),i = 1, 2. Hence

Auy — Ay +y* 6 =y = fi— fo
and by (4.12)(b), we have
my lur —ua |3 + (G = Gou v (ur — ) p2resrsy < (i = fortts — u2) ey
Since J satisfies the relaxed monotonicity condition, we get
(&1 = Gy — w2)) 2(remsy = —ma el |y |17 luy — ua 5.
Therefore, from the previous two inequalities we obtain that
(my—ma Gy IP) lwr —wll} < ILfi = follv=llur — wally

Now, by (4.43) we deduce that inequality (4.44) is satisfied, which concludes
the proof. O
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Hemivariational inequalities with Volterra integral term. The arguments pre-
sented above in this section can be used in order to study time-dependent hemi-
variational inequalities, i.e., versions of Problem 4.14 in which both A4, j, and f
depend on time. Nevertheless, in what follows we skip this study and pass directly
to an important class of inequalities with Volterra integral operators. To present an
existence and uniqueness result of solutions for such inequalities we use the notation
introduced on page 103 in the study of time-dependent subdifferential inclusions.
The problem under consideration reads as follows.

Problem 4.21. Find u € V such that

(A, u(@)),v)y*xy + </0 C(t —s)u(s)ds, v>

V*xV

4 f O yu(t): yo) AT = (), v)yoxy
I'c

forallv e Vandae. t € (0,T).

Using the terminology introduced on page 106 we refer to the inequality in
Problem 4.21 as a hemivariational inequality with Volterra integral term. To provide
the analysis of such inequality we consider the following assumption on the
superpotential j.

j:Te x(0,T) x R* — R is such that

(a) j(-,-, &) is measurable on I'c x (0, T) for all £ € R*
and there exists e € L?(I'c;R*) such that
jC.e() e L' (I'c x(0,T)).

(b) j(x,t,-) is locally Lipschitz on R* for
ae. (x,t) e I'c x(0,7).

(© [10j(x.1.8) |l <o+ ||€]les forall £ € R, (4.49)
a.e. (x,t) € I'c x(0,T) with¢g,c; > 0.

() (61— &) - (&1 — &) = —ma||& — &I, forall &, & € RY,
g €0j(x,t,&),i =1,2, ae. (x,t) € I'c x(0,T) with
my > 0.

(e) jO(x.t,&—8) <do(1+ € llms) for all & € R,
a.e. (x,t) € I'c x(0,T) withdy > 0.

We are now in a position to state and prove the following existence and
uniqueness result.
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Theorem 4.22. Assume that (4.18), (4.26) hold and f € V*. If one of the following
hypotheses:

(i) (4.49) (a) — (d) and a > /3¢, 2 ||y >

(i) (4.49).

is satisfied and (4.43) holds, then Problem 4.21 has a solution u € V. If, in addition,
the regularity condition

either j(x,t,-) or — j(x,t,-) is regular on R’ for a.e. (x,t) € I'c x (0,T)

is satisfied, then the solution of Problem 4.21 is unique.

Note that in the statement of Theorem 4.22 the constants m; and m, represent
the constants in (4.18) and (4.49), respectively.

Proof. We apply Theorem 4.13. We consider the space X = L*(I'c;R®), the
operator M = y being the trace operator from Z into X and the functional
J:(0,T) x L>(I'c;R*) — R defined by

J(t,u) =/ jx,t,u(x))dI” forae.t € (0,T), allu € L*>(I'c;RY).
I'c

First, let us assume the hypothesis (i). From (4.49)(a)—(c), by Theorem 3.47, we
have

(i1) J(-,u) is measurable on (0, T') for all u € L>(I'c; R®).
(i2) J(t,-) is locally Lipschitz on L>(I'c;R®) fora.e.t € (0,T).
(13) ||8J(t, M)”LZ(FC;RJ) < V 3 meaS(FC) EO + \/§E] ”M”LZ([‘C iRY) for all u €
L*(I'c;R¥),ae.t € (0, 7).
(i4) JO(r.u;v) < / JOCe.tu(x)iv(x)) drI forallu, v € L2(I'c:RY), ae. t €
I
0,7). ‘
@i5) aJ(t,u) C / 0j(x,t,u(x))dI forallu € L>(I'c;R%),ae.t € (0,T).
I'c
Next, since (4.49)(d) holds then, using arguments similar to those in the proof of
Theorem 4.20, we obtain

(16) (z1(t) — z22(0), u1 — wa)p2(rpsmsy = —ma |l — M2||iz(pC;RS) for all z; (1) €
0t u), i € L2(Ie:RY), 7 € L0, T:LA(Te;RY)), i = 1, 2, ae.
t € (0,7).

Moreover, the condition (4.14) holds due to the smallness condition (4.43). Hence
we conclude that the hypothesis (i) of Theorem 4.13 is verified.

Second, we assume the hypothesis (ii). Using (4.49)(e), by Theorem 3.47(x),
we get
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(i7) JO(t,u;—u) < do(1 + lull 12 msy) for allu € L*(I'c;RY), ae.t € (0,T)
with dy > 0.

It follows from here that the hypothesis (ii) of Theorem 4.13 is satisfied in this case.
We are now in a position to apply Theorem 4.13 to obtain a unique solution u € V
of the inclusion

A(t,u(t)) + /O t Ct —s)u(s)ds +y* dJ(t. yu(t)) > f(t) ae.t € (0,T). (4.50)

Moreover, as in the proof of Theorem 4.20, using (i5) and (i6), it follows that u € V
is a solution to Problem 4.21.

If, in addition, the regularity hypothesis is assumed, then (i4) and (i5) hold with
equalities. The argument used in the proof of Theorem 4.20 shows that u € V is a
solution to (4.50) if and only if u € V is a solution to Problem 4.21, which completes
the proof of the theorem. O

We end this chapter with a general remark concerning the assumptions we use
to provide the solvability of the problems in Sects.4.2 and 4.3. To present this
remark we shall consider in what follows the particular case of Problem 4.21 but a
careful analysis shows that similar comments can be formulated for all the problems
mentioned above.

Recall that the solvability of Problem 4.21 is provided by Theorem 4.22 and, in
the statement of the theorem, there is the possibility to choose one of the following
assumptions:

(i) (4.49) (a)—(d)and @ > /3¢, c2 ||y
(i) (4.49).

Note that assumption (ii) concerns only the functional j, which represents one of
the data of Problem 4.21. For this reason, we refer to this assumption as to an
intrinsic assumption in the study of this problem. In contrast, besides the assumption
(4.49)(a)«(d) on j, assumption (i) above contains the smallness assumption o >
V3¢ ¢2 ||y||> which involves the embedding constant of V into Z and the norm
of the trace operator y: Z — L*(I'c;R®). Or, recall that the space Z represents
only an auxiliary space, related to our mathematical tools, and it is not related to the
statement of Problem 4.21. For this reason, it follows that assumption (i) is not an
intrinsic assumption in the study of this problem. Moreover, note that the efficiency
of its use is determined by a good estimation of the various constants involved in
the smallness assumption.

To conclude, the solvability of Problem 4.21, guaranteed by Theorem 4.22, is
obtained either by considering an intrinsic assumption or by considering an assump-
tion depending on our mathematical tools. The question of knowing which of these
assumption is more useful in the study of a given hemivariational inequality with
Volterra integral term remains widely open. Clearly, it deserves more investigation
in the future.



Chapter 5
Evolutionary Inclusions and Hemivariational
Inequalities

In this chapter we study evolutionary inclusions of second order. These are
multivalued relations which involve the second-order time derivative of the un-
known. We start with a basic existence result for such inclusions. Then we provide
results on existence and uniqueness of solutions to evolutionary inclusions of the
subdifferential type, i.e., inclusions involving the Clarke subdifferential operator of
locally Lipschitz functionals. We also prove an existence and uniqueness result for
integro-differential evolutionary inclusions. Next, we consider a class of hyperbolic
hemivariational inequalities for which we provide a theorem on existence of
solutions and, under stronger hypotheses, their uniqueness. We conclude this chapter
with a result on existence and uniqueness of solutions to the evolutionary integro-
differential hemivariational inequality with the Volterra integral term. The results
provided below represent the dynamic counterparts of theorems presented in Chap. 4
and will be used in the study of the dynamic frictional contact problems in Chap. 8.

5.1 A Basic Existence Result

We begin by recalling the notation we need for the statement of the problem. Given
a normed space X, by X* we denote its (topological) dual and by || - ||x its norm.
For the duality brackets for the pair (X, X *) we use the notation (-, ) y*xx. Let V
and Z be separable and reflexive Banach spaces, H be a separable Hilbert space
such that

VCZCHCZ*CV*

with continuous embeddings. We assume that the embedding V' C Z is compact
and we denote by ¢, > 0 the embedding constant of V' into Z. Given 0 < 7' < o0,
we introduce the spaces

V=L%0,T;V), Z=L1%0,T:Z), H=L*0,T;H),
Z*=L1%0,T;Z*%, V*=L*0.T:V*), W={veV|v eV}

S. Migérski et al., Nonlinear Inclusions and Hemivariational Inequalities, 121
Advances in Mechanics and Mathematics 26, DOI 10.1007/978-1-4614-4232-5_5,
© Springer Science+Business Media New York 2013



122 5 Evolutionary Inclusions and Hemivariational Inequalities

The duality pairing between V* and V is given by

T
(v, Wprxy = / (v(@), w(@))y*xy dt for v € V*, we.
0

Also, recall that, as stated in Proposition 2.54, W is a Banach space with the norm
given by (2.12).

Let A:(0.T) x V — V*, B:V — V* F:(0,T) x V x V — 2% be given
operators and let f:(0,7) — V*. Also, let uy and vy be prescribed initial data.
Then, the nonlinear evolutionary inclusion under consideration is as follows.

Problem 5.1. Find u € V such that ' € W and

W' (t) + A, u' (1)) + Bu(t) + F(t,u(®),u'(t)) > f(t) ae. t €(0,7T),
u(0) = up, u'(0) = vy.
We note that the initial conditions in Problem 5.1 have sense in V and H,
respectively, since the embeddings {veV|v eW} C C(0,T;V) and W C

C(0,T; H) hold, see Propositions 2.46 and 2.54. A solution to Problem 5.1 is
understood as follows.

Definition 5.2. A function u € V is a solution of Problem 5.1 if and only if u’ € W
and there exists { € Z* such that
u'(t) + A(t,u'(t)) + Bu(t) + ¢(t) = f(t) ae.t €(0,7T),
L(t) € F(t,u(t),u'(t)) ae.t €(0,T),
u(0) = up, u'(0) = vy.
We remark that if u is a solution of Problem 5.1, then it has the regularity
ueCO,T;V),u € C(0,T; H)and u" € V*.
We need the following hypotheses on the data.

A:(0,T) x V — V* is such that
(a) A(-, v) is measurable on (0, T") forall v € V.

(b) A(z,-) is pseudomonotone on V fora.e. t € (0, 7).

©) 1At v) v+ < ao(t) + a1 |[v]|y forall v € V, ace.t € (0, T) CRY

with ap € L*(0,T), ap > 0 and a; > 0.

(d) (A(1,v),v)y=xy > a|[v]|} forallv e V, ae.r € (0,T)
with o > 0.

B € L(V, V™) is symmetric and monotone. (5.2)
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F:(0,T)xV xV — Ps.(Z*) is such that
(a) F(-,u,v) is measurable on (0, T') for all u,v € V.
(b) F(t,-,-) is upper semicontinuous from V' x V into w—Z*
fora.e.t € (0,T), where V x V is endowed with (5.3)
(Z x Z) topology.

©) |F(t,u,v)|zx < do(t) + dillully + da||v|v forall u,v € V,
ae.t € (0,T) withdy € L?(0,T) and dy,d;.d, > 0.

feVi,ueV, voe H. (5.4)
a > 233¢. (diT + d»). (5.5)

We recall that an operator B:V — V* is symmetric if (Bu,v)y+xy =
(Bv,u)y=xy, for all u, v € V. It is easy to see that every symmetric operator
B:V — V* is a linear operator. Using this result it follows that a symmetric
operator B:V — V* is monotone if (Bv,v)y+xy > 0 for all v € V. Note also
that in (5.3)(c) we adopt the convention introduced on page 96. More precisely,
this inequality is understood in the following sense: given u, v € V, we have
ICllz+ < do(t) + dillully + da||v|ly forall £ € F(t,u,v),ae.t € (0,T).

We underline that the condition (5.5) gives a restriction on the length of time
interval T unless d; = 0. It means that under (5.5) the existence result of
Theorem 5.4 is local and holds for a sufficiently small time interval. On the other
hand, if the condition (5.5) is satisfied with d; = 0, then the existence result
is global in time. For example, if the multifunction F is independent of u, i.e.,
F(t,u,v) = F(t,v) forallu,v € V,ae.t € (0,T), then we may choose d; = 0
in (5.3)(c) and in this case the hypothesis (5.5) gives no restriction on the length of
time interval T'.

In the following, we justify the existence of Z* selections of the multifunction F
which appears in Definition 5.2. It is known that given a measurable space (O, X), a
separable metric space X and a metric space Y, a multifunction F: O x X — P(Y)
which is measurable in w € O and upper semicontinuousin x € X is not necessarily
jointly measurable (see Example 7.2 in Chap. 2 of [109]). As a consequence, the
theorems on the existence of measurable selections of measurable multifunctions,
presented e.g. in Chap. 4 of [66], are not directly applicable in this case. Therefore,
it is not immediately clear that, under the hypothesis (5.3), the multifunction ¢ +—
F(t,u(t), ' (¢)) has a measurable selection. The following lemma deals with this
issue. To present it, we define a multifunction Sz: W12(0, T; V) — 22" by

Sp(u)={teZ*|t(t) € Ft,u(t).u'(t)) ae. t € (0.T)}

forallu € W1*2(0, T:V).
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Lemma5.3. If F:(0,T7) x V x V — Ps(Z") satisfies (5.3), then Sp is
Pk (Z*)-valued.

Proof. Tt is easy to see that Sr has convex and weakly compact values. We show
that its values are nonempty. Let u € W'2(0, T; V). Then, by Theorem 2.35 (ii),
there exist two sequences {s,}, {r,} C V of simple functions such that

sa(t) = u(®), r,(t) > u'(t) inV, ae.t € (0,T). (5.6)
From hypothesis (5.3)(a), the multifunction ¢t +— F(¢,s,(t), r,(¢)) is measurable
from (0, T') into Ps.(Z*). Applying Theorem 3.18, for every n > 1, there exists

a measurable function ,:(0,7) — Z* such that ,(z) € F(t,s,(t),r,(t)) ae.
t € (0, T). Next, from (5.3)(c), we have

lallze < V3 (Idoll 2.y + dillsally + dallrallv) -
Hence, {¢,} remains in a bounded subset of Z*. Thus, by passing to a subsequence,

if necessary, we may suppose, by Theorem 1.36, that {, — ¢ weakly in Z* with
¢ € Z*. From Proposition 3.16 it follows that

£(0) € TNV ((w=Z*)-1im sup{Z(1)}z1 ) ae.t € (0.7), (5.7)
where conv denotes the closed convex hull of a set. Recalling that the graph of
an upper semicontinuous multifunction with closed values is closed (see Proposi-
tion 3.12), from (5.3)(b) we get fora.e. t € (0,T):ifw, € F(t,&,,0,), wy € Z%,
w, — wweaklyin Z*, &, n, € V, & — &, n, > nin Z, thenw € F(t,&,1).
Therefore, by (5.6), we have

(Ww=Z*)-limsup F(t,s,(t),r,(t)) C F(t,u(t),u'(t)) ae.t € (0,T), (5.8

where the Kuratowski upper limit of sets is introduced in Definition 3.14. So, from
(5.7) and (5.8), we deduce that

£(0) € conv ((w-2)-lim sup{Z (1) =1 )
C conv ((w_z*)- limsup F (2, 5, (t), 1 (r)))

C F(t,u(®),d' (1)) ae.t €(0,T).

Since { € Z* and £(¢) € F(t,u(t),u'(t)) a.e.t € (0,T), it is clear that { € S (u).
This proves that S has nonempty values and completes the proof of the lemma. O

The main existence result for Problem 5.1 reads as follows.
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Theorem 5.4. Assume that (5.1)—(5.2) hold. Then Problem 5.1 has at least one
solution.

Before providing a proof we need some preliminaries. First, we define the
operator K:V — C(0, T; V') by equality

Kv(t) = / v(s)ds + uo (5.9)
0

for all v € V. Then, Problem 5.1 can be formulated as follows

find z € W such that

7(t) + A(t,z(t)) + B(Kz(t)) + F(t, Kz(t),z(¢)) > f() (5.10)
ae.t €(0,7),
Z(O) = V.

We note that a function z € W solves (5.10) if and only if u = Kz is a solution to
Problem 5.1.

Next, for vy € V, we define the operators Ay:V — V*, By:V — V*, and
Fo:V — 2% by

(Aov) (1) = A(z,v(t) + vo), (5.11)
(Bov) (1) = B(K(v + v9)(2)), (5.12)
(Fov)(t) = F(t, K(v 4 vo)(1), v(t) + vo) (5.13)

forv e Vandae.t € (0, 7). We observe that
Aov = A(v +v9),  Bov = BK(v + vg), Fov = F(v + vp),
where A, B, and F are the Nemytski operators given by
(Av) (1) = A(t,v()), (Bv)(t) = Bv(t), and (Fv)() = F(t, Kv(t),v(t))

forv € Vand ae.t € (0,7). Also, below we shall use the operator L : D(L) C
VYV — V* defined on page 84.

We collect the properties of the operators Ag, By, and Fy in the following three
lemmas.

Lemma 5.5. If (5.1) holds and vy € V, then the operator Ay:V — V* defined by
(5.11) satisfies

@) | Aov|lvx <do +ailvlly forallv € V withdy > 0 and @, > 0.
) (Aov, v)p*xy > %||v||%, —ay||v|ly —az forallv € V with oy, oy > 0.
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(¢c) Ay is demicontinuous.
(d) Ay is L-pseudomonotone.

Also, if (5.1) holds, then the Nemytski operator A:V — V* corresponding to A has
the following property:

(e) for every sequence {v,} C W with v, — v weakly in W and
lim sup (Av,, v, — V)p=xy <0,

it follows that (Av,, v, )v+xy = (Av, V)pxxy and Av, — Av weakly in V*.

Lemma 5.6. If (5.2) holds and vy € V, then the operator By:V — V* defined by
(5.12) satisfies

@) || Bov|lyx < bi(1 + ||v|ly) forallv € V with by > 0.

(b) (Bov, v)y*xy = —bs||v||y — b3 forall v € V with by, by > 0.
(©) ||Bov — Bow||y* < by||v —wlly forall v, w € V with by > 0.
(d) By is monotone.

(e) By is weakly continuous.

Also, if (5.2) holds, then the Nemytski operator B corresponding to B is such that
(f) (Bv,v')p+xy > 0 forall v € W such that v(0) = 0.

Lemma 5.7. If (5.3) holds and vy € V, then the operator Fy:V — 22" defined by
(5.13) satisfies

@) | Fovllzx < V3(d\ T +dy)||vlly +d forallv e V withd > 0.

(b) Fov has nonempty convex and weakly compact values in Z*.

©) (&, v)zxxz = —3c. (d1 T + d2)||v||%, —dc.||v|ly forall ¢ € Fov, v € V
with d > 0.

(d) foreveryv,, v € Vwithv, — vin Z and every {,, { € Z* with {, — { weakly
in Z*, if ¢, € Fouy, then ¢ € Fyv.

In the proof of Theorem 5.4 we also need the following result concerning the a
priori estimates on the solutions.

Lemma 5.8. Assume that hypotheses (5.1)—(5.5) hold and let u be a solution to
Problem 5.1. Then there exists a positive constant ¢ such that

lullcor:vy + 1w =€ (1 + luolly + Ivolla + 1.f lve) -

For the convenience of the reader, the proofs of Lemmas 5.5-5.8 are postponed
to the end of this section.
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Proof of Theorem 5.4. In order to prove Theorem 5.4, we solve the first-order
evolutionary inclusion (5.10). To this end we proceed in two steps, as follows: in the
first step we suppose that vy € V' and then, in the second step, we treat the general
case vy € H.

Step 1. Assume that vy € V. Consider the Cauchy problem for the first-order
evolutionary inclusion

find z € W such that
7)) + (Ao2) (1) + (Bo2) (1) + (Foz)(t) > f(t) ae.r1 €(0,T), (5.14)
2(0) =0,
and note that z € W solves (5.10) if and only if z — vo € W solves (5.14). Let
L:D(LycY—V* DWUL)y={veW|v0) =0}

be the operator given by Lv = v’ for all v € D(L), already considered on page 84.
Then, problem (5.14) can be written as

find z € D(L) suchthat (L + G)z > f, (5.15)
where G:V — 2V is defined by
Gv = (Ao + By + Fo)v (5.16)

for all v € V. The existence of solutions to (5.15) will be proved by applying
Theorem 3.63 on page 83. It follows from Lemma 3.64 that the operator L is
densely defined linear maximal monotone operator. Therefore, in order to apply
Theorem 3.63, it is enough to show that G is bounded, coercive, and pseudomono-
tone with respect to D(L).

The fact that G is a bounded operator, i.e., it maps bounded subsets of V' into
bounded subsets of V*, follows from the continuity of the embedding Z* C
V*, Lemma 5.5(a), Lemma 5.6(a), and Lemma 5.7(a). The coercivity of G is a
consequence of the following inequality: for all v € V and v* € Gv, we have

(v, v)yexy = (Agv, v)yvexy + (Bov, v)yxy + (£ v)yexy

A%

a 2
> [vlly, = arllvlly — a2 = balv]ly — b3

V3o (di T + d)||v[l3 —d ce|v]lv

A%

(5 = Ve T +d) ol = blloly —be
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with b5, bg > 0, where ¢ € JFyv. This inequality follows from Lemma 5.5(b),
Lemma 5.6(c), and Lemma 5.7(c). Due to (5.5) it turns out that the operator G is
coercive.

We prove now that G is L-pseudomonotone. From Lemma 5.7(b) it follows
that for every v € V, Gv is a nonempty convex and weakly compact subset of
V*. We show that G is upper semicontinuous in ¥V x (w—=V*). To this end, using
Proposition 3.8 on page 53, it is enough to show that if X C V* is weakly closed,
then the set

G K)={veV|GunK #8)}

is closed in V. Let {v,} C G~(K) and v, — v in V. Then, for all n € N there is
vy € Gv, N K such that

v = Agv, + Bov, + &, with &, € Fov,. (5.17)

Since G is a bounded operator, it is clear that {v,} belongs to a bounded subset of
V*. So we may suppose, by passing to a subsequence if necessary, that

v, — v* weakly in V* (5.18)

and v* € K, since K is weakly closed in V*. Similarly, from Lemma 5.7(a), it
follows that
¢ — ¢ weakly in Z*, (5.19)

at least for a subsequence, with { € Z*. Using the continuity of the embedding
Y C Z and Lemma 5.7(d), we obtain that { € JFyv. On the other hand, by
Lemma 5.5(c) and Lemma 5.6(c), we deduce that

Aov, = Aov weakly in V*, (5.20)

B()vn — B()v in V*. (5.21)

We use the convergences (5.18)—(5.21) to pass to the limit in (5.17). As a result we
obtain v* = Ayv + Byv + ¢ with ¢ € Fyv and v* € K. Thus, we have v* € GuNK,
i.e., v* € G7(K). This shows that G~ (K) is closed in V and, therefore, G is upper
semicontinuous from V into w—V*.

To conclude the proof that G is L-pseudomonotone, it is enough to show the
condition (3) in Definition 3.62. To this end we assume that {v,} C D(L), v, — v
weakly in W, v} € Gu,, v — v* weakly in V* with v* € V* and we suppose that

limsup (v}, v, — V)y*xy < 0. (5.22)
Thus, vy = Aov, + Bov, + ¢, with &, € Fov,, forall n € N. From the boundedness
of Fy (guaranteed by Lemma 5.7(a)) we know that {(,} lies in a bounded subset of

Z*. By passing to a subsequence, if necessary, we may assume that

¢y — ¢ weakly in Z* (5.23)
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for some ¢ € Z*. Since W C Z compactly (see Theorem 2.56 on page 49), we also
assume that
v, > v in Z. (5.24)

Next, we use Lemma 5.7(d) to see that (5.23) and (5.24) imply that { € Fyv. And,
using again Lemma 5.7(a) and (5.24), we have

|<Zn’ Un — v)Z*le = ||§n||2*||vn - U”Z <c (1 + ”Un“V) ”Un - UHZ — 0 (5.25)

as n — +oo. Next, by the monotonicity of By (guaranteed by Lemma 5.6(d)) and
the convergence v, — v weakly in V, we deduce

lim sup (Bov,, v — v, )p*xy < limsup (Bov, v — v, )p=*xy = 0. (5.26)
Combining (5.23), (5.25), and (5.26), we have
lim sup (Agvp, Vy — V) pxy < limsup (v, v, — V)pxp

+ lim sup (Bovy, v — v, ) p*xyp

+1im (£, v — vp)y*xy < 0.
Thus, the L-pseudomonotonicity of 4y (guaranteed by Lemma 5.5(d)) implies that
Aov, — Agv weakly in V* (5.27)

and
(Aovy, vy — V)prxy — 0. (5.28)

Due to (5.23), (5.27), and Lemma 5.6(e), we have

vy = Aovy + Bovy + & — Aov + Bov + ¢ weakly in V*. (5.29)
We combine (5.18) and (5.29), then we use the fact that { € Fyv and the definition
(5.16) of the operator G to see that v* € Gv. Furthermore, from (5.22), (5.25), and
(5.28), we infer that

lim sup (Bovy, vy — v)y*xp < limsup (v, v, — V) p*xp
—lim (Aovy,, vy — V)p=xy

—lim (§y, va — V) vy = 0.
This inequality and (5.26) yield lim (Byv,, v, — v)p*xy = 0 which implies that

lim (Bovn, Un)V*xV = (B()v, U)V* xV - (5.30)
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Now we pass to the limit in the equality

(U, vn)vexy = (Aovn, Va)vexy + (Bovn, va)vexy + (Cu, Un)vrxy

and use (5.23), (5.24), (5.27), (5.28), (5.30) to obtain
lim (v:, Ua)yexy = (U5, 0)pexy

with v* € Gv. This shows that G is pseudomonotone with respect to D(L).

We are now in a position to apply Theorem 3.63 to deduce that the problem (5.14)
admits a solution z € D(L). It follows from here that z 4 vy is a solution to (5.10)
and, therefore, u = K(z + vg) solves Problem 5.1 in the case vg € V.

Step 2. We pass to the second step of the proof in which we suppose that vy € H.
Since the embedding V' C H is dense, there exists a sequence {vo,} C V such that
Vo, — Vo in H, as n — +o00. We denote by u, a solution of the problem

find u, € V such that u,, € W and

wl(t) + A(t,u),(t)) + Bu,(t) + F(t,u, (1), u,(t)) > f(t)

ae.1€(0,T), (5:31)

un(o) = Uop, u;l(()) = Von-

The existence of u,, which solves (5.31), for all n € N, follows from the first step of
the proof. So, we have

w'(t) + A(t,u, (1)) + Buy(t) + &, (t) = f(t) ae.t € (0,T) (5.32)
with
Cn(t) € F(t,uy(t),u, (1)) ae.t€(0,T) (5.33)

and the corresponding initial conditions. From Lemma 5.8 it follows that there exists
a subsequence of {u,}, again denoted {u, }, such that

uy —>u, u, —u bothweaklyinV,

u, — u” weakly in V*.

Our goal is to show that u is a solution to Problem 5.1. To this end, first, we
remark that

u, — u weakly in W'2(0,T;V) and u, — u' weakly in W. (5.34)

From Lemma 2.55 on page 49 we have u, (t) — u(¢) weakly in V and u, () — u'(¢)
weakly in H, for all z € [0, T]. Hence uy = u,(0) — u(0) weakly in V, which
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gives u(0) = uo. Similarly, it results that vy, = u},(0) — u/(0) weakly in H, which
implies that u'(0) = vy.

Using the compactness of the embedding W C Z, from (5.34) we have u, — u,
u, — u’, both in Z, and, subsequently,

u,(t) = u(t), u,(t) > u'(r) bothin Z, forae.r € (0,T).
Exploiting (5.3)(c) and (5.33), we may suppose that
{n — ¢ weakly in Z*. (5.35)

Therefore, we are in a position to apply the convergence result stated in Theorem
3.13, to the inclusion (5.33). In this way we deduce that

C(t) € F(t,u(t),u'(t)) forae.t € (0,T). (5.36)
In what follows we prove that

Au, — Au’ weakly in V*. (5.37)

First, since (f, u, — u')y+xy — 0 and (y, u, — u') z+xz — O (recall that {, — ¢
weakly in Z* and u, — ' in Z), by (5.30), we get

. / / / . 7z / /
limsup (Au,,, u;, — u')yxxy < limsup (u,, u' — u, )y xy

+ lim sup (Buy, u' — ), ) 1*xyp. (5.38)

Next, from the integration by parts formula (Proposition 2.54 (iii) on page 49), we
have

(uy —u” )y — U Yyexy = l/T < (1) = ' ()17, dt
" n 2 ) dt "

1 1
= 5, (T) = (D) = 5 11,0) = Q).

which implies that
lim (i) —u”,u' — u)))pxxy < 0. (5.39)

In addition, taking the property (f) of Lemma 5.6 into consideration, we obtain
lim sup (Buy,, u’ — u,)y*xy = limsup ( — (Bu— Buy,u' — u)))vrxy

+ (Butl =)y )

< limsup (Bu, u’ — u),)y+xy = 0. (5.40)
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We combine (5.38)—(5.40) to find that
lim sup (Aul,, u), — u')p*xy < 0.
Since u], — u’ weakly in W, from Lemma 5.5(e), we deduce (5.37).
Finally, the convergences (5.35), (5.37), and the weak continuity of 3 (which can
be proved by using an argument similar to that used in the proof of Lemma 5.6(¢e))
allow to pass to the limit in (5.32). We obtain

(1) + A(t,u' (1)) + Bu(t) + F(t,u(®),u'(t)) > f(t) ae.t € (0,T),

which, together with (5.36) and conditions u(0) = uo, u'(0) = v, implies that u is
a solution to Problem 5.1. This completes the proof of the theorem. O

We conclude this section with the proofs of Lemmas 5.5-5.8.

Proof of Lemma 5.5. The property (a) follows easily from (5.1)(a), (c). The
coercivity condition in (b) is a consequence of the inequality

T
(Ao, 0y = [ ((AC 00 + 10,00 + ) vess

—{A(t,v(1) + vo), vomxv) dr

v

T
1
o / (5 o)1} - ||vo||zv) di =T olly laoll 2.7
0

T
—a ||vo||V/ 1) + volly dt
0

v

o
> lv[3, — et flvlly — e,
which is valid for all v € V. Here we have used (5.1)(c), (d), and the inequality
(@ +b)* > 1a*>—b? validforalla, b € R.

The details on the proof of properties (c)—(e) can be found in Lemma 11 of [165]

and, for this reason, we skip them. O

Proof of Lemma 5.6. In the proof we use the following elementary properties of the
nonlinear operator K:V — C(0, T'; V') defined by (5.9):

IKvllcory < VTllvlly + luolly forallv eV, (5.41)

|Kv — Kwlcorv) < VTllv—w|y forallv,we V. (5.42)
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Letv € V. Using (5.41), we have

T
1Bovl% = / IB(K (@ + v0) ()2 di
0

IA

T
1B 12 e, /0 1K + vo) O di

IA

2
TIB ey (VT o + volly + luollv )

Hence ||Bovlly= < ~T || Bll vy (ﬁuv +volly + ||u0||y) and the condition
(a) follows.

Next, since B is a monotone symmetric operator and (5.41) guarantees that K is
bounded, we have

T
Bov. vpyexy = /0 (B(K(v + 0)(1)), (K(v + v0)) () = vo) vy di
T
N % /o %(B(K(v + 00)(1)), K(v 4 v0) (1)) v+xv dt

T
- /0 (B(K(v + v0)(1)). vo)y=xv di

v

1
—3 Bz lluolly — TI Bl llvollv K@ + vo)llco.r:v)

\

> = [Bllcoyeluoly

—TIBlleqyslvolly (VT v + vollv + uolly )
for all v € V, which proves the property (b).

In order to obtain (c), we use (5.42) to see that

T
1Bov — Bow|3 = /O IB(K (v + v0) (1)) — BIK(w + v0) (1)) |3+ dt

IA

T
18120, /0 1K + v0)(0) = KOw+ v0) (0|12 di

IA

2 2 2
T"|B ”L(V.V*) v —wl,

for all v, w € V. It follows from here that the operator By is Lipschitz continuous,
i.e., it satisfies condition (c).
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Next, using the monotonicity and symmetry of the operator B, we obtain

(B()U — B()W, vV — W)V*XV

T
[ Bk + o) - Ko+ .
(K0 + 1)) (0) = (K + 00)) (1)) vy d
T
=5 [ SBEE + w0) = B+ w0,

K +vo)(t) — KW + vo)(2))v=xy dt

3 (BCK( + 10)(T) — BKw -+ 00)(T)).

K@ +vo)(T) = K(w + vo)(T))y+xy = 0

for all v, w € V, which proves that B, is monotone and, therefore, condition (d)
holds.

Next, we show that By is weakly continuous. To this end, we consider a sequence
{v,} C V such that v, — v weakly in V. Since, for all ¢ € [0, T'], the operator

t
VBW|—>/ w(s)ds e V
0
is linear and continuous, we have
t t
/ vn(s) ds —>/ v(s)ds weaklyin V
0 0

forall ¢ € [0, T]. Therefore,
K, + vo)(t) > K(v + vo)(t) weaklyin V
for all # € [0, T'] and, subsequently,
B(K (v, + v0)(¢)) — B(K(v + vo)(t)) weaklyin V*

forall ¢ € [0, T]. In view of the property (a), we can apply the Lebesgue-dominated
convergence theorem (Theorem 2.38 on page 42) to obtain

T
(Bova. w)ycy = /0 (B(K (v + 00)(6)), w(t)) v ey dt

T
R / (B(K(v + v0) (1)) w(0)) yoscy d
0

= (Bov, w)y*xy
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for all w € V. We conclude from here that Byv,, — Byv weakly in V* and, therefore,
(e) holds.

Finally, we observe that by the monotonicity and symmetry of B, for all element
v € W which satisfies v(0) = 0 we have

T
(BU,U/)V*XV = % /0 i (BU([),U([))V*xV dt

dt

3 (BUT) oI ey = 5 (Bu(O), v(0))yexy = 0.

This implies that (f) holds and completes the proof of Lemma 5.6. O

Proof of Lemma 5.7. For the proof of (a) we consider v € V and ¢ € Fyv. It follows
from here that

L(t) e F(t, K(v + vo)(t),v(t) + vo) ae.t € (0, 7).

Moreover, from the estimates (5.41) and (5.3)(c), we have
@)z < do(t) + diNTvlly + di T [[volly
+di|uollv + dallv(@)llv + dallvollv-

Hence, using the inequality (a + b + c)2 <3(@®+b>+ cz) with a, b, ¢ > 0, we
deduce

IEOIZ+ = 3dE T vl + 343 [v@)]l7

+3(do(t) + di T ||volly + dilluollv + dalvollv)?

and

T T
||z||22*=/0 ||z<r)||2z*dzssdfT2||v||%,+3d§/0 @13 dr

T
13 ] (do(t) + di T [volly + dulluolly + dalvolly)? dt
0

<3(diT?+d3)) |v|l}, + d* withd > 0.

Therefore, we obtain

¢z < V3 \/d2T2+d? vy +d < V3T +do) |vlly +d.

which shows that (a) holds.
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Next, we turn to the proof of the property (b). From (5.3) we know that forv € V
the set Fov is nonempty and convex in Z*. In order to show that Fyv is weakly
compact in Z*, we shall prove that it is closed in Z*. Let v € V, {,} C Fov,
¢y — ¢ in Z*. Passing to a subsequence, again denoted {{, }, we have £, () — ¢(t)
in Z* for a.e. t € (0, T). From the relation

L) € F(t, K(v + vo)(t),v(t) + vo) ae.t € (0,T),
since the set is closed in Z*, we get

L) e F(t, K(v+ v)(),v(t) +vg) ae.t€(0,7).
Hence ¢ € Fyv and thus Fyv is closed in Z* and convex, so it is also weakly closed
in Z*. Since Fyv is a bounded set (see property (a) of this lemma) in the reflexive

Banach space Z*, we obtain that Fyv is weakly compact in Z*, which ends the
proof of (b).

For the proof of (c), consider v € V and let { € Fyv. Using the property (a) we
have

(& v)vexy| = [(§ v) zexz] < cellCz=[lv]lv
< V3e (di T+ d)|vlly, +d e |[v]lv,
where d > 0. Hence we obtain that
(G V)i = =V3e (di T+ dy) o]}, — d ce [[v]lv

and, therefore, (c) follows.

Finally, we show the property (d). Let v,, v € V withv, — vin Z,¢,, ¢ € Z*
with ¢, — ¢ weakly in Z* and ¢, € Fyv,. Hence

vy (t) > v(t) in Z forae.t € (0,7), (5.43)

Ca(t) € F(t, K(vy, 4+ vo)(t), v,(t) + vo) a.e. t € (0, 7). (5.44)

From the inequality

1K (v + v0) — K(v + vo)l|%

Z/OT

< T |lvq = vl%.

2

dt
zZ

t t
/ v, (s) ds + vot +u0—/ v(s)ds —vot — up
0 0
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we have K (v, + v9) — K(v + vp) in Z and for a subsequence, again denoted by
{v,}, we obtain

K, +v9)(t) > K(v + vo)(t) in Z, ae.t € (0,7). (5.45)

We use (5.3)(b), (5.43), and (5.45), and apply Theorem 3.13 to the inclusion (5.44)
to find that

L(t) e F(t, K(v+ vo)(t), v(t) + vo) ae.t € (0,T).
This implies that { € Fyv and concludes the proof of the lemma. O

Proof of Lemma 5.8. 'We use Definition 5.2, take the duality brackets with u’(s) and
integrate over [0, ¢] for all ¢ € [0, T'] to obtain

/ (W' (5). () yxy ds + / (AGs. (). (5)) yocr ds
0 0
+ /0 (Bu(s). u/(5)) vy ds + /0 (). (5)) 7oz ds

- /O (£ () yoxr dis (5.46)

with £(s) € F(s,u(s),u'(s)) for a.e. s € (0,1). Next, from the integration by parts
formula (see Proposition 2.54 (iii)), we have

! 1 1
[ W@ @ ds = S WO, = S Il 647
0

and, by the monotonicity and symmetry of B, we deduce

/0 (Bu(s) il (e ds = 5 /0 EBu(s). vy ds

1 1
5 (Bu(t), u(t))v=xy — 5 (Buo, uo)y+xy

1
z -3 1Bl vy lluollF - (5.48)

We use (5.46)—(5.48) and the coercivity of the operator A to obtain
1
S IO +e 1,

1
2 2
< = IBllzovwslluolly + 3 lvoll

N =

+ /0 (IF @l + e 1@z ) e/ @y ds - (5.49)
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for all # € [0, T]. Moreover, using the Young inequality (Lemma 2.6 on page 27),
we have

/0 (/@) v~ + e Nz ) I Iy ds

1 t
< S B+ 5 [ (PO + 1615 )ds 550

for all ¢ € [0, T']. Taking into account (5.49) and (5.50) we deduce that

E ||M/(t)||%{ ||M ”LZ(Ot V)
1 » 1 2
=3 IBllzv.v=lluolly + 3 llvoll s
1 2 e [ 2
=N/l + = [ )7« ds (5.51)
o o Jo

forall ¢ € [0, T']. We estimate now the last term on the right-hand side of (5.51). By
the hypothesis (5.3)(c), we have

/ 1@ e ds < f (do(s) + du [u()]lv + da [/ ) 1v) d
< 3/ (dg(s) + d? ||u(s)|)? + d? ||u/(s)||2v)ds. (5.52)
0

On the other hand, since u € Wl*z(O, T;V)and V is reflexive, by Propositions 2.50
and 2.51, we have

t
u(t) = u(0) +/ u'(s)ds forall t €0, T]. (5.53)
0
Combining (5.53) with the Jensen inequality (Theorem 2.5 on page 27), we get

K 2
IR < 2 ol +2 ( /0 ||u’(r)||vdr)

<2 uoll? + 2T/0 @2 d
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for all s € [0, ¢]. Hence, (5.52) implies that

2 2
||§||L2(o.t;z*) =3 |Id0”L2(0,t)

t N
+3 df/ (2||u0||2V +2T/ ||u’(f)||2de) ds + 3d3 W20 1.1
0 0

< 3\ldoll3 0y + 647 T luoll}y + (67 T +345) |1}

L2(0.45V)
(5.54)
forall ¢ € [0, T]. We combine (5.51) and (5.54) to obtain
1 a 3c? ~
5 ' ()13 + (5 - (2diT* + dzz)) 1413 50,00y < (5.55)

forall ¢ € [0, T'], where

~

1 2 1 2 1 2
¢ =S Bllewymluolly + 7 volly + = 1.l

+3cez

== (o307 + 202 T Nuoll} )

Since the hypothesis (5.5) implies &®> > 6 ¢2 (2d? T? + d?), from (5.55) we deduce
that

' ll 20,020y < € (1 + lluolly + llvollzr + 11 lv=) (5.56)

forall¢ € [0, T] where, here and below, ¢ represents a positive constant whose value
may change from line to line. Next, from (5.53), we have

t
lu) v < lluollv +/ e () v ds < |luollv + \/THM/HLZ(OJ;V)
0

forall ¢ € [0, T'] which, together with (5.56), gives

lullco.r;vy < ¢ (L4 lluolly + llvolla + IIf llve) - (5.57)

To conclude the proof, it is enough to show the bound for ||u” ||+ . From (5.1)—(5.3),
we obtain

//”

lu” e < 1L ve + el Ity + 1Bl ey lully + 15y

Moreover, since {(s) € F(s,u(s),u/(s)) fora.e. s € (0, T), we have

¢l < cellgllz= < V3ee (Idoll 20,7y + dillully + dolld[1v) -
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Combining the above inequalities, we deduce that
" lve < e (U lully + [l v + 11 lve) - (5.58)

Lemma 5.8 is now a consequence of inequalities (5.56)—(5.58), combined with the
definition (2.12) on page 48 of the norm on the space W. O

5.2 Evolutionary Inclusions of Subdifferential Type

In this section we investigate evolutionary inclusions involving the multivalued
Clarke subdifferential operator. We use the same functional spaces as in Sect. 5.1,
introduced on page 121. Let A: (0,T) x V = V*, B:V - V* and R: Z x Z —
X x X be given operators where, recall, X, V', and Z are assumed to be separable
reflexive Banach spaces. We denote by dJ the Clarke generalized subdifferential of
a prescribed functional J: (0,7) x X x X x X x X — R with respect to its last
two variables, R*: X* x X* — Z* x Z* stands for the adjoint operator to R and
S:Z* x Z* — Z* is the operator defined by S(z1,22) = 721 + 22.

We start by considering the following version of Problem 5.1 which will be
applied in the study of the hemivariational inequalities in Sect. 5.3.

Problem 5.9. Find u € V such that ' € W and

u’(t) + A, u'(t)) + Bu(t) + SR*3J(t, R(u(t),u/'(t)), R(u(t),u'(t))) > f(¢)

ae. t€(0,7),
u(0) = up, u'(0) = vo.

The concept of solution to Problem 5.9 is understood in the sense of

Definition 5.2.

In addition to the assumptions on the operators A and B formulated in Sect. 5.1,
we need the following hypotheses on the data.

J:(0,T)x X x X x X x X = Ris such that
(a) J(-,w, z,u, v) is measurable on (0, T) for all w, z,u, v € X.

(b) J(¢,w,z,-,-) is locally Lipschitz on X x X forallw,z € X,
ae.t € (0, 7).

(©) 18I w,zu, v)[|x*xx= < cot) + e ([[ullx + lvllx)+ (5.59)
+c (Iwllx + |lzllx) forallw,z,u,v € X, ae.t € (0,T)
with ¢o € L?(0, T), co, c1,c2 > 0, where the subdifferential
of J is taken with respect to (u, v).

(d) aJ(¢,-,-,-,-) has a closed graphin X x X x X x XX
x(w—(X* x X*)) topology.
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ReL(ZxZ, X xX). (5.60)

In the study of Problem 5.9 we need the following lemma.

Lemma 5.10. Let (O, X) be a measurable space, Y1, Y, be separable Banach
spaces, L € L(Y,Y,), and let G:O — Pyr.(Y1) be measurable. Then the
multifunction H: O — Py (Y2) given by Hw) = LG(w) for o € O is
measurable.

Proof. We start by recalling thatif L € £(Y, Y3), then L € L(w-Y;,w-Y3). Hence,
it follows that H is P,.(¥>)-valued. Given an open set U C Y;, we will show that

H U)={weO|Hw NU # 0} X.
First, from the definition of H, we have
H (U)={weO|Gw) NL™'(U) #0} =G (U,

where U’ = L~!1(U). Next, since the mapping L: ¥; — Y> is continuous, for every
open set U C Y,, the inverse image L~'(U) C Y is an open set. Finally, from the
definition of measurability of G, we have G~ (U’) € X. Therefore, we deduce that
H~(U) € X which implies that H is measurable, as claimed. O

The main result for Problem 5.9 reads as follows.

Theorem 5.11. Assume that (5.1), (5.2), (5.4), (5.59), (5.60) hold and
a > 2V3||R|PT (c1 + c2). (5.61)

where |R|| = ||R||z(zxz xxx). Then Problem 5.9 has at least one solution.

Proof. We apply Theorem 5.4 to the multivalued operator F: (0, T)x V xV — 27 *
defined by

F(t,u,v) = SR*3J(t, R(u,v), R(u,v)) foru,v e V, ae.t € (0,7T).

To this end we show that, under the hypotheses (5.59) and (5.60), the operator F
satisfies (5.3) with do(t) = co(¢) | R| and dy = d> = (c1 + ¢2) ¢, | R||?. First, we
observe that the mapping F has nonempty and convex values. This follows from the
nonemptiness and convexity of values of the Clarke subdifferential of J, guaranteed
by Proposition 3.23 on page 56. Since the values of the subdifferential are weakly
closed subsets of X*xX™* and S R*: X*xX* — Z* is alinear continuous operator,
we easily obtain that the mapping F' has closed values in Z*. Hence F is P.(Z*)-
valued.

We show that F(-,u, v) is measurable on (0, 7') for all u, v € V. Since, by the
hypothesis (5.59)(a), J(-, w, z,w,z) is measurable on (0,7) forallw, z, w,z7 € X
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and J(t,w,z,-,-) is locally Lipschitz on X x X forall w, z € X, ae.t € (0,7T),
according to Proposition 3.44, we know that the multifunction

0, T)x X xX > (t,w,2) = oJ(t,w,z,w,7) C X* x X*

is measurable. Hence, by Lemma 1.66 on page 21 we infer that also the multifunc-
tion

0, T)y>t+— dJ(t,w,z,w,2) C X* x X*
is measurable for all w, z, w, 7 € X and, clearly, it is Py (X * X X *)—valued. These
properties, together with the fact that S R*: X* x X* — Z* is a linear continuous
operator, allow to apply Lemma 5.10. So we have that

0, T)>t+— SR*J(t,w,z,w,2) C Z*

is measurable for all w, z, w, 7 € X. As a consequence the multifunction F (-, u, v)
is measurable for all u, v € V.

Next, we prove the upper semicontinuity of F(z,-,-) for a.e. t € (0,7T). Let
t € (0,T)\ N, meas (N) = 0. According to Proposition 3.8 on page 53, we show
that for every weakly closed subset K of Z*, the weak inverse image

F(K)={(v)eVxV|Ft,uv)NK#0}

is a closed subset of Z x Z. Let {(u,,v,)} C F~(K) and (u,,v,) — (u,v) in
Z x Z.Then, for all n € N we can find , € F(¢,u,,v,) N K. By the definition of
F,wehave {, = S R*(wy, z,) withw,, z, € X* and

(Wn,za) € 0J(t, R(uy, vy), R(uy, vy,)) forae.z € (0,7). (5.62)

Using the continuity of the operator R, we obtain
R(uy,v,) = R(u,v) in X x X.

Since by (5.59)(c) the operator dJ(¢,-, -, -, -) is bounded (i.e. it maps bounded sets
of X x X x X x X into bounded sets in X* x X*), from (5.62) it follows that
the sequence {(w,, z,)} belongs to a bounded subset of X* x X*. Also, since X is
reflexive, the weak and the weak * topologies for X * are the same. Thus, by passing
to a subsequence, if necessary, we may suppose that

(Wn,20) = (W,z) weakly in X* x X*

for some (w,z) € X* x X*. Now, we use (5.59)(d) to see that the graph of
aJ(t,+,- ) is closed in X x X X X x X x (w—(X™* x X*)) topology, for a.e.
t € (0, T). Therefore, from (5.62), we obtain

(w,z) € 3J(t, R(u,v), R(u, v)).

Furthermore, since {{, } also belongs to a bounded subset of Z*, we may assume that
¢y — ¢ weakly in Z*. And, since ¢, € K and K is weakly closed in Z*, it follows
that { € K. By the continuity and linearity of the operator S R*: X* x X* — Z*
we find

=S R*(Wy,zy) = S R*(w,z) = ¢ weaklyin Z*,
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where { € Z* and (w,z) € 3J(¢, R(u,v), R(u, v)). This, by the definition of F,
implies that ¢ € F(¢,u,v). As a consequence, once { € K, we see that F~(K) is
closed in Z x Z and, therefore, (5.3)(b) holds.

Next, we show that F satisfies (5.3)(c). Assume that r € (0,7) \ N with
meas(N) = Oandletu, v € V,{ € Z* be such that { € F(t,u,v). The
latter is equivalent to { = S R*(w,z), where (w,z7) € X* x X* and (w,2) €
aJ(t, R(u,v), R(u,v)). Using the estimate (5.59)(c), we obtain

IZllz= = IS R*(w, 2)llz= = IS R¥[| [|(w. 2) | x*x

< IS R*| (co(t) + c1 IR, v) [ xxx + 2 IR, v) || xxx)

IA

IS R*[l (co@) + et IRI |, )l zxz + c2 | RI [, v) [ zx2)

IA

oIS R + ((er + o) ce [IRI IS R¥ D el
+((c1 + ) ce [IRIIS RFIDIvlly

< cIR] + (c1 + e2) ce [RI* Jully + (c1 + 2) ce [RI? ol
Here we used the equality

[R*| cixxx* z#xz%) = | Rl czxz.xxx)

(guaranteed by Proposition 1.51) and equality || S|/ z(z*xz* z*) = 1 which easily
follows from the definition of S. Also, we recall that ¢, > 0 is the embedding
constant of V into Z. We conclude from above that F satisfies (5.3)(c) with dy(?) =
co)||R|| and dy = dr = (c1 + ¢c2) ce || R||* .

Finally, we observe that the condition (5.61) implies (5.5). Theorem 5.11 is now
a consequence of Theorem 5.4. O

We note that the existence result of Theorem 5.11 is local in time, since the
various constants related to Problem 5.9 are restricted to the smallness assumption
(5.61). This is the characteristic feature of a problem in which the subdifferential
of the superpotential is taken with respect to a pair of variables. We will see on
page 146 below that, under additional assumptions, for an evolutionary inclusion
involving the subdifferential with respect to its last variable only, we can remove
the smallness assumption on the length of the interval of time, i.e., we can obtain a
global existence result.

Assume now that X and Z are given separable reflexive Banach spaces,
A:(0,T)xV — V*isanonlinear operator, B: V — V* and M: Z — X are linear
and continuous operators. Also, denote by dJ the Clarke generalized subdifferential
of a prescribed functional J:(0,7) x X x X x X — R with respect to its last
variable and let M * be the adjoint operator to M. With these data we consider the
following problem.
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Problem 5.12. Findu €V such that u' € W and

u’(t) + A(t,u/(t)) + Bu(t) + M*0J(t, Mu(t), Mu'(t), Mu'(t)) > f(¢t)

ae. t€(0,7T),
u(0) = up, u'(0) = vy.

In addition to the assumptions on the operators A and B formulated in Sect. 5.1,
we consider the following hypotheses on the data.

J:(0,T)x X x X x X — R is such that
(a) J(-,w,u,v) is measurable on (0, T') for all w,u, v € X.

(b) J(t,w,u,-) is locally Lipschitz on X for all w,u € X,
ae.t €(0,7T).

(©) 0J(@, w,u,v)|x* < co(t) + cillvllx + callwllx + c3llullx (5.63)
forallw,u,v € X, a.e.t € (0,T) with ¢y € L*(0,T),
co, C1, C2, c3 > 0, where the subdifferential of J is taken
with respect to the last variable.

(d) aJ(¢,-,-,-) has aclosed graphin X x X x X x (w—X7)
topology.

M e L(Z,X). (5.64)

The main existence result for Problem 5.12 is following.

Theorem 5.13. Assume that (5.1), (5.2), (5.4), (5.63), (5.64) hold and
a > 232 |M|? (T + ¢1 + ¢c3). (5.65)

where |M || = || M | z(z.x). Then Problem 5.12 has at least one solution.

Proof. Tt is similar to the proof of Theorem 5.11 however, for the convenience of
the reader we provide it in what follows. We apply Theorem 5.4 to the multivalued
operator F: (0,T) x V x V — 2%" given by

F(t,u,v) = M*3J(t, Mu, Mv, Mv) foru,v €V, ae.t € (0,T).

To this end, we show that under the hypotheses (5.63) and (5.64), the operator F
satisfies the condition (5.3) with do(¢) = co(t) [M||, di = cz¢. |M|]?>, and d, =
(c1 + ¢3) c. | M || First, we observe that the mapping F has nonempty and convex
values. This follows from the nonemptiness and convexity of values of the Clarke
subdifferential of J, see Proposition 3.23 on page 56. Moreover, it is easy to verify
that the mapping F has closed values in Z*. Indeed, let ¢ € (0,7), u, v € V,
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{¢,} C F(t,u,v),and ¢, — ¢ in Z*. Since {, € M*dJ(t, Mu, Mv, M v) and the
latter is a weakly closed subset of Z* (recall that the values of the subdifferential
are weakly star closed subsets of X*), we obtain ¢ € M*dJ(t, Mu, Mv, Mv). It
follows from here that { € F (¢, u, v) and, therefore, F is P.(Z*)-valued.

Next, we prove that F(-, u, v) is measurable on (0, T) for all u, v € V. Let w, &,
v € X.From hypothesis (5.63)(a) it follows that J (-, w, u, v) is measurable on (0, T")
for all w, u, v € X and, since J(¢,w, i, -) is locally Lipschitz on X forall w,u € X
and a.e. t € (0, T'), by using Proposition 3.44, we deduce that the multifunction

0,T)x X 3 (t,7) > dJ(t, w, 7, 7) C X*

is measurable. Therefore, by Lemma 1.66, we infer that also the multifunction
(0,T) >t + 0dJ(t,w,u,v) is measurable for all w, u, v € X and, clearly, it is
Pyke(X*)-valued. These properties, together with the fact that M*: X* — Z*
is a linear continuous operator, allow to apply Lemma 5.10. So we have that
(0,7) >t +— M*dJ(t,w,u,v) is measurable for all w, i, v € X. As a consequence
the multifunction F (-, u, v) is measurable for all u, v € V.

Subsequently, in order to prove that F(t,-,-) is upper semicontinuous for a.e.
t € (0,T), according to Proposition 3.8, it is enough to show that for every weakly
closed subset K of Z*, the weak inverse image

F(K)={(mv)eVxV|F{t,uv)NK £0}

isaclosed subset of Z x Z.Lett € (0,7)\ N, meas(N) = 0, {(u,,v,)} C F~(K)
and assume that (u,,v,) — (u,v) in Z x Z. Thus, for all n € N we can find
¢y € F(t,uy, v,)N K. From the definition of F', we obtain ¢, = M *z, withz, € X*
and

7z, € 0J(t, Mu,,, Mv,, Mv,). (5.66)

From the continuity of the operator M, we have
(Mu,, Mv,) - (Mu, Mv) in X x X.

Since by (5.63)(c) the operator dJ (¢, -, -, -) is bounded (i.e., it maps bounded sets of
X x X x X into bounded sets in X*), from (5.66) it follows that the sequence {z, }
remains in a bounded subset of X *. Recall also that X is reflexive and, therefore,
the weak and the weak™* topologies for X* are the same. Thus, by passing to a
subsequence, if necessary, we may suppose that

7y — z weakly in X*

for some z € X*. Now we use the fact that, for a.e. t € (0,7T), the graph of
aJ(t,-,-,-) isclosed in X x X x X x (w—X7*) topology, see (5.63)(d). Therefore,
from (5.66), we find

z€dJ(t,Mu, Mv, Mv).
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Also, since {,} remains in a bounded subset of Z*, we may assume that £, — ¢
weakly in Z*. And, since {, € K and K is weakly closed in Z*, it follows that
¢ € K. By the continuity and linearity of the operator M *: X* — Z*, we obtain

o =M%z, — M*z = weaklyin Z*,

where ¢ € Z* and z € dJ(t, Mu, Mv, Mv). This, by the definition of F, implies
that { € F(t,u,v). As a consequence, once { € K, we know that F~(K) is closed
in Z x Z and, therefore, (5.3)(b) holds.

Next, we show that F satisfies the condition (5.3)(c). Let t € (0,7) \ N,
meas(N) = Oand letu, v € V,¢ € Z* be such that ¢ € F(t,u,v). Hence
{ = M¥*z, where z € X* and z € dJ(t, Mu, Mv, Mv). Using the estimate
(5.63)(c), we have

ISllz= = 1Mzl z= < [M*|[llz]l x

< IM*| (co(t) + cr [IMullx + c2 [Mullx + c3 [Mvllx)

IA

IM ]| (co(®) + (1 + c3) IM vz + 2 M [[[lull2)

IA

o IM |+ caee |M|Pllully + (er + c3) ce [M|P[Jv]lv

Here we used the equality | M *||zx* z+) = ||M | cz.x). which is a consequence
of Proposition 1.51 and, recall, ¢, > 0 is the embedding constant of V' into Z. This
implies that F satisfies (5.3)(c) with do(t) = co(t) |M|, di = cyc. ||M]?, and
dr = (c1 + ¢3)ce | M.

Finally, we observe that the condition (5.65) implies (5.5). Theorem 5.13 is now
a consequence of Theorem 5.4. O

As in the case of Theorem 5.11, we note that Theorem 5.13 provides the existence
of local solutions to the evolutionary inclusion in Problem 5.12. Nevertheless, in
the case when the functional J in (5.63) is independent of w, we see that the
smallness condition (5.65) is satisfied with ¢; = 0. And, therefore, in contrast to
Theorem 5.11, in this particular case Theorem 5.13 provides a global existence
result.

We are now in a position to formulate a corollary of Theorem 5.13 which
concerns the unique solvability of evolutionary inclusions and which will be useful
in the study of dynamic contact problems presented in Chap. 8. The problem under
consideration is the following.

Problem 5.14. Findu €V such that u' € W and
u’(t) + A(t,u/(t)) + Bu(t) + M*3J(t, Mu'(¢)) > f(t) ae. t € (0,T),

u(0) = up, u'(0) = vy.
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Note that here and below in this section dJ represents the Clarke generalized
subdifferential of J with respect to its last variable.
In the study of this problem we consider the following modification of the
hypotheses (5.1) and (5.63).
A:(0,T) x V — V™ is such that
(a) A(-,v) is measurable on (0, T') forallv € V.
(b) A(z,-) is pseudomonotone on V fora.e. t € (0, 7).

©) At V)|lv+ < ao(t) +aillv]y forallv e V, ae.t € (0,7T)

with ag € L?(0,T),ap > 0 and a; > 0. (5.67)
(d) (A(t,v),v)y*xy > a|v||? forallv € V, ae.r € (0,T)
witha > 0.

(e) A(t,-) is strongly monotone for a.e. t € (0,T), i.e. there
is my > 0 such that forall v{,v, € V, ae.t € (0,T)

(A(t,v1) — A(t, v2), Vi — V2)y*xy = my|v — Uz“%/'

J:(0,T) x X — Ris such that
(a) J(-,v) is measurable on (0, T') for all v € X.
(b) J(¢,-) is locally Lipschitz on X fora.e.t € (0, 7).

(©) |10J(t, v)|lx* < co(t) + c1]|v]|x forallv € X, (5.68)
ae.t € (0,T) withcy € L*(0,T),co,c; > 0.

(d) (z1 — 22, v1 — V2) x*xx = —mo|lvy — V2| forall
z€dJ(t,v),z € X v, eX,i=1,2,ae.te(0,T)
with m, > 0.

my = myc; |M|?, where |[M|| = ||M | z.x). (5.69)

We have the following existence and uniqueness result.

Theorem 5.15. Assume that hypotheses (5.2), (5.4), (5.64), (5.67)—(5.69) hold and
a>2v3¢ ¢ | M2 (5.70)

Then Problem 5.14 has a unique solution.

Proof. For the existence part, we apply Theorem 5.13. Since the functional J is
independent of (w, u), it is clear that (5.68) implies (5.63) with ¢; = ¢3 = 0. Also,
the condition (5.70) implies (5.65), and (5.1) is guaranteed by (5.67). Therefore,
using Theorem 5.13 we deduce that Problem 5.14 admits at least one solution.
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Next, we establish the uniqueness of the solution. Let u;, u, be solutions to
Problem 5.14. Then, by Definition 5.2, there exist {1, {, € Z* such that

u!(s) + A(s,u:(s)) + Bui(s) + &i(s) = f(s) ae.s €(0,7),
Li(s) € M*3J (s, Mui(s)) ae.s € (0,T), (5.71)
u; (0) = uo, u;(0) = vy

fori = 1, 2. Subtracting the two equations in (5.71), taking the result in duality with
u} (s) — uy(s) and integrating by parts, we obtain

3 1) =0Ty + [ (AG.160) = A0 145) = (5D v ds
+ /0 (Bui(s) — Bua(s), uj(s) — us(s))y=xy ds

4 / (61(5) — Lals). 1, (5) — ty(s)) 2oz ds = 0
0

for all 7 € [0, T]. We also have i (s) = M *z;(s) with z; (s) € dJ(s, Mu,(s)) for
a.e.s € (0,T) andi = 1, 2. Therefore, using (5.68)(d) yields

/0 (61(5) — La(5). 1, (5) — y(5)) 7oz dis

- /0 (21(5) — 22(5). Mty (5) — Mudy(s)) yxy ds

t
— / IM iy (s) — Mus(s)% ds
0
2 2 ! / / 2
> —my M| / ity (5) — wy(s) | dis (5.72)
0
forall ¢ € [0, T]. Next,
t
/ (Bur(5) — Bua(s). i (s) — y(s))voxy ds
0

1

"2 /0 %(B(”l(s) —u2(5)), w1 () = ur(s)) =y ds

%(B(ul(l)—uz(l)),ul(l)—uz(l))v*xy >0 (5.73)
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forall ¢ € [0, T]. We combine now (5.72), (5.73), and use (5.67)(e) to obtain
1 2 ' 2
3 1O =@y +mi [ 60) = 1R ds

t
—my M| / 144,(5) — y() 1% ds < 0
0

for all + € [0, T]. From this inequality and (5.69) we deduce that u} = u} on [0, T]
and, since

t
u;(t) = u0+/ ui(s)ds forallt €[0,T], i =1, 2,
0

we deduce that #; = u, on [0, T'], which completes the proof. O

Note that the assumptions of Theorem 5.15 do not include any restriction on
the length of the interval of time 7T'. Therefore, in contrast to Theorems 5.11 and
5.13 which provide local existence results of the solution, Theorem 5.15 provides a
global existence result of the solution and, in addition, the solution is unique.

Subdifferential inclusions with Volterra integral term. We conclude this section
with a result on the unique solvability of evolutionary inclusions with Volterra
integral term. The problem under consideration can be formulated as follows.

Problem 5.16. Find u € V such thatu' € W and

() + A(t,u' (1)) + Bu(t) + /t C(t —s)u(s)ds + M*dJ(t, Mu'(t)) > f(t)
0

ae.t€(0,7T),
u(0) = up, u'(0) = vo.

For this problem we need the additional hypothesis
C e L*(0,T; L(V,V*)). (5.74)

The unique solvability of Problem 5.16 is given by the following existence and
uniqueness result.

Theorem 5.17. Assume that (5.2), (5.4), (5.64)—(5.70), and (5.74) hold. Then
Problem 5.16 admits a unique solution.

Proof. The proof is carried out into two steps and is based on Theorem 5.15 (which
provides an existence and uniqueness result for evolutionary inclusions without
memory term) combined with a fixed-point argument, similar to that already used
in the proof of Theorem 4.13.
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Let us fix n € V*. In the first step we consider the following evolutionary
inclusion:

find u, € V with u;] € W such that

uy (1) 4 A(t, 1, (1)) + Buy(t) + M* J(t, Mu, (1)) > f(t) — n(t) (5.75)
ae.t€(0,7),
uy(0) = ug, uy(0) = vo.

It follows from Theorem 5.15 that the problem (5.75) has a unique solution.

Moreover, from (5.70) and (5.68), it is clear that (5.5) holds with d; = 0 and
dy = ¢y c.||M ||>. Therefore, by Lemma 5.8, we deduce the estimate

lugllcorsvy + lugllw <€ (1 + luolly + lvollr + I fllv= + Inllv+) — (5.76)

with a positive constant c.

Next, in the second step, we consider the operator A: V* — V* defined by
t
(An)(t) = / C(t — s)uy(s)ds forall n € V*, ae.t €(0,T), (5.77)
0

where u,, € V is the unique solution to (5.75). It is easy to check that the operator A
is well defined. Indeed, for n € V*, by using (5.74) and the Holder inequality, we
have

H/t C(t —s)uy(s)ds
0

t
< /0 1€ =)l cw lun®) v ds
V*

t 1/2 t
5( | ||c<r>||iw*>dr) (/0 ||un<r>||zvdr)

= ||C||L2(0,z;.c(v.v*)) ||’4n||L2(o,z;V)

1/2

fora.e.t € (0, T). Therefore,

t
H [ ca—smmas| =1ty (5.78)

V*
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where ||C|| represents the norm of the operator C in L2(0,T;L(V,V*)), i.e.,
IC I = IICll220,7;c(v,v*))- Hence,

T
| Anl. = /0 A2 di

I

20 112
= TICI lluyll5,-

2
) dt
V*

Keeping in mind (5.76), we obtain that the integral in (5.77) is well defined and the
operator A takes values in V*.

Subsequently, we show that the operator A has a unique fixed point. Let ny,
n2 € V* and let u; = uy, and u, = u,, be the corresponding solutions to (5.75)
such that u; € V and u; € W fori = 1, 2. We have

/t C(t —s)uy(s)ds
0

ui(s) + A(s,u}(s)) + Bui(s) + ¢i1(s) = f(s) —ni(s) ae.s €(0,T), (579)
W (s) + A(s, ty(5)) + Bur(s) + &2(s) = f(5) — ma(s) ae.s € (0,T)., (5.80)
8i(s) € M*3J(s. Mid,(5)), &a(s) € M*3J(s, Mid)(s)) ae.s € (0,T), (5.81)

u1(0) = u2(0) = uo, uj(0) = uy(0) = . (5.82)

Subtracting (5.80) from (5.79), multiplying the result in duality by u (s) —u(s) and
integrating by parts with the initial conditions (5.82) we obtain

3 10 = Oy + [ (A (5) = A 150605 6) =560} vy s
+ [ 1B = Bua).66) = ) vr ds
0
+ [1616) = 601 9) ~ (o)) 70z ds
0

=/0 (m2(s) = i (s). uy (s) — us(s)) v*xy ds (5.83)
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for all t € [0, T']. Note also that from (5.81) we have ¢; (s) = M *z;(s) with z;(s) €

dJ (s, Mu/(s)) for a.e. s € (0,7) andi = 1, 2. Therefore, by using (5.68)(d), we
obtain

/0 (61(5) — £a(5). 1, (5) — y(5)) 20z s
- /0 (21(5) — 22(5). Ml (s) — Mutp(5)) xocx ds

t
> —m, / | Midy(s) — Muy(s)|1% ds
0

t
= —ma 1M [ 5) = 301 ds (5.84)
0
forall ¢ € [0, T]. And, finally, using the properties of the operator B we have
t
/ (Bui(s) — Bua(s), uy(s) — uy(s)) ==y ds
0

1

"2 /0 %(B(”l(s) —u2(5)), w1 () = ur(s)) =y ds

= % (B(ul(t) — uz(l)), l/tl(l) — ug(l))y*xy >0 (5.85)

forall t € [0, T']. We combine now (5.83)—(5.85), and use (5.67)(e) to obtain

1 . t
3 WO =1 +7 [ 1) = w1 ds

t
< [ 1) = m )yl - sl ds
0
forallz € [0, T], withT = m; —my c2 ||[M|* > 0. It follows from here that
2'/||’4/1 - Wz”iz(o.,;y) <lm-m ||L2(O,t;V*) ||M/1 - u/2||L2(0.t;V)
forall ¢ € [0, T'], which implies that
/ / 1
) —uzll 20,050y < = I = mllL20.:v%) (5.86)

forall # € [0, T]. Recall also that

t
ui(t) = uo-l-/ u(s)ds forallz €[0,T], i =1,2
0
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and, therefore,

1 () = w @)y < /0 1, (5) — iy (s) v ds

st ﬁ||“/1 — s\l 2200407 (5.87)

forall ¢ € [0, T]. Combining (5.86) and (5.87), we find

VT
lui () —ux(®)|ly < 7”’71 — M2l 20457 (5.88)
forall ¢t € [0, T].
On the other hand, by an estimate similar to (5.78), we infer

1 AR @) — (An) @) lv- < /0 1C( = $)(ur(s) — wa(s)) v+ dis

< NC I ur — w2l 120,67y
fora.e.t € (0, T). Hence, using (5.88) and the previous inequality, we obtain
1AM @) = (Am) O+ < ICIP iy = w00,

T|C|* [* ) T|C|? )
= = /0 m = m2ll72 0,550 45 < = tm = mall5e

and, consequently,

(AP )(0) = (A2m) @) 15+ = | A(AD) () — A(An) (@) |13+

2 t
< Hel, [ 16006 - AR as
c 0

3|C|* 2 2
S—= 3 71 — nallyx

fora.e.t € (0, T'). Reiterating this inequality k times leads to

T2k—l||C||2k tk
IS = (A O+ = ——5—— 15 I = n2lle

- T3k—l ”C”Zk 1 )
=T 2 n Im = m2ll5

fora.e.t € (0, T). This implies that

TVTicl)" 1
< k!

[ A% — AFpp|lyx < ln1 — nally=.
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Since

ak

kll)n;oﬁ =0 forall a >0,

from the previous inequality we deduce that for k sufficiently large AX is a
contraction on V*. Therefore, the Banach contraction principle implies that there
exists a unique n* € V* such that n* = AFn*. Moreover, it follows that n* € V* is
the unique fixed point of A. Then u,« is a solution to Problem 5.16, which concludes
the proof of the existence part of the theorem.

To prove the uniqueness part let u € V with &’ € W be a solution to Problem 5.16
and define the element n € V* by

n(t) = /Ot C(t —s)u(s)ds fora.e. t €[0,T].

It follows that u is the solution to the problem (5.75) and, by the uniqueness of
solution to (5.75), we obtain u = u,. This implies An = 7 and, by the uniqueness
of the fixed point of A we have n = n*. Therefore, u = u,», which concludes the
proof of the uniqueness part of the theorem. O

5.3 Second-Order Hemivariational Inequalities

In this section we use the results of Sect.5.2 to provide existence and uniqueness
results of solutions to hemivariational inequalities of hyperbolic type. These results
represent an evolutionary version of theorems presented in Sect. 4.3. Most of the
notation and functional spaces we use in this section were already introduced on
pages 109 and 121 but, for the convenience of the reader, we recall them in what
follows.

Let 2 C R? be an open bounded subset of R? with a Lipschitz continuous
boundary 052 = I" and let I'c be a measurable partof I". Let V be a closed subspace
of H'(2:R%),s € N, H = L*(2:;R*), and Z = H®(£2;R®) with a fixed § €
(3.1). We denote by y: Z — L*(I'c:R*) and yo: H'(2:R*) — HV*(I'c:R*) C
L?(I'c;R%) the trace operators and, for simplicity, we write yov = yv forv € V.
Recall that (V, H, V*) and (Z, H, Z*) form evolution triples of spaces and V C Z
with compact embedding. We denote by ¢, > 0 the embedding constant of V' into
Z,by |ly|l the norm of the trace in L(Z, L>(I'c;R*)), and by y*: L>(I'c;R*) — Z*
the adjoint operator to y.

Moreover, given a time interval (0, 7), we denote X¢ = I'¢ x (0,T) and we
introduce the spaces

V=L1%0,T:V), Z=1L1%0,T:Z), H=L%0,T:H),
Z*=L*0,T;Z%, V*=L*0,T:V*), W={veV]|v eV}
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A local existence result. Let 4:(0,7) x V — V* and B:V — V* be given
operators, let f, h, j;, jo» denote prescribed functions, and let ug, vy represent
initial conditions. With these data we consider the following Cauchy problem for
hyperbolic hemivariational inequalities.

Problem 5.18. Findu €V such that u' € W and
(" (t) +A, u'(t)) + Bu(t),v)y*xy
[ (0 yu0: ) + bl ©) 2y 0: o)) ar
I'c

> (f(t),v)y*xy forallv e V, aee.t € (0,T),

u(0) = up, u'(0) = vy.

An inequality as above is called a second-order hemivariational inequality or a
hemivariational inequality of hyperbolic type.

In the study of Problem 5.18 we consider the following hypotheses.

h: I'c x R* x R® — R is such that
(a) h(-,n1, n2) is measurable on ¢ for all 1,7, € R®.
(b) h(x,-,-) is continuous on R* x R’ fora.e. x € I'¢. (5.89)
()0 < h(ic, N, n2) < 1 for all n,n €R ae.x el¢
with 2 > 0.
Ji:Xe xRY — R, i = 1,2is such that

(a) Ji(-,-, &) is measurable on X¢ for all £ € R*® and there
exists e; € L*>(I'c;R*) such that j; (-, -, e;(-)) € L'(Z¢).

(b) ji(x,t,-) is locally Lipschitz on R* for a.e. (x,t) € X¢.

(©) 19ji (x,2,8)[rs < Coi(2) +C1;[|E]|rs forall & € R,
a.e. (x,t) € X¢ withcg;,cy; > 0,¢o; € L0, 7).

(5.90)

(d) Either ji(x,t,-), ja(x,t,) or — ji(x,t,-),—ja2(x,t,")
are regular on R for a.e. (x,1) € X¢.

The main existence result for Problem 5.18 reads as follows.

Theorem 5.19. Assume that (5.1), (5.2), (5.4), (5.89), (5.90) hold and
a > 6 max{ci,cph}c? ||y T. (5.91)

Then Problem 5.18 has at least one solution.
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Proof. We apply Theorem 5.11. To this end, we consider the space X = L?(I'c;R¥),
the operator R: Z x Z — X x X givenby R(w,z) = (yw, yz) forallw, z € Z and
the functional J: (0, T) x L*>(I'c;R*)* — R defined by

J(@t,w,z,u,v) = / <j1 (x,t,yu) + h(x, Rw,2)) j2(x,t, yv)) ar (5.92)

I'c

forall w, z, u, v € L>(I'c:R%), ae. t € (0, T). It is clear that the operator R
belongs to L(Z x Z, X x X), i.e., (5.60) holds. We prove that under the hypotheses
(5.89) and (5.90) the functional J defined by (5.92) satisfies condition (5.63). To
make the proof transparent, we first state the properties of the integrand of J. Let
jiYe xR xR xR x R — R be given by

JOetomum 61.8) = ji(x,t, &) + h(x,n1.n2) ja(x. 1, 6)

for all ny, m2, &1, & € RY, ae. (x,1) € Xc. It follows from the hypotheses (5.89)
and (5.90) that j has the following properties:

@ Jj(, -, n,n2,&1,&) is measurable on X¢, for all y, n,, &, & € R’ and there
exists e € L?(I'c;R* x R¥) given by e(-) = (ei(-), e2(-)) such that for all
we L*(I'c;R* x R*), we have j(-,-, w(-),e(-)) € L'(Z¢).

d) j(x,t,-,-, &, &) is continuous on R* x R* for all &, & € R¥, ae. (x,t) € X¢
and j(x,t,ny, M2, ) is locally Lipschitz on R® x R® for all n;, n, € R?, a.e.
(x,1) € Xe.

©) 110jCx,t, 11,02, E1,E)lRexrs < Co1(t) + Coa(t) It + Ty |E1[lrs + €12t [|E2]lo
for all ny, ny, &1, & € RY, ae. (x,t) € X¢, where the subdifferential of j is
taken with respect to the pair (£, &).

(d) Either j(x,t,1n1,n2,+, ) or —j(x,t, 01,12, ) is regular on R* x R* for all n;,
n € R, ae. (x,f) € Y.

(e) jO(x, t,- - P1, P2) is upper semicontinuous on (R"')4 forall p;, p, € R’ ae.
(X, t) e Xe.

The proof of the properties above follows directly from the hypotheses (5.89)
and (5.90) and, for this reason, we skip them. Nevertheless, to provide an example,
we restrict ourselves to present only the proof of the property (e). For all n € N, let
(M1n M2n. 1, §20) € (R¥)* and assume that (11, N2n, E1ns §20) = (M1, 12,61, 62) as
n — oo, where (91, 12, £1,&) € (}R“')4. Let also p;, p» € R*. From Lemma 3.39(3)
and Proposition 3.23 (ii), for a.e. (x,t) € X¢, we have
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limsup O (x, £, 01w, N2ns E1ns E205 P14 P2)
= limsup (j(x. 2. Ens p1) + h e, Nin. M2n) 3 (X, 1, €205 p2))
<limsup j{(x,2,&1,: p1) + h(x, 1, m2) limsup j; (x, 2, €25 p2)
Hlimsup (h(xX, 1a, M2n) = B0 01, 712)) 3 (6,1, €2 2)
< U016 p) + h(x, i m) i (6,1, €2 02)
Hlp2llrs (€20(2) + €21 |E2n lrs) lim |2 (X, M1, M2n) — B (X, M1, 12)]
= jP .t € o) + (e m) Jy (x 625 p2) = (e, ma. 1, €23 p1. p2),

which proves the upper semicontinuity of j O(x, 2,5 01, P2).
Next, using the properties (a)—(e) of the integrand j of J, from Theorem 3.47,
we deduce that

G) J(,-,-,-)is well defined and finite on L>(I'c;R*)* a.e.t € (0, 7).
@ii) J(-,w,z,u,v) is measurable on (0, T') for all w, z, u, v € LZ(FC; RY).

(iii) J(t,w,z,-, ) is Lipschitz continuous on bounded subsets of LZ(FC; R“)z for all
w,z € L*2(I'c;R*),ae.t € (0,T).

(iv) Forall w, z, u, v € L>(I'c;R*), a.e. t € (0, T), we have
0J (2, w,z,u, V)| 12(resrey2 < o) + 1 [, V) || 21 srsy2

with ¢o(t) = +/3meas(/¢) (Elo(t) + Ezoﬁ), ¢ = ﬁmax{al,Ezﬁ},
where the subdifferential of J is taken with respect to (u, v).

(v) The multifunction 8J(z,-, -, -,-): L>(I'c;: R*)* — 2L IR hag a closed graph
inthe L2(I'c; R*)* x (w—L?(I'c;R*)?) topology for a.e. t € (0, T)

(vi) Forallw, z, u, v, u, v € LZ(FC; R%), a.e.t € (0,T), we have

Jo(t,w,z,u,v;ﬁ,i) :/ jo(x,l,w(x),z(x),u(x),v(x);ﬁ(x),ﬁ(x)) dr.

I'c

From the properties (i)—(vi), we deduce that the functional J given by (5.92)
satisfies the conditions (5.63). Moreover, since ¢, = 0, it follows that (5.91) implies
(5.61). We use now Theorem 5.11 to obtain that Problem 5.9 has at least a solution.

Finally, we show that every solution to Problem 5.9 is also a solution to
Problem 5.18. Let u € V be a solution to Problem 5.9. According to Definition 5.2
this means that ' € W and there is { € Z* such that
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u'(t) + At u'(2)) + Bu(t) + (1) = f(t) ae.t €(0,7T),
¢(t) € S R*0J(t, R(u(r). (), R(u(r). i/ (1)) ae.i € (0,T),
u(0) = ug, u'(0) = vy.
Hence, it follows that
§@) =6@) +50(1),  (61(1). L@0) = (r (1), y 1))
and
(@1 (). 22()) € 0T (¢, yu(t), yu'(t), yu(t). yu'(t))

fora.e.t € (0, T). The latter inclusion is equivalent to
(21(8), ) 2(remsy + (22(0), V) L2(1e sr)

< IOt yu(r), yu' (1), yu(t), yu'(t): 4, v)

forall u, v € LZ(FC; R*), a.e. t € (0,T). Therefore, from the property (vi), we
obtain that

(f@) =u"(t) = At W' (1)) — Bu(t), v)vsxy = ({(t), V) z+xz
= (V*ZI(Z) + V*ZZ(l)v V) zexz = (21(t) + 22(¢), VU>L2(FC;RS)

< JO(, yu(r), yu (1), yu(t), yu' (6); yv, yv)
= /F (0 yut); o) + hyu(o, v ) j3 @yl @) yv)) dT

for all v € V and a.e. t € (0,T). It results from above that u is a solution to
Problem 5.18, which completes the proof. O

‘We underline that the result of Theorem 5.19 represents a local existence result,
since the length of the time interval has to satisfy the smallness condition (5.91).
In what follows we consider a particular case of Problem 5.18 in which j; = 0. In
this case we are able to remove this smallness assumption, i.e., we establish a global
existence result, see Theorem 5.21. In the proof of this global existence result we
introduce a superpotential and, in contrast to the proof of Theorem 5.19, we consider
its subdifferential with respect to only one variable.
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A global existence result. Let 4:(0,7) x V — V* B:V — V* be given
operators, let f, h and j be prescribed functions and let uy, vy represent given
initial conditions. With these data we consider the following Cauchy problem for
hyperbolic hemivariational inequalities.

Problem 5.20. Findu €V such that u' € W and
(' (t) + A(t,u' (1)) + Bu(t), v)y*xy

4 /F hyu(), il (1) 70, yil (1); yo) T = (F(1), 0)veny

forallv eV, ae.t € (0,7),
u(0) = uy, u'(0) = vy.

In the study of Problem 5.20 we need the following hypothesis on the function ;.
j:Xec xRS — R is such that

(a) j(,-, &) is measurable on X¢ for all £ € R* and there
exists e € L>(I'c;R®) such that j(-,-,e(-)) € L'(Z¢).

(b) j(x,¢t,-) is locally Lipschitz on R* for a.e. (x,7) € X¢.

(©) 1197 (x,1,8)|lrs < Co(t) + 1] ]|rs forall § € R,
a.e. (x,t) € X¢ withcg,c; > 0,c9 € L=°(0,T).

(5.93)

(d) Either j(x,t,-) or — j(x,¢t,-) is regular on R* for
a.e. (x,t) € Xc.

The main existence result for Problem 5.20 reads as follows.

Theorem 5.21. Assume that (5.1), (5.2), (5.4), (5.89), (5.93) hold and
a>6ccihly|’ (5.94)

Then Problem 5.20 has at least one solution.

Proof. We apply Theorem 5.13. We consider the space X = L*(I'c;R®), the
operator M = y:Z — X and the functional J:(0,7) x L>*(I¢c;R*)> — R
defined by

J(@t,w,u,v) = h(x,w(x),u(x)) j(x,t,v(x))dIl’ (5.95)
I'c
for all w, u, v € L>(I'c:R%), a.e. t € (0,T). It is clear that y € L(Z,X), i.e.,
(5.64) holds. We prove that under the hypotheses (5.89) and (5.93) the functional J
defined by (5.95) satisfies condition (5.63). To make the proof transparent, we first
state the properties of the integrand of J.
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Let ji: Yo x R®* x R* x R® — R be given by

jl(x’ta n, '72,5) = h(x’ n, nZ)j(xvt7s)

for all ny, n, € € R, ae. (x,1) € X¢. It follows from the hypotheses (5.89) and
(5.93) that j; has the following properties.

@) Jj1(-,-,m1,1m2,&) is measurable on X¢, for all 5y, n,, &€ € R® and there
exists e € LZ(FC;]RS) such that for all v, w € LZ(I"C;]RS), we have
jl (" " 'U('), W(')’ 6()) € LI(EC)

(b) ji(x,t,-,-, &) is continuous on R* x R* for all £ € R, ae. (x,1) € X¢ and
Ji(x,2,m1,m2, ) is locally Lipschitz on R?, for all ny, 7, € R®, a.e. (x,1) € Xc.

© Noj1(x,t,m,m2,8)lrs < Cot) h+cih||§|rs forall i, m2, § € RY, ae. (x,1) €
Y c, where the subdifferential of j; is taken with respect to the last variable.

(d) Either ji(x,t,n1,1n2,-)or —ji(x,t,n1,n2,-)isregularon R, for all ny, n, € R,
ae. (x,1) € Xc.

(e) j{(x,t,-,++p) is upper semicontinuous on (R%)® for all peRS, ae.
(X, t) eXc.

The proof of properties follows directly from the hypotheses (5.89) and
(5.93) and, for this reason, we provide only the proof of the property (e). Let
(M1, 20, €1) € (R)? be such that (in, N2n &) — (i, 1m2,€) as n — oo,

where (71, 172,€) € (R*)3. Also, let p € R*. From Proposition 3.23 (ii), for a.e.
(x,t) € X, we have

lim supjlo(x, £ Mns Mans Ens P)
= limsup A (X, N1n, N2n) 7O (X, 2. 05 p)

< limsup [(A(x, N1ns N2n) — K, 01, 12)) 70(x, £, € p)
+ h(x,n1.m) jO(x. 1. & p)]
< llpllrs (co(®) + <1 [[Enllrs) lim [A(x, 1n, 020) — A (X, 11, 1m2)|

+ h(x,n1,m) limsup jO(x,1, € p)
< h(x,n1,m) j%(x,1,& p)
= j{(x.n1.m. € p),

which proves the upper semicontinuity of jlO (x,t,++, 1 0).
Next, using the properties (a)—(e) of the integrand j; of J, from Theorem 3.47,
we deduce that

(i) J(t,-,-,-) is well defined and finite on L>(I'c;R*)%, fora.e.t € (0, T).
(i) J(-,w,u, v) is measurable on (0, T') for all w, u, v € L*(I¢; RY).
(iii) J(¢,w,u,-) is Lipschitz continuous on bounded subsets of LZ(FC; R*) for all
w,u € L>(I'c;R%),ae.t € (0,7).
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(iv) Forall w, u, v € L*>(I'c;R%), ae.t € (0, T), we have
10J(t, w,u, V)| L2(reirs)y < co(t) + 1Vl L2(re:re

with ¢o(t) = /3meas (I'c) o(¢) h and ¢; = /3¢, h, where 8J is taken with
respect to the last variable.

(v) The multifunction dJ (¢, -, -, -): L2 (I'c; R®*)® — 2L°U0¢:®) hag a closed graph in
L*(I'c:R%)3 x (w=L?(I'c;R%)) topology fora.e. t € (0,T).

From the properties (i)—(v), we deduce that the functional J given by (5.95)

satisfies the conditions (5.63). Moreover, since ¢c; = ¢3 = 0, then (5.94)
implies (5.65). The conclusion of Theorem 5.21 is now a direct consequence of
Theorem 5.13. O

A global existence and uniqueness result. In the following we prove that if A4 is
strongly monotone, / is a nonnegative constant function and j satisfies an additional
hypothesis, then the solution to Problem 5.20 is unique. Consider the following
evolutionary hemivariational inequality which is a counterpart of the stationary
hemivariational inequality in Problem 4.19.

Problem 5.22. Findu € YV such that u' € W and
(W' (0) + At (1)) + Bu(t), v)yoxy + / JO yid (t): yv) AT

I'c
> (f(t),v)y*xy forallveV, aete(0,T),
u(0) = uy, u'(0) = vy.
In the study of Problem 5.22 we need the following hypotheses involving the
function j and the smallness conditions below, as well.
j:Xc xRY — Ris such that

(a) j(-,-, &) is measurable on X¢ for all £ € R* and there
exists e € L2(I'c;R®) such that j(-,-,e(-)) € L'(Z¢).

(b) j(x,t,-) is locally Lipschitz on Rf for a.e. (x,¢) € X¢.

(© [19jCx.1.8) |z < Co(t) 4 C1[|§][es forall § € RY, (5.96)
a.ce. ()C,Z) € XY withcg,c1 > 0,¢9 € LOO(O, T)

(d) Either j(x,t,-) or — j(x,t,-) is regular on R* for
ae. (x,1) € Xc.

@) (61— &) - (51 — &) = —ma||§ — &}, forall &, & € R,
g € dj(x,t,&), 1 =1,2,ae. (x,t) € X withmy > 0.
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my = mycl ||y (5.97)

a>6c ¢yl (5.98)

We have the following existence and uniqueness result.

Theorem 5.23. Assume that (5.2), (5.4), (5.67), (5.96)—(5.98) hold. Then Problem
5.22 has a unique solution. Moreover, if u; denotes the solution to Problem 5.22
corresponding to [ = f; € V*, i = 1, 2, then there exists ¢ > 0 such that

s (1) = w2 () +/ luy () = ()15 ds < C/ 1/1(5) = fa(s)[[}+ ds (5.99)
0 0

forall ¢ € [0, T].

Proof. We use Theorem 5.15 with the space X = L*(I'c;R®), the operator M =
y:Z — X and the functional J: (0, T) x L*(I'c;R*) — R defined by

J(t,u) :/ Jjx.t,u(x))dI" forall ue L*(I'c:R®), ae.t € (0,T).
I'c

We note that (5.64) holds and the conditions (5.97) and (5.98) imply (5.69) and
(5.70), respectively. Moreover, under the hypothesis (5.96), from Theorem 3.47 we
deduce the following properties.

(i) J(-,u) is measurable on (0, T) for all u € L*>(I'c;R¥).
(ii) J(t,-) is Lipschitz continuous on bounded subsets of L>(I'c;R*) for a.e.t €
0,T).
(iii) Forallu € L*(I¢; R%),a.e.t € (0,T), we have

10J(t, )l L2(rersy < co(t) + et llull 2 rs)

with ¢o(z) = /3 meas (I'c) co(t) and ¢; = J3zel.

(iv) Forallu € L*>(I'¢; R%),a.e.t € (0,T), we have
aJ(t,u) = 0j(x,t,u(x))dr.
I'c

(v) Forallu,v € L>(I'c;R%),a.e.t € (0, T), we have

JOt, u; v)=/ 700, u(x); v(x))dr.
I'c
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The proof of these properties follows by using similar arguments to those already
used in the proof of Theorem 5.21 and, for this reason, we skip it.

Next, from the properties (i)—(iii), it is easy to see that J satisfies conditions
(5.68)(a)—(c). In what follows, we show that J satisfies condition (5.68)(d), too.
Indeed, let ¢ € (0, T) \ N with meas (N) = 0 and let u;, z; € L?>(I'¢c;R®) be such
that z; € dJ(t,u;), i = 1, 2. From the property (iv), it follows that there exists
& € L*(I'c;R%) such that &; (x) € 9j(x,t,u; (x)) fora.e. x € I'c and

(zis V) 2(reire) = / &i(x)-v(x)dI forallv € L>(I'c;R®).
I'c
Then, using (5.96) we obtain

<m—mJu—mnmhwp=ﬁxau)—aw»«mu>—mu»dr

v

ﬂM/IM@%ﬂﬁm@dF
I'c

2
= —nmy ”ul - u2||L2(FC;RX)

and, therefore, we conclude that condition (5.68)(d) is satisfied.
Further, from Theorem 5.15 we deduce that there exists a unique solution u € V
such that #’ € W, which solves

W (t) + A@t, W' (1)) + Bu(t) + y* 9J (1, yu' (1)) 5 f(1)
ae.t €(0,7), (5.100)
u(0) = up, u'(0) = vg.
In what follows we show that u € V with u’ € W is a solution to (5.100) if and

only if it solves Problem 5.22. To this end, assume that u € V is such that u’ € W
and u is solution to (5.100). This means that there exists { € L?(I'c; R*) such that

u’(t) + A(t, /(1)) + Bu(t) + y*{(t) = f(t) ae. t € (0,7),
L(t) € 0J(t, yu/'(t)) ae. t € (0,T), (5.101)
u(0) = up, u'(0) = vy.

Letv € V. Then

(u"(t) + At u' (1)) + Bu(t), v)yxy + (C. ¥V) 1210 1rs)

= (f(1),V)y*xy ae. t€(0,T), (5.102)
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and the definition of the subdifferential together with the property (v) gives

(C.vv) 2o rs) < JOt, yu (t); yv)
:/ Oty (x, 1) yv(x)) dI™ ae. t € (0, 7). (5.103)
I'c

Relations (5.101)—(5.103) imply that u is a solution to Problem 5.22.

Conversely, let u be a solution to Problem 5.22. Using the property (v), we know
that

(W'(1) + At (1)) 4+ Bu(t), v)yexy + JO@, yi (0):yv) = (f(1).0)vexy
forallv € V and a.e.t € (0, T). We use Proposition 3.37 to see that
JO yu (0);yv) = (J 0 p)°(t, 4 (1);v) and I(J o y)(t,u' (1)) = y* dJ (¢, yu (1)),
and, therefore, we have

(f@) —u"(t) = A(t, /(1)) — Bu(t),v)y=xy
< JO(t, yd (0);yv) = (J o y)° (1,4 (1); v)

forallv € V,ae.s € (0,T), and

f(@) =u"(t) = A(t,u' (1)) — Bu(t) € (J o y)(t,u'(t)) = y* 0J (¢, yu' (1))

fora.e. t € (0, T). We conclude from here that u € V with ' € W is a solution to
the evolutionary inclusion (5.100).

The arguments above prove the existence and uniqueness part of the theorem. To
end the proof, let f; € V* and denote by u; the unique solution to Problem 5.22
corresponding to f = f;,i = 1,2. We have u; € V, u; € YW and

uy(s) + A(s,u(s)) + Bui(s) + y* ¢i(s) = fi(s) ae.s € (0,T), (5.104)
uy (s) + A(s,uy (1)) + Bua(s) + y* &a(s) = fo(s) ae.s € (0,T), (5.105)
i(s) € dJ (s, yui(s)) ae. s€(0,7), i =1,2, (5.106)

u1(0) = ux(0) = up, u;(0) = u5(0) = vy. (5.107)
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Subtracting (5.105) from (5.104), multiplying the result by u/ (s) —u5(s), integrating
by parts and using the initial conditions (5.107), we obtain

3 16000 = 0l + [ (A 60) = G600 16) = D) v ds
+f (Bur(s) — Bus(s),u(5) — )}y d
+ [0 60 = 2606 — 6 20z ds
= [ 16— 260 6) = vy ds (5.108)
forall # € [0, T]. Also, since J satisfies (5.68)(d), from (5.106), we find

/O (21 (5) — La(s)). () — uy(5)) zxz dis

- /0 (61(5) — Lals). yid, () — yis(5)) p2qresms ds

v

t
[ 176 = s 1
0

%

t
Iy [ 1) = oI ds. (5.100)
Finally, conditions (5.2) and (5.107) imply

/0 (Buy(5) — Bus(s). i, (s) — tdy(s))yoxr ds

1

) /0 %<B(u1($) —up(8)), u1(s) — uz(s))y*xy ds

% (B(ui(t) —uz(t)), u1(t) — uz(t))y*xy =0 (5.110)
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for all ¢ € [0, T]. We combine (5.108)—(5.110) and use the properties (5.67) of the
operator A to obtain

1 - t
3 1O =0Ty +7 [ 16) =0l ds

< /0 1£3(5) = o)l s () — o)l ds (5.111)

forall 7 € [0, T] withT = m; —my c? ||y||>. Note that by the smallness assumption
(5.97) we get'¢ > 0. Moreover, from (5.111) we have

~ 2
c ||’4/1 - M/ZHLZ(OJ;V) <Ifi— f2||L2(0,t;V*) ||“/1 - “/z”LZ(o.t;V)
forall ¢ € [0, T], and, therefore,
/ ! 1
) — upll L2045y = = /1= fall L2055 (5.112)

forall ¢ € [0, T]. On the other hand, using the initial conditions (5.107), we have

u; (1) = uo —i—/ot u;(s)ds

forallt € [0,T],i = 1, 2, which implies that

t
har (1) = ws(®)ly < /0 146,(5) — y() 1y ds < ~T o, — tyll o0y

forall ¢ € [0, T']. Using now (5.112) yields

T
lur () —ua()|lv < \/?_ /1 = fall L2050+ (5.113)

for all ¢+ € [0, T']. Finally, combining (5.112) and (5.113), we obtain the estimate
(5.99) which completes the proof of the theorem. O

Second-order hemivariational inequalities with Volterra integral term. We
conclude this section with a result on the unique weak solvability of evolutionary
hemivariational inequality involving the Volterra integral term. The problem we are
interested in is formulated as follows.
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Problem 5.24. Findu €V such that u' € W and

(u”(t) + A(t, W' (t)) + Bu(t) + /t C(t —s)u(s)ds, v)yrxy
0

+ [P dr = G0
I'c
forallv eV, ae.t € (0,7),

u(0) = up, u'(0) = vy.

Theorem 5.25. Assume that (5.2), (5.4), (5.67), (5.74), (5.96)-(5.98) hold. Then

Problem 5.24 admits a unique solution.

Proof. We provide two proofs of this theorem. In the first proof the unique
solvability of Problem 5.24 follows from Theorem 5.17. Indeed, taking the space
X = L?*(I'c;R*) and the operator M = y: Z — X, it is clear that the condition
(5.64) holds, while the assumptions (5.97) and (5.98) entail (5.69) and (5.70),
respectively. We consider the functional J: (0, T') x L?(I'c;R*) — R defined by

J(t,u) = / j(x.t,u(x))dI’ forall u e L*>(I'c:R%), ae.t € (0,T).
I'c

Arguments similar to those used in the proof of Theorem 5.23 show that the
hypothesis (5.96) on the integrand j implies condition (5.68) on J. Therefore, using
Theorem 5.17 we obtain the existence of a unique solution u € V with ' € W to
the inclusion

u”(t) + A(t,u' (1)) + Bu(t) + / C(t —s)u(s)ds + y*oJ(t,yu'(2)) > f(1)
0
ae.t €(0,7),

u(0) = up, u'(0) = vy.

And, as in the final part of the proof of Theorem 5.23, we deduce that u is a solution
of the previous Cauchy problem if and only if u solves Problem 5.24. This completes
the first proof of the theorem.

For the second proof, let n € V* be fixed. We consider the following intermediate
problem.
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Problem P,. Findu €V such that ' € W and

(U"(t) + A(t,u/' (1)) + Bu(t), v)y=xy + / Jot, yu (t);yv)ydr
I'c
> (f(t) —n(),v)y*xy forallv eV, ae.t € (0,T),
u(0) = ug, u'(0) = v.

From Theorem 5.23, we know that Problem P, admits a unique solution and

t
lur (0) = wa (D)3 < C/ In1(s) = n2(s)|[3+ ds forallz € [0, 77,
0

where c is a positive constant and u; denotes the solution to Problem P, correspond-
ington = n;,i = 1, 2. Next, we consider the operator A: V* — V* defined by

(An)(@) = /Ot C(t — s)uy(s)ds forall n e V*, ae.t €(0,7),

where u, € V is the unique solution to Problem P,. Analogously as in the proof
of Theorem 5.17, we deduce that the operator A is well defined, has a unique fixed
point n* € V* and u = u,+ is the unique solution to Problem 5.24. This completes
the second proof of the theorem. O
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Chapter 6
Modeling of Contact Problems

In this chapter we deal with the mathematical modeling of the processes of contact
between a deformable body and a foundation. We present the physical setting,
the variables which determine the state of the system, the balance equations, the
material’s behavior which is reflected in the constitutive law, and the boundary
conditions for the system variables. In particular, we provide a description of the
frictional contact conditions, including versions of the Coulomb law of dry friction
and its regularizations. Then we extend our description to the case of piezoelectric
materials, i.e., materials which present a coupling between mechanical and electrical
properties. In this chapter, all the variables are assumed to have sufficient degree of
smoothness consistent with developments they are involved in. Moreover, as usual
in the literature devoted to Contact Mechanics, everywhere in the rest of the book
we denote vectors and tensors by bold-face letters.

6.1 Physical Setting

We consider the general physical setting shown in Fig.6.1 that we describe in
what follows. A deformable body occupies, in the reference configuration, an open
bounded connected set 2 C RY (d = 1,2,3) with boundary 92 = I', assumed
to be Lipschitz. We denote by v = (v;) the unit outward normal vector and by
x = (x;) € 2 = £ U T the position vector. Here and below, the indices
i, J, k, [ runfrom 1 to d; an index that follows a comma indicates a derivative with
respect to the corresponding component of the spatial variable x and the summation
convention over repeated indices is adopted. We denote by S¢ the space of second-
order symmetric tensors on R? or, equivalently, the space of symmetric matrices of
order d. We recall that the canonical inner products and the corresponding norms
on R¢ and S? are given by
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Fig. 6.1 The physical / /
setting; /¢ is the contact / Iv

surface

Iy
Q- body \\\4 Jfo

foundation

u-v=1uv;, |v|ga =(-v)/? forall u = (u;), v = (v;) € R?,
0:7 =057, |tlge =(t: 7)!/2 forall o = (0i), T = (1;j) € s?,
respectively.

We also assume that the boundary I" is composed of three sets I' p, I" v, and I ¢,
with mutually disjoint relatively open sets I'p, Iy, and I'¢, such that meas (I'p) > 0.
The body is clamped on I'p and time-dependent surface tractions of density f act
on ['y. The body is, or can arrive, in contact on I'c with an obstacle, the so-called
foundation. At each time instant ¢ is divided into two parts: one part where the
body and the foundation are in contact and the other part where they are separated.
The boundary of the contact part is a free boundary, determined by the solution
of the problem. We assume that in the reference configuration there exists a gap,
denoted by go, between I'¢ and the foundation, which is measured along the outer
normal v.

We are interested in mathematical models which describe the evolution of the
mechanical state of the body during the time interval [0, T'], with 7 > 0. To this
end, we denote by 0 = o (x,7) = (0;;(x,1)) the stress fieldand by u = u(x,t) =
(u; (x,1)) the displacement field where, here and below, ¢ denotes the time variable.
The functions u: 2 x [0, T] — R? and 0: 2 x [0, T] — S¢ will play the role of
the unknowns of the contact problem. From time to time, we suppress the explicit
dependence of various quantities on the spatial variable x, or both x and 7; i.e.,
when it is convenient to do so, we write o (¢) and u(¢), or even o and u.

The equation of motion that governs the evolution of the mechanical state of the
body is

ou” =Dive + f, in £2x(0,T), (6.1)

where p is the mass density and f|, is the density of applied forces, such as gravity or
electromagnetic forces. Here “Div” is the divergence operator, i.e., Dive = (0j; ),
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and recall that 0;; ; = ZG% Also, as usual, the prime denotes the time derivative;
]
2 . .
thus &’ = %—lf and u’ = 33712‘ represent the velocity field and the acceleration field,
respectively.

When the external forces and tractions vary slowly with time, and the accelera-
tions in the system are rather small and can be neglected, we omit the inertial term
in the equation of motion and obtain the equation of equilibrium

Dive + f, =0 in £ x(0,7T). (6.2)

Processes modeled by the equation of motion (6.1) are called dynamic processes.
Processes modeled by the equation of equilibrium (6.2) are called quasistatic, if at
least one derivative of the unknowns u and ¢ appears in the rest of equations or
boundary conditions, and static, in the opposite case. Also, note that among the
static processes we distinguish the time-dependent processes, in which the data and
the unknowns depend on time and the time-independent processes, in which the time
variable does not appear. And, note that in this last case, the equation of equilibrium
is valid in £2, i.e.,

Dive + f, =0 in £. (6.3)

Note also that in this book we deal only with static and dynamic contact processes.
Models and variational analysis of various quasistatic contact processes can be
found in [102,233], for instance.

Since the body is clamped on I'p, we impose the displacement boundary
condition

u=0 on Ipx(0,T7). (6.4)

The traction boundary condition is
ov=fy on Iyx(0T). (6.5)

It states that the stress vector o'v is given on part Iy of the boundary, during the
contact process. Note that in the case of time-independent processes the boundary
conditions (6.4) and (6.5) hold on I'p and I'y, respectively, i.e.,

u=0 on Ip, (6.6)
ov=fy on I[y. (6.7)

On I'c we will specify contact conditions. The contact may be frictionless or
frictional, with a rigid or with a deformable foundation and, in the case of frictional
contact, a number of different friction conditions may be employed. A survey of
the various contact and frictional conditions used in this book will be provided in
Sect. 6.3.
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We also recall the strain-displacement relation
1 .
e(m) = (g;W)), &)= 3 (wij +uj;) in £2x(0,T) (6.8)

which defines the linearized (or the small) strain tensor. Sometimes we omit the
explicit dependence of & on u by writing & instead of &(u) and we note that in
the case of time-independent processes (6.8) holds in §2. Finally, note that all the
problems studied in this book are formulated in the framework of small strain theory.

At this stage the description of our model is not complete yet, since we have
more unknown functions than equations. Indeed, in the case d = 3 we have
three equations in (6.1) or (6.2) and six relations in (6.8) (taking into account the
symmetry of &) for the 15 unknowns (u, 6, €) (taking into account the symmetry of
g, as well). When d = 2, there are eight unknown functions and we only have two
equations and three relations.

Physical considerations also indicate that the description of the problem so far is
incomplete. The equation of motion (6.1) as well as the equation of equilibrium (6.2)
or (6.3) are valid for all materials, since they are derived from the principle of
momentum conservation. In addition to the kinematics and the balance laws that
apply to all materials, we need a description of the particular behavior of the material
the body is made of. This information is the content of the so-called constitutive
equation, or constitutive law, or constitutive relation of the material, and it provides
the remaining equations for the model.

6.2 Constitutive Laws

The relationship between the stresses o and the strains & which cause them is given
by the constitutive law, which characterizes a specific material. It describes the
deformations of the body resulting from the action of forces and tractions. Although
they must satisfy some basic axioms and invariance principles, constitutive laws
originate mostly from experience. A general description of several diagnostic
experiments which provide information needed in constructing constitutive relations
for specific materials, made with “standard” universal testing machines, can be
found in [57,71, 117]. Rheological considerations used to derive constitutive laws
can be found in [71, 102, 239], for instance. In this book we consider constitutive
laws for nonlinearly elastic and viscoelastic materials and, for the viscoelastic
materials, we consider both the case of short and long memory.

Elastic constitutive laws. A general elastic constitutive law is given by

o = Fe(u) (6.9)
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where F is the elasticity operator, assumed to be nonlinear. We allow F to
depend on the location of the point; consequently, all that follows is valid for
nonhomogeneous materials. We use the shorthand notation Fe (u) for F(x, e(u)).

In particular, if F is a linear operator, (6.9) leads to the constitutive law of linearly
elastic materials,

0ij = fijkiki, (6.10)

where o;; are the components of the stress tensor ¢ and fj;; are the components of
the elasticity tensor . Usually, the components f;jx; belong to L°°(£2) and satisfy
the usual properties of symmetry and ellipticity, i.e.,

Sijki = fiiki = Suij»
and there exists m » > 0 such that
2 d
Jijkigijert = mr|ells, forall & = (g;;) € S°.

Due to the symmetry, when d = 3 there are only 21 independent coefficients, when
d = 2 there are only four independent coefficients, and when d = 1 there is only
one component in the elasticity tensor.

Let d = 3. When the material is linear and isotropic, the elasticity tensor is
characterized by only two coefficients. Thus, the constitutive law of a linearly elastic
isotropic material is given by

o=2pne) + Atr(e(u)) I (6.11)
so that the elasticity operator is
Fe)=2pne +Atr(e) I5. (6.12)

Here A and p are the Lamé coefficients and satisfy A > 0, u > 0, tr(e(u)) denotes
the trace of the tensor & (u),

tr(e(u)) = exx(u),

and I3 denotes the identity tensor of the second order on R3. In components, we
have

0ij =2 ue;j(u) + Aegx ()i (6.13)
where §;; is the Kronecker symbol, i.e., §;; are the components of the unit matrix
3 x 3.

Besides the linear case described above, a second example of elastic constitutive
law of the form (6.9) is provided by

o =Ce(u)+ B (e(u) —Pge(u)). (6.14)
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Here £ is a linear or a nonlinear operator, § > 0, K is a closed convex subset
of S? such that 0 € K and Px:S? — K denotes the projection operator.
The corresponding elasticity operator is nonlinear and is given by

F(e) =Ee + B (e — Pke). (6.15)

Usually the operator & is chosen to be linear, i.e., is a fourth-order tensor, and the
set K is defined by

K=1{eeS| G(e) <0}, (6.16)

where G:SY — R is a convex continuous function such that G(0) < 0. A well-
known example is the von Mises function

1

Ge) = 5 le”l3 — & (6.17)

Here &? represents the deviatoric part of e, defined by

D 1
& =e—gtr(e)ld, (6.18)
1, is the identity tensor of the second order on R? and g is a positive constant. The
corresponding set (6.16) is given by

K={eeS| e’ < gv2}. (6.19)

Using the convexity of the norm it is easy to see that the set K defined by (6.19) is
a convex subset of S¢. Moreover, since g > 0 it follows that 0 € K and, therefore,
K is not empty. Finally, since & > €” is a continuous mapping, it follows that K
is a closed subset of S¢. The convex set defined by (6.19) is called the von Mises
convex.

A third family of elasticity operators is provided by nonlinear Hencky materials
(for detail, cf. e.g. [262]). For a Hencky material, the stress—strain relation is

o =kot(e@)) Lo + Y (le” @) & @), (6.20)
so that the elasticity operator is
F(e) =kotr(e) Ia + v (lle” %) &”. (6.21)

Here, ky > 0 is a material coefficient, ¥: R — R is a constitutive function and,
again, I; and el = ¢P (u) denote the identity tensor of the second order on R4,
and the deviatoric part of & = &(u) respectively. The function v is assumed to be
piecewise continuously differentiable, and there exist positive constants ¢y, ¢z, di,
and d», such that for § > 0,

Yy(E) =di. —a =Y =0, =y +2y'¢)E <d. (6.22)
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Viscoelastic constitutive laws with short memory. A general viscoelastic consti-
tutive law with short memory is given by

o(t) = A(t,e'(t))) + Be(u(t)). (6.23)

We allow the viscosity operator A to depend on time as well as on the location of
the point. So, we use the shorthand notation A(z, e (u’)) for A(x,¢t,&(u’(t))). The
explicit dependence of the operator .4 with respect to the time variable makes the
model more general and allows to describe situations when the viscous properties of
the material depend on the temperature, which plays the role of a parameter, i.e., its
evolution in time is prescribed. We also allow the elasticity operator B to depend on
the location of the point, i.e., we use the shorthand notation Be (u) for B(x, e (u(t))).
Consequently, all that follows is valid for nonhomogeneous materials.

In linearized viscoelasticity the stress tensor ¢ = (0;;) is given by the Kelvin—
Voigt relation

0ij = aijkiex1 (W) + bijkier (w), (6.24)

where A = (a;jx1) is the viscosity tensor and B = (b;jx;) is the elasticity tensor.
Here, for simplicity, we assume that the coefficients a;;x; are time-independent.
Usually, the components a;;x; belong to L°°(§2) and satisfy the properties of
symmetry and ellipticity, i.e.,

Qijkl = Ajikl = Aklij
and there exists m 4 > 0 such that
2 d
aijri€ijexr > mallellg, forall & = (&) € S°.

Also, we assume that the components b;j; belong to L°°(§2) and satisfy the
same symmetry properties. Due to the symmetry, when d = 3 there are only 21
independent coefficients, when d = 2 there are only four independent coefficients,
and when d = 1 there is only one component in each tensor.

Let d = 3. The constitutive law for a linearly viscoelastic isotropic material with
short memory is given by

o =20e@)+tr(e@) I +2ue(m) + Air(e(m)) I3 (6.25)
or, in components,
oij = 26 sij(u’) + ZSkk(u/) 8,‘]' + 2,u£,-j (n) + A ek (u) 8,‘]'. (6.26)

Here, again, A and p are the Lamé coefficients whereas 6 and ¢ represent the
viscosity coefficients which satisfy 6 > 0 and ¢ > 0.
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A second example of viscoelastic constitutive law of the form (6.23) is provided
by the nonlinear viscoelastic constitutive law

o = Ae() + B (e(u) — Pxe(u)). (6.27)
Here A is a fourth-order viscosity tensor, § is a positive coefficient, K is a closed

convex subset of S? such that 0 € K and, again, Px:S? — K denotes the projection
operator. And, as a concrete example we can choose the von Mises convex (6.19).

Viscoelastic constitutive laws with long memory. A general viscoelastic consti-
tutive law with long memory is given by

t
o(t) =B, eu)) + / C(t—s,e(u(s)))ds. (6.28)

0
We allow the elasticity operator B and the relaxation operator C to depend on the
location of the point. Also, as shown in (6.28), the operators 3 and C are supposed

to be time-dependent.
In the linear case, the stress tensor ¢ = (0;;) which satisfies (6.28) is given by

0ij (1) = bijri er (u(t)) + /0 cijki(t —s) exi(u(s)) ds,

where B = (b;jx1) is the elasticity tensor and C = (c;jx;) is the relaxation tensor.
Here, for simplicity, we assume that the coefficients b;j;; are time-independent.
Nevertheless, we allow the coefficients b;jx; and c;jx; to depend on the location
of the point in the body.

Let d = 3. The constitutive law for a linearly viscoelastic isotropic material with
long memory is given by

o) =2pne()) +Atr(e(m(t))) I +2 /t 0t —s)e(u(s))ds
0

+ /t §(t —s)tu(eu(s)) Isds
0

or, in components,
t
03y (1) = 2 sy (D)) + A eie(@(©) 8 +2 / 01 — ) &1 (u(s)) ds
0

+/ é‘(t —5) Skk(u(s))&'j ds.
0

Here 0 and ¢ represent relaxation coefficients which are time-dependent.
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Finally, we combine (6.23) and (6.28) to obtain the more general viscoelastic
constitutive law

o(t) = At,e (1)) + B(e(u())) + /Ot C(t —s,e(u(s)))ds. (6.29)

One-dimensional examples of constitutive laws of the form (6.29) can be con-
structed by using rheological arguments, see for instance [123, 181]. We note that
when C = 0 the constitutive law (6.29) reduces to the viscoelastic constitutive law
with short memory, (6.23) and, in the case 4 = 0, it reduces to the viscoelastic
constitutive law with long memory, (6.28). We conclude from above that one of
the features of the viscoelastic model (6.29) consists in gathering short and long
memory effects in the same constitutive law.

6.3 Contact Conditions and Friction Laws

We proceed with the description of various conditions on the contact surface I'¢c.
These are divided, naturally, into the conditions in the normal direction and those
in the tangential directions. To describe these conditions we denote by u, and u,
the normal and tangential components of the displacement field # on the boundary,
given by

Uy =u-v, U, =1U—1U,V. (6.30)
We use similar notations for the normal and tangential components of the velocity
field u’ on the boundary, defined by

u,=u"-v, u =u—uv. (6.31)

v T

Below we refer to the tangential components u, and u’ as the slip and the slip
rate, respectively. Sometimes, for simplicity, we extend this terminology to the
magnitude of these vectors, i.e., we refer to ||u;|ge and [u) ||z« as the slip and
the slip rate, respectively. We also denote by o, and o, the normal and tangential
components of the stress field ¢ on the boundary, i.e.,

o, =(ov)-v, o,=0v—0,v. (6.32)

The component o , represents the tangential shear or the friction force on the contact
surface I¢.

Obviously, we have the orthogonality relations v, - v = 0, 6, - v = 0 and,
moreover, the following decomposition formula holds:

ov-v=(o,w+o0,) (v,w+v,)=0,v,+0; ;. (6.33)

This formula will be used in various places in the next chapters of the book, in order
to derive the variational formulation of various contact problems.
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Contact conditions. We start with the presentation of the conditions in the normal
direction, called also contact conditions or contact laws. In this book we consider
contact conditions of the form

—0,(t) € 9j,(t,u,(t) —go) on I¢x(0,7T), (6.34)

in which j, is a given function, the symbol dj, denotes the Clarke subdifferential of
Jv with respect to the last variable and, recall, gy represents the gap function. Here
and below, as usual, we do not indicate the explicit dependence of various functions
on the spatial variable x and, sometimes, on both x and 7. Note that the explicit
dependence of the function j, with respect to the time variable makes the model
more general and allows to describe situations when the contact condition depends
on the temperature, which plays the role of a parameter. Note also that in the study
of static problems for elastic materials we remove the dependence of the variables
with respect the time and, therefore, we replace the contact condition (6.34) with
the condition

—0, €9dj,(u, —go) on I¢. (6.35)

The so-called normal compliance contact condition represents an example of
contact condition which can be cast in the subdifferential form (6.34). It describes a
deformable foundation and assigns a reactive normal pressure which depends on the
interpenetration of the asperities on the body surface and those on the foundation.
A general form of this condition is

—o, =k, p,(u, —go) on I¢x(0,T), (6.36)

where p, is a prescribed nonnegative function which vanishes when its argument is
negative and k, is a nonnegative function, the stiffness coefficient. Equality (6.36)
shows that when there is no contact (i.e., when u,, < go) then o, = 0 and, therefore,
the normal pressure vanishes. When there is contact (i.e., when u,, > g¢) theno, <0
and, therefore, the reaction of the foundation is towards the body; in this case u, —go
represents a measure of the interpenetration of the surface asperities. The contact
condition (6.36) was first introduced in [156,200] and since then used in many
publications, see e.g. the references in [233]. The term normal compliance was first
used in [133,134].

Now, assume that k,: I'c x (0, T) — Ry is a prescribed function and p,: R —
R is continuous. Let g,: R — R and j,: I'c x (0,7) x R — R be the functions
defined by

a(r) = / pu(s)ds forall r € R, (6.37)
0

Jo(x.t,r) = k,(x,1) g,(r) forall r € R,
ae. (x,1) e It x(0,7). (6.38)
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Then, following Lemma 3.50(iii) on page 78, we have

agv(r) = pu(r), 9ju(x,t,1r) = ky(x,1) 08, (r) = ky(x,1) pu(r)

forall » € R, a.e. (x,t) € I'c x (0, T). Therefore, it is easy to see that the contact
condition (6.36) is of the form (6.34), as stated above. Note that here the function
Py is not assumed to be increasing and, therefore, the potential function j,(x, ¢, -)
is not necessarily a convex function.

An example of the normal compliance function p, is

pu(r) =r4, (6.39)

or, more general,
pu(r) = (r)™.

Here m > 0 is the normal exponent, and r = max {0, r} is the positive part of r.
And, finally, in literature one can find condition (6.36) with the choice

ry if r <6,
po(r) = _ (6.40)
s ifr > 6,

where § is a positive coefficient related to the wear and hardness of the surface.
Clearly, the normal compliance contact condition (6.36) recovers the case when
the normal stress is prescribed on the contact surface, i.e.,

—0,=F on Icx(0,T), (6.41)

where F is a given positive function. Such type of contact conditions arises in
the study of some mechanisms and was considered by a number of authors (see,
e.g., [72,202]). It also arises in geophysics in the study of earthquakes models, see
for instance [37,111-113] and the references therein.

Note that the normal compliance contact condition (6.36) is characterized by
a univalued relation between the normal displacement u, and the normal stress
0,. In Sect. 7.4 we shall present examples of contact laws expressed in terms of
multivalued relations between u,, and o,,, which lead to subdifferential conditions of
the form (6.34) or (6.35).

In Chap. 8 of this book we also consider contact conditions of the form

—0,(t) € 9j,(¢,u, (1)) on TIc x(0,T), (6.42)

in which, again, j, is a given function and the symbol 9dj, denotes the Clarke
subdifferential of j, with respect the last variable.

The so-called normal damped response contact condition represents an example
of contact condition which can be cast in the subdifferential form (6.42). It describes
the contact with a lubricated foundation and assigns a reactive normal pressure
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which depends on normal velocity on the contact surface. A general form of this
condition is

—o,= p,)) on I¢x(0,T), (6.43)

where p, is a prescribed function.

Consider now, for simplicity, the case when the p, does not depend explicitly
on the variables x and ¢. Thus, we assume in what follows that p,:R — R is
continuous and we denote by j,: R — R the function defined by

() = / pv(s)ds forall r € R. (6.44)
0

Then, we have 0j,(r) = p,(r) for all r € R and, therefore, it follows that
condition (6.43) is of the form (6.42), as stated above. Note that since p, is not
assumed to be increasing the potential function j, is not necessarily a convex
function.

An example of normal damped function p, is given by

pv(r) = dvr-l-v

in which d, is a positive function, the damping resistance coefficient. In this case
condition (6.43) shows that the lubricant layer presents resistance, or damping, only
when the surface moves towards the foundation, but does nothing when it recedes.
A second example of normal damped function is given by

po(r) = dyry + po. (6.45)

in which, again, d, is the damping resistance coefficient and p is the pressure
of the lubricant, which is given and is nonnegative. Condition (6.43) with the
choice (6.45) is used in the case when the lubricant fils the gap between the body
and the foundation during the contact process. Another choice if p, is

po(r) = d,|r|9 . (6.46)

Here d, > 0, g > 0 and the normal contact stress depends on a power of the normal
velocity, which mimics the behavior of a nonlinear viscous dashpot. Note that in
this case the normal damped function could be negative and, therefore, the normal
stress could be positive. More details on the normal damped response condition can
be found in [102,233].

Remark that the normal damped response contact condition (6.43) is character-
ized by a univalued relation between the normal velocity u], and the normal stress o,.
Nevertheless, following the arguments in Sect. 7.4 it results that various examples of
contact laws expressed in terms of multivalued relations between u’U and o, which
lead to subdifferential conditions of the form (6.42), can be considered.
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Based on the examples and comments above, in the next chapters of this book we
consider contact problems involving subdifferential conditions of the forms (6.34)
and (6.42). Also, when the displacement field and the stress field do not depend on
time, we also consider contact conditions of the form (6.35).

Friction laws. We turn now to the conditions in the tangential directions, called
also friction conditions or friction laws. In this book we consider friction laws of
the form

—0.(t) € ho(uy(t) —go) 0j- (t.ul(t)) on I¢x(0,T), (6.47)

in which A, and j; are given functions and the symbol dj, denotes the Clarke
subdifferential of j; with respect to the last variable. Note that the explicit
dependence of the function j, with respect to the time variable makes the model
more general and allows to describes situations when the friction condition depends
on the temperature, which plays the role of a parameter. In the particular case when
h. is a constant, say i, = 1, the friction law (6.47) becomes

—0.(t) €0j.(t.u.(t)) on Tcx(0,T). (6.48)

Examples of friction laws which can be cast in the subdifferential form (6.47)
or (6.48) abound in the literature. The simplest one is the so-called frictionless
condition in which the friction force vanishes during the process, i.e.,

o, =0 on I¢x(0,T). (6.49)

This is an idealization of the process, since even completely lubricated surfaces
generate shear resistance to tangential motion. However, (6.49) is a sufficiently
good approximation of the reality in some situations. Clearly, the frictionless
condition (6.49) is of the form (6.48) with j, = 0.

In the case when the friction force o, does not vanish on the contact surface, the
contact is frictional. Frictional contact is usually modeled with the Coulomb law
of dry friction or its variants. According to this law, the magnitude of the tangential
traction o ; is bounded by a positive function, the so-called friction bound, which
is the maximal frictional resistance that the surface can generate; also, once slip
starts, the frictional resistance opposes the direction of the motion and its magnitude
reaches the friction bound. Thus,

/

loollge < Fy, 00=—Fp ”u',‘ﬁ - i W, A0 on [ex(0.7). (650)
T IR

where u/, is the tangential velocity or slip rate and F, represents the friction bound.
On a nonhomogeneous surface Fj, depends explicitly on the position x on the
surface; it also could depend on time as well as on the process variables and we
describe this dependence below in this section.
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Note that the Coulomb law (6.50) is characterized by the existence of stick-slip
zones on the contact boundary, at each time moment ¢ € [0, T']. Indeed, it follows
from (6.50) that if in a point x € [ the inequality |o.(x,?)||ge < Fp(x,1)
holds, then u/.(x,7) = 0 and the material point x is in the so-called stick zone; if
lo.(x,1)||ge = Fp(x,t) then the point x is in the so-called slip zone. We conclude
that Coulomb’s friction law (6.50) models the phenomenon that slip may occur
only when the magnitude of the friction force reaches a critical value, the friction
bound F},.

In what follows we show that the Coulomb law (6.50) leads to boundary
conditions of the form (6.47) or (6.48). To this end, we first note that if u. and
o, satisfy (6.50) then

Fylléllga — Fyllutllpe = —o - (§ —u))

forall § € RY, a.e.on I'c x (0,T). (6.51)
Indeed, let & € R?; in the points of I'c x (0, T) where u/, # 0 we have
! u{L' !/
o (§—u)=—F—— (§—u)
[l ||

> Fy lutllpe — Fy 1§l

since . - u!. = ||u/r||ﬂz{d and w), - & < ||u||ga ||&]lre; in the points of I'c x (0,T)
where u/, = 0, we have

[ (8 _u/z)

0= —[oc|ga [I§llre

> —Fp |Ellge = Fp lu;llpe — Fy 1§ I

\

since [0 ¢|jge < Fp and ||u)||ge = 0. We conclude from above that, in all cases,
(6.51) holds.

In certain applications, especially where the bodies are light or the friction is
very large, the function F}, in (6.50) does not depend on the process variables and
behaves like a function which depends only on the position x on the contact surface
and, eventually, on time. Considering

Fy = Fy(x.1), (6.52)
in (6.50) leads to the Tresca friction law, and it simplifies considerably the analysis
of the corresponding contact problem, see for instance [102, 233]. Then, using
(6.51), it is easy to check that (6.50) and (6.52) lead to the subdifferential
condition (6.48) with

Jr(x,2,8) = Fyp(x,t)||E||ge forall & € RY, ae. (x,1) € I'e x(0,T). (6.53)
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Moreover, note that in this case j; is a convex function with respect to its last
variable.
Often, especially in engineering literature, the friction bound F; is chosen as

Fy = Fy(0y) = p oy (6.54)

where > 0 is the coefficient of friction. The choice (6.54) in (6.50) leads to the
classical version of Coulomb’s law which was intensively studied in the literature,
see for instance the references in [233]. When the wear of the contacting surface is
taken into account, a modified version of Coulomb’s law is more appropriate. This
law has been derived in [242-244] from thermodynamic considerations, and is given
by choosing

Fy, = W |av| (1 - 8|av|)+ (6.55)

in (6.50), where § is a very small positive parameter related to the wear constant of
the surface and, again, u is the coefficient of friction.
The choice (6.36) in (6.54) leads to the friction bound

Fy = pwky py(u, — go)- (6.56)

Then, using again (6.51), it is easy to check that (6.50) leads to the subdifferential
condition (6.47) with

he(x.t.1) = p(x, 1) ky(x.,7) pu(r)

forallr € R, ae. (x,t) € I'c x(0,7T), (6.57)
Je(x,1,8) = [|§||pa
forall £ e RY, ae. (x,1) € I'c x (0, 7). (6.58)

In a similar way, the choice (6.36) in (6.55) leads to the friction bound

Fp = pky py(uy _gO)(l — 8ky py(uy _gO))+- (6.59)

Therefore, by (6.51) it is easy to check that (6.50) leads to the subdifferential
condition (6.47) with

he(x,t,1) = p(x, 1) ky(x,2) pu(r) (1 = 8(x, Dk, (x, 1) pu(r)) ,
forallr e R, ae. (x,t) € I'c x(0,7T), (6.60)

and j; given by (6.58).
The choice (6.41) in (6.54) leads to the friction bound

Fy=uF (6.61)

and the choice (6.41) in (6.55) leads to the friction bound
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Fy=uF(1—8F),. (6.62)

It follows from (6.61) and (6.62) that, in the case when p and § are given, the friction
bound Fj, is a given function defined on I'c x (0, T') and, therefore, we recover the
Tresca friction law which is of the form (6.48), as shown above.

We observe that the friction coefficient p is not an intrinsic property of a
material, a body or its surface, since it depends on the contact process and the
operating conditions. For instance, it could depend on the surface characteristics, on
the surface geometry and structure, on the relative velocity between the contacting
surfaces, on the surface temperature, on the wear or rearrangement of the surface
and, therefore, on its history. A thorough description of these issues can be found
in [217] and in the survey [246].

In many geophysical publications the motion of tectonic plates is modeled with
the Coulomb law (6.50) in which the friction bound is assumed to depend on the
magnitude of the tangential displacement, that is

/

u .
locllze < Fy(llucllge), 00 =—Fp(llucga) W if uw,#0 (6.63)
7 IR

on I'¢ x (0, T'). Alternatively, the friction bound could be assumed to depend on the
magnitude of the tangential velocity, i.e.,

u, .
loellge < Fo(lluillza). 0r=—Fp([u;]lg) T e if u,#0 (6.64)
IR

on I'c x (0,T). Details can be found in [37,217,228] and the references therein.
For this reason (6.63) is also called a slip-dependent friction law and (6.64) is also
called a slip rate-dependent friction law. A concrete example of friction law of the
form (6.64) which can be cast in the subdifferentiable form (6.48) will be provided
on page 238.

Since the functional j, in (6.53) is nondifferentiable with respect to its last
argument, several regularizations of the Coulomb law are used in the literature,
mainly for numerical reasons, see e.g. [233]. A first example is given by

u/

6, =Fp——" on I¢x(0,T), (6.65)

VAL e

where p > O represents a regularization parameter and, again, F} is a positive
function defined on I'c x (0, T). Note that the function p,: R? — R? defined by

£

———=— forall &eR?
VIEIR: + 02

p(§) =

is the gradient of the convex Gateaux differentiable function
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£ /&l + 0% —p.

Then, it is easy to see that the frictional condition (6.65) can be written in the
equivalent form (6.48) with the choice

jetw8) = Foeon) (16 + 0= )

forall £ € RY, ace.(x.1) € I'c x (0, 7).
A second example is given by

Fyllul |12, u, if u

9

/
T
_o-I:
4 /
0 if u, =0,

on TIcx(0,T), (6.66)

where, again, p represents a positive regularization parameter. Then, it is easy to see
that the frictional condition (6.66) can be written in the equivalent form (6.48) with
the choice

1
i(x,1,8) = Fy(x, 1) — ||&)°1!
Je(x.1,8) = Fp(x )/OJrl &5

forall § € R?, ae. (x.,1) € I'c x(0,T).

Note that the friction laws (6.65) and (6.66) describe situation when slip appears
even for small tangential shears, which is the case when the surfaces are lubricated
by a thin layer of non-Newtonian fluid. Relation (6.66) is called in the literature
the power-law friction; indeed, in this case the tangential shear is proportional to a
power of the tangential velocity and, in the particular case p = 1, (6.66) implies
that the tangential shear is proportional to the tangential velocity. Also, note that the
Coulomb law (6.50) is obtained, formally, from the friction laws (6.65) and (6.66)
in the limit as p — O.

Based on the examples and comments above, in the next chapters of this book
we consider contact problems involving subdifferential frictional conditions of the
forms (6.47) and (6.48). Note that all these laws model dynamic or quasistatic
frictional processes. However, sometimes we shall consider static versions of these
laws which are obtained by replacing the tangential velocity with the tangential
displacement. Thus, the static version of the friction law (6.47) is given by

—0.(t) € he(uy(t) — go) 0 (t,u.(t)) on I¢x(0,T), (6.67)
and the static version of the friction law (6.48) is given by

—0.(1) €. (t,u.(t)) on Icx(0,T). (6.68)
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Also, when the displacement field and the stress field do not depend on time, the
friction laws (6.67) and (6.68) read

—0; € h(u,—go)dj:(u;) on I¢, (6.69)

and
—o0.€0j,(u;) on I¢, (6.70)

respectively.

Concrete examples of static friction laws that can be cast in one of the
subdifferential from (6.67)—(6.70) can be obtained as above and, in order to avoid
repetitions, we do not mention them in detail. Nevertheless, we restrict ourselves to
recall that the static version of Coulomb’s law of dry friction (6.50) is given by

Uz

locllge < Fp. 0. =—F if w, #0. (6.71)

b
lleec |ra

Equality (6.71) holds on I'¢ in the time-independent case and on /¢ x (0, T') in the
time-dependent case. The choice (6.36) in (6.54) leads to the friction bound (6.56).
Therefore, in the time-dependent case it is easy to check that (6.71) leads to
the subdifferential condition (6.67) with the functions &, and j, given by (6.57)
and (6.58), respectively. And, in the time-independent case it is easy to check
that (6.71) leads to the subdifferential condition (6.69) in which

he(x,r) = u(x)k,(x) p,(r) forallr e R, ae. x € I'¢c,
Je(x. &) = ||&||ga forallé e RY, ae. x € I¢.

The static version of the slip-dependent friction law (6.63) is given by

loclire < Fo(llucllpa).

" ) on [¢. (6.72)
00 == Fy(lucllpe) g if we #0
A concrete example of such a friction law, which can be cast in the subdifferentiable
form (6.70), will presented in Sect. 7.4 of the book.

The static friction laws are suitable for proportional loadings and can be
considered as a first approximation of the evolutionary friction laws. Considering
the static versions (6.67), (6.68) or (6.69), (6.70) of the friction laws (6.47), (6.48),
respectively, simplifies the mathematical analysis of the corresponding mechanical
problems.
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6.4 Contact of Piezoelectric Materials

The piezoelectric effect is characterized by the coupling between the mechanical
and electrical properties of the materials. This coupling leads to the appearance
of electric potential when mechanical stress is present and, conversely, mechanical
stress is generated when electric potential is applied. A deformable material which
exhibits such a behavior is called a piezoelectric material. Piezoelectric materials are
used as switches and actuators in many engineering systems, in radioelectronics,
electroacoustics, and measuring equipments. Piezoelectric materials for which
the mechanical properties are elastic are also called electro-elastic materials and
piezoelectric materials for which the mechanical properties are viscoelastic are also
called electro-viscoelastic materials.

Physical setting. To model contact problems with piezoelectric materials we refer
to the physical setting shown in Fig.6.2 that we describe in what follows. Here
£2 represents the reference configuration of a piezoelectric body and, besides
the partition of I" into three sets I"p, Iy, and I'¢, which corresponds to the
mechanical boundary conditions described in Sects. 6.1 and 6.3, we consider a
partition of ', U Iy into two sets ", and I";, with mutually disjoint relatively
open sets I, and I, which corresponds to the electrical boundary conditions.

Everywhere below we assume that meas (I'p) > 0 and meas (I;) > 0. The body
is clamped on I'p and time-dependent surface tractions of density f acton I'y. We
also assume that the electrical potential vanishes on I, and a surface electric charge
of density gj is prescribed on I';,. The body is, or can arrive, in contact on I'¢ with an
obstacle, the so-called foundation. As in Sect. 6.1 we assume that in the reference
configuration there exists a gap, denoted by g¢, between I'c and the foundation,
which is measured along the outer normal v. Also, we assume that the foundation is
electrically conductive and its potential is maintained at ¢y. The contact is frictional
and there may be also electric charges on the part of the body surface which is in
contact with the foundation and which vanish when contact is lost.

Fig. 6.2 The physical setting
for piezoelectric material; ¢
is the contact surface

foundation
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We are interested in mathematical models which describe the evolution of the
mechanical and electrical state of the piezoelectric body during the time interval
[0, T'], with T > 0. To this end, besides the stress field 6 = o (x,t) = (0y;(x,1))
and the displacement field u = u(x,t) = (u;(x,t)), we introduce the electric
displacement field D = D(x,t) = (D;(x,t)) and the electric potential ¢ =
@(x,1). The functions u: 2 x[0,T] - R?,6: 2 x[0,T] = S%, ¢: 2x[0,T] = R
and D: 2 x [0,T] — R will play the role of the unknowns of the piezoelectric
contact problem. From time to time, we suppress the explicit dependence of various
quantities on the spatial variable x, or both x and ¢.

The balance equation for the stress field is (6.1) if the mechanical process is
dynamic and (6.2) or (6.3) if the mechanical process is static and time-dependent or
time-independent, respectively. The balance equation for the electric displacement
field is

divD —go=0 in £2x(0,7) (6.73)

if the process is time-dependent and
divD —go=0 in £ (6.74)

if the process is time-independent. Here and below ¢y is the density of the volume
electric charges and “div” denotes the divergence operator, i.e., div D = D; ;.

We turn now to the boundary conditions on I'p, I'y, Iy, and I}. First, since
the piezoelectric body is clamped on I'p, we impose the displacement boundary
condition (6.4). Moreover, the traction boundary condition on the boundary I'y is
given by (6.5). Next, since the electric potential vanishes on I', during the process,
we impose the boundary condition

¢=0 on I,x(0,T). (6.75)

We also assume that a surface electric charge of density ¢, is prescribed on I, and,
therefore,
D-v=gq, on I,x(0,T). (6.76)

Note that in the case of static time-independent processes we use (6.6) and (6.7)
instead of (6.4) and (6.5), respectively. Moreover, the boundary conditions (6.75)
and (6.76) hold on I, and I}, respectively.

Constitutive laws. We define the electric field E by relation

E(p) =—-Vo =—(p;) in £2x(0,T). (6.77)
As in the case of the deformable bodies, we need a constitutive law to describe the
particular behavior of the material the body is made of.

A general electro-elastic constitutive law is given by

o = Fe(u) —PTE(p), (6.78)
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where F is the elasticity operator, assumed to be nonlinear, P = (p;jr) represents
the third-order piezoelectric tensor and PT denotes its transpose. Recall that the
tensors P and P satisfy the equality

Po-v=0c:P'v forall o €S?, v eR? (6.79)

and the components of the tensor P | are given by p;j'.—k = prij- We complete (6.78)
with a constitutive equation for the electric displacement field. This equation is of
the form

D = Pe(u) + BE (p), (6.80)

where B = (B;;) denotes the electric permittivity tensor. Usually, the components
Bij belong to L°°(§2) and satisfy the usual properties of symmetry and elliptic-
ity, i.e.,

,Bij = ,Bji,

and there exists mg > 0 such that

Bij&i&; = mpll§ll%, forall & = (&) € RY.

Equation (6.78) indicates that the mechanical properties of the material are
described by a nonlinear elastic constitutive relation which takes into account the
dependence of the stress field on the electric field. Note that in the case when
P =0, (6.78) reduces to the purely elastic constitutive law (6.9). Equation (6.80)
describes a linear dependence of the electric displacement field D on the strain and
electric fields. Constitutive laws of the form (6.78) and (6.80) have been frequently
employed in the literature in order to model the behavior of piezoelectric materials,
see, e.g., [27,29,215] and the references therein. In the linear case, the constitutive
laws (6.78) and (6.80) read as follows:

0ij = fijki €x1(W) + prij @k
D; = pijiejx() — Bije.;

where f;jx; are the components of the elasticity tensor F.
A general electro-viscoelastic constitutive law is given by

o(t) = Alt,e@ (1)) + Be(u(t)) — PTE(¢(1)) (6.81)

in which A is the viscosity operator, assumed to be nonlinear, B is the elasticity
operator and, again, P is the transpose of the piezoelectric tensor P. We com-
plete (6.81) with the linear constitutive relation (6.80) for the electric displacement
field. Note that the operator .A may depend explicitly on the time variable and this
is the case when the viscosity properties of the material depend on the temperature
field, which plays the role of a parameter, i.e., its evolution in time is prescribed.
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Equation (6.81) indicates that the mechanical properties of the material are
described by a nonlinear viscoelastic constitutive relation which takes into account
the dependence of the stress field on the electric field. It already has been employed
in the literature, see for instance, [20, 21, 146, 185] and the references therein. Note
that in the case when P = 0, equation (6.81) reduces to the purely viscoelastic
constitutive law (6.23).

Frictional contact conditions. In the study of static time-independent problems
for electro-elastic materials we assume that the normal stress satisfies the condition

—0y € hy(¢ — o) 0j,(uy — go) on [¢ (6.82)

in which both &, and j, are prescribed functions. This condition represents an
extension of the contact condition (6.35) and takes into account the influence of
the electric variables on the contact.

An example of contact condition of the form (6.82) can be obtained as follows.
Assume that the normal stress satisfies the normal compliance contact condi-
tion (6.36) on I'¢ in which the stiffness coefficient depends on the difference
between the potential on the foundation and the body surface, i.e.,

—oy = k(¢ — o) pp(uy —go)  on  Ic. (6.83)

Here, both k,: I'c x R — Ry and p,;:R — Ry are prescribed nonnegative
functions. The dependence of the stiffness coefficient on ¢ — ¢ arises from the fact
that the foundation is electrically conductive and models the influence of the electric
variables on the contact. Next, assume that p, is a continuous function and let
Jv:R — R be the function defined by

J(r) = / pu(s)ds forall r e R. (6.84)
0

Then, following Lemma3.50(iii) on page 78, it is easy to see that the contact
condition (6.83) is of the form (6.82) with h,(x,r) = k,(x,r) for all r € R,
a.e. x € £2. Note that here the function p, is not assumed to be increasing and,
therefore, the superpotential function j, is not necessarily a convex function.

In a similar way, we shall use a friction law of the form

—0¢ € he (@ — o, uy — go) 0 (1) on Ic. (6.85)

This law represents an extension of the static friction law (6.69) which takes into
account the influence of the electric variables on the frictional contact.

Concrete examples of such kind of condition can be easily obtained from the cor-
responding examples in Sect. 6.2 by taking into consideration the dependence of
the friction bound or, alternatively, of the coefficient of friction, on the difference
¢—gy. For instance, assuming the dependence of the friction bound on the difference
between the potentials of the body surface and the foundation, the friction law (6.71)
leads to the following static version of Coulomb’s law of dry friction:
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lollre < Fy(e — o),

u ) onl¢c. (6.86)
0. =—F(¢p—90) iy if w#0
[P
Again, we note that the dependence of Fj, on ¢ — ¢y models the influence of the
electric variables on the friction and it is used here since the foundation is supposed
to be electrically conductive.
In addition, assume that the normal stress satisfies the normal compliance contact
condition (6.83) and the friction bound is given by (6.54). Then it follows that

Fy = wk,(¢ — o) py(uy — go)-

With this choice for Fjp, using (6.51) it is easy to check that (6.86) leads to the
subdifferential condition (6.85) with

he(x,r1,1m2) = p(x) ky(x,r1) pu(r2),
forall ry, r» € R, ae. x € I¢, (6.87)

je(x,&) = ||||ge  forallé e R, ae. x € I¢. (6.88)

In particular, if the function F;, does not depend on ¢ — ¢y, from (6.86) we obtain
the Tresca friction law. Finally, if F; vanishes, (6.86) reduces to the frictionless
condition o, = 0. And, obviously, these last two friction laws are of the form (6.85).

Note that in Sect. 8.3 we shall study a dynamic frictional contact problems for
electro-viscoelastic materials. In the modeling of this problem we assume that the
electric variables do not influence the frictional contact and, therefore, we use the
contact condition (6.42) associated to the friction law (6.48). Considering dynamic
models in which the frictional contact conditions depend on the difference ¢ — ¢y
leads to severe mathematical difficulties and, at the best of our knowledge, the
analysis of these models represents an open problem.

Electrical contact conditions. We turn to the electrical condition on the contact
surface. In the study of static process for electro-elastic materials we assume that

D-veh,(u—go)dje(p —¢py) on I¢, (6.89)

where h, and j, are given real-valued functions. Condition (6.89) represents a
regularized condition which may be obtained as follows.

First, recall that the foundation is assumed to be electrically conductive and its
potential is maintained at ¢o. When there is no contact at a point on the surface (i.e.,
when u, < go), the gap is assumed to be an insulator (say, it is filled with air) and,
therefore, the normal component of the electric displacement field vanishes, so that
there are no free electrical charges on the surface. Thus,

u, <go = D-v=0. (6.90)
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During the process of contact (i.e., when u, > g¢) the normal component of the
electric displacement field or the free charge is assumed to depend on the difference
between the potential on the foundation and the body surface. Thus,

u, > gy = D-v=kep(p—qo), (6.91)

where p, is a prescribed real-valued function and k. is a nonnegative function, the
electric conductivity coefficient. A possible choice of the function p, is p.(r) = r.
We combine (6.90), (6.91) to obtain

D.-v=k, X[0.00) (tty — 80) pe(® — @0), (6.92)

where y(0.00) is the characteristic function of the interval [0, 00), i.e.,

0 ifr <0,

X0.00)(r) = )
1 ifr>0.

Condition (6.92) describes perfect electrical contact and is somewhat similar
to the well-known Signorini contact condition, see [102, 233] for details. Both
conditions may be overidealizations in many applications. To make it more realistic,
we regularize condition (6.92) with condition

D v = h(uy, — go) pe(p — o) onlc, (6.93)

in which 4, is a nonnegative function which describes the electric conductivity of
the foundation. The reason for this regularization is mathematical, since we need
to avoid the discontinuity in the free electric charge when contact is established.
Nevertheless, we note that this regularization seems to be reasonable from physical
point of view as shown in the two examples below, which provide possible choices
for the function /,.

A first choice of h, is given by

0 if r <o,
he(ry =14 k,87'r if0<r<3§, (6.94)
k. if r >34,

where § > 0 is a small parameter. This choice means that during the process of
contact the electric conductivity increases up to k. as the contact among the surface
asperities improves, and stabilizes when the penetration u, — go reaches the value §.
A second choice is given by
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0 if r <-4,
=162 i sz, (6.95)
k. if r>0,

where, again, 6 > 0 is a small parameter. This choice means that the air is
electrically conductive under the critical thickness é and behaves like an insulator
only above a critical thickness, which justifies the use of the electric conductivity
coefficient i, (1, — go) instead of k. x[0.00) (v — &0)-

Now, assume that h,: I'c xR — R is a given nonnegative function and p,: R —
R is continuous. Let j.: R — R be the function defined by

Je(r) = / pe(s)ds forall r € R. (6.96)
0

Then, using Lemma 3.50(iii) it is easy to see that the boundary condition (6.93) is of
the form (6.89). Note that here the function p. is not assumed to be increasing and,
therefore, the superpotential function j, is not necessarily a convex function. Note
also that when 4, = 0 then (6.93) leads to

D.-v=0 onlg. (6.97)

Condition (6.97) models the case when the obstacle is a perfect insulator and was
used in [29, 153, 167,237].

Remark that the electrical contact condition (6.93) is characterized by a univalued
relation between the electric potential ¢ and the normal component of the electric
displacement field D -v. Nevertheless, following the arguments in Sect. 7.4, it results
that various examples of contact laws expressed in terms of multivalued relations
between ¢ and D - v, which lead to subdifferential conditions of the form (6.89),
can be considered.

Finally, we note that in the study of dynamic contact problems with electro-
viscoelastic materials we assume that the electric charges do not depend on
penetration. Therefore, instead of condition (6.89) we shall use the simplified
boundary condition

D-vedj(p—¢) on Icx(0,T). (6.98)

Considering dynamic piezoelectric contact models in which the electrical contact
condition depends on the penetration u,—g( leads to severe mathematical difficulties
and, at the best of our knowledge, the analysis of such models represents an open
problem.

Based on the equations and boundary conditions presented in this chapter,
in Chaps.7 and 8 of this book we construct and analyze various mathematical
models which describe frictional contact processes with elastic, viscoelastic, and
piezoelectric materials.



Chapter 7
Analysis of Static Contact Problems

In this chapter we illustrate the use of the abstract results obtained in Chap.4, in
the study of three representative static frictional contact problems for deformable
bodies. In the first two problems we model the material’s behavior with a nonlinear
elastic constitutive law and with a viscoelastic constitutive law with long memory,
respectively, and we describe the frictional contact with subdifferential boundary
conditions. In the third problem the deformable body is assumed to be piezoelectric
and, therefore, we model its behavior with an electro-elastic constitutive law. And,
again, the contact conditions, including the electrical conditions on the contact
surface, are of subdifferential type. For each problem we provide a variational
formulation. For the first two problems it is in a form of a hemivariational inequality
for the displacement field and, for the third one, it is in a form of a system
of hemivariational inequalities in which the unknowns are the displacement and
electric potential fields. Then, we use the abstract existence and uniqueness results
presented in Chap.4 to prove the weak solvability of the corresponding contact
problems and, under additional assumptions, their unique weak solvability. Finally,
we present concrete examples of constitutive laws and frictional contact conditions
for which our results work and provide the related mechanical interpretation.
Everywhere in this chapter we use the notation introduced in Chap. 6.

7.1 An Elastic Frictional Problem

We refer to the physical setting described in Sect. 6.1. We assume that the process is
static, the material is elastic, and the external forces and tractions do not depend on
time. We recall that, in the reference configuration, the elastic body occupies an open
bounded connected set £2 C R? with boundary I" = 352, assumed to be Lipschitz
continuous. It is also assumed that I consists of three sets FD, FN, and Fc, with
mutually disjoint relatively open sets I'p, I'y, and I'¢, such that meas (I'p) > 0.
The classical model for the process is as follows.

S. Migérski et al., Nonlinear Inclusions and Hemivariational Inequalities, 201
Advances in Mechanics and Mathematics 26, DOI 10.1007/978-1-4614-4232-5_7,
© Springer Science+Business Media New York 2013
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Problem 7.1. Find a displacement field u: 2 — R¢ and a stress field o: 2 — S¢

such that
Divo + f, =0 in {2, (7.1)
o =Fe(u) in$2, (7.2)
u=0 onl)p, (7.3)
ov = fy only, (7.4)
—o, €09j,(uy —go) onlg, (7.5)
— 0 € he(uy — go) 9j:(u;) onlc. (7.6)

We describe now problem (7.1)—(7.6) and provide explanation of the equations
and the boundary conditions. First, (7.1) is the equilibrium equation, (6.3), and we
use it here since the process is time-independent. Next, (7.2) represents the elastic
constitutive law (6.9). Recall that &(u) denotes the linearized strain tensor and F
is the elasticity operator, assumed to be nonlinear. Conditions (7.3) and (7.4) are
the displacement and traction boundary conditions, see (6.6) and (6.7), respectively.
Condition (7.5) represents the contact condition (6.35) and, finally, condition (7.6)
is the friction law (6.69). Recall that, here, /., j,, and j, are prescribed functions
and dg denotes the Clarke subdifferential of the function g.

In the study of Problem 7.1 we assume that the elasticity operator F satisfies

F:2 xS? — $7 is such that
(a) F(-, &) is measurable on £2 forall & € S¢.
(b) F(x,-) is continuous on S¢ fora.e. x € £2.

() | F(x,&)|lse <ao(x)+ayl|e|s foralle €S9,

ae.x € 2 withag € LZ(SZ),ao >0,a; > 0. (7.7

(d) F(x.e): e >ale|2, foralle € S, ae.x € 2
with@ > 0.

(e) (F(x,e1) — F(x,€)) : (e —&3) > 0forall &), &, € S,
ae.x € $2.
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The functions j,, j., and i, satisfy

Jv: I'c x R — R is such that

(a) j,(-,r) is measurable on I'¢ for all r € R and there exists
e, € L*(I'c) such that j, (-, e;(-)) € L'(I¢).

(b) j,(x,-) is locally Lipschitz on R for a.e. x € I¢c.

() [0j,(x,7)| < cop + c1p|r| forallr € R, ae. x € I'c
with cg,, c1y, > 0.

(d) jo(x,r;—r) <d, (1 +|r|) forallr € R, ae.x € I'c
with d, > 0.

JjriTe x R¢ — R is such that

(a) j. (-, &) is measurable on I'c for all £ € R¢ and there exists
e, € L>(I'c;R?) such that j, (-, e(-)) € L' (I'¢c).

(b) j.(x,) is locally Lipschitz on R? for a.e. x € I'c.

(©) 10j:(x, &) ||ge < cor + C1||E]||ga forall & € RY, ae.x € I'c
with cor, ¢1 > 0.

(d) j(x,&:—&) < d; (1 + ||&|le) forall§ e RY, ae.x € Ic
with d; > 0.

hy: I'c x R — R is such that
(a) h(-,r) is measurable on ¢ forall r € R.
(b) h.(x,-) is continuous on R fora.e. x € I'¢.
©)0<h (x,r) < h, forallr € R, a.e. x € I'c with i, > 0.
The forces and traction densities satisfy
foe L*(2:RY),  fy € L*(I'v:RY),
whereas the gap satisfies

go€ L®(I¢), g0 >0 ae.onlg.

To present the variational formulation of Problem 7.1 we use the spaces

203

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

H = L*(2:RY), H={t=(t;) | w =15 € LX(Q)} = L*(2;8%),

Hi={TtecH|Divt € H },
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introduced in Sect.2.3. Recall that these are real Hilbert spaces with the inner
products defined on page 35. For the displacement field we also use the space

V={veH (2R |v=00nTp},

which is a closed subspace of H'(£2:IR?). On V we consider the inner product and
the corresponding norm given by

(. v)y = (e@).e())y. |vlv = le()ls forallu,veV.

Since meas(I'p) > 0, it follows from the Korn inequality that (V, (-, ) ) is a Hilbert
space. Moreover, it is well known that the inclusions V' C H C V* are continuous
and compact where, here and below, V* denotes the dual space of V.

We turn now to the variational formulation of the contact problem (7.1)—(7.6). To
this end, we assume in what follows that # and o are sufficiently smooth functions
which solve (7.1)-(7.6). Let v € V. We use the equilibrium (7.1) and the Green
formula (2.7) to find that

(o,e(v))Hzf fo-vdx+/ ov-vdrl. (7.13)
o) r

Next, we take into account the fact that v = 0 on ['p, the traction boundary
condition (7.4) and identity (6.33) to see that

/av-vdF: fy-vdl + (oyvy, +0,-v,) drl. (7.14)
r FN FC

On the other hand, from Definition 3.22 of the Clarke subdifferential combined with
the inclusions (7.5) and (7.6), we have

—oyvy < Oy — goivy), —0¢ v < he(uy, — g0)j (w3 v,) on I,

which imply that

(ovvy, + 04 -v,) dIlM > —/ (jvo(uv —g0:vy) + Ao (u, — go) j?(ur;vr)) dr.

I'c I'c

(7.15)
Consider the element f € V* given by

(f,v)V*xV = (fo,l))H + (fN,v)LZ(FN;Rd) for all S V (716)
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We combine (7.13)—(7.16) to see that
(ot [ (70— guiv) + e, — go) SOucivo))ar
I'c

> (f,v)y+xy forallv e V. (7.17)

Finally, we substitute (7.2) in (7.17) to derive the following variational formulation
of Problem 7.1, in terms of displacement field.

Problem 7.2. Find a displacement field u € V' such that
(Fe(u).e () + / (s = go:v0) + ety = go) jO(weiv0) )d T
I'c
> (f,v)y+xy forallvel. (7.18)
Our main results in the study of Problem 7.2 concern the existence and unique-
ness of the solution and are presented in Theorems 7.3 and 7.5, respectively. In order
to state these results, as in Chap. 4, we consider the space Z = H 8(.(2; R4 ) with

§ € (1/2,1) and we denote by y: Z — L*(I';R?) the trace operator, by ||y its
norm in £(Z, L>(I";R?)), and by ¢, > 0 the embedding constant of V' into Z.

Theorem 7.3. Assume that (7.7) and (7.10)—(7.12) are satisfied. Assume, in addi-
tion, that one of the following hypotheses:

(i) (7.89)@-(c), (7.9@(), and@ > v/3 (e + crche) 2y
@i1) (7.8) and (7.9)
holds, and

either j,(x,-)and j.(x,-) are regular
(7.19)

or — jy(x,)and — j.(x,-) are regular
fora.e. x € I'c. Then Problem 7.2 has at least one solution.

Proof. The existence of a solution to Problem 7.2 follows from Corollary 4.18 on
page 113. To provide it we introduce the operator A: V' — V* defined by

(Au, v)y*xy = (Fe(u),e(v))y foru,v e V. (7.20)

We claim that under hypothesis (7.7), A is pseudomonotone and coercive. In fact,
by (7.7)(c) and the Holder inequality, we have

(bl = [ 1Fe@ s lle)les
2
1/2
< ( / (a0(x) + a1 e @)])? dx) ol
2

< \/5(||ao||L2(:2) +aiully) vy
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for all u, v € V. This gives [|Auly+ < v2 (llaoll 2@ + ailully) forallu € V
and implies the boundedness of A.

We show that A is monotone and continuous. To this end we use (7.7)(e) to see
that

(Att) — Attty — )y ey = /Q (Fe(u)) — Fe(uy) : (1) — e(wa)) dx > 0

for all u, u, € V, which shows that A is monotone. Next, let u, — u in V
which implies that e(u,) — e(u) in L>(£2;SY). By Theorem?2.39 there exist a
subsequence {u,, } and a function w € L?(£2) such that &(u,, )(x) — e(u)(x) in
S? for a.e. x € £2,as ny — oo, and ||e(u,, )(x)|lse < w(x) for ae. x € £2 and
k € N. Since F(x,-) is continuous on S, we have

F(x,e(u,)(x)) - F(x,e@)(x)) inS?
for a.e. x € I'¢ and, consequently,

1 (x, &G, ) (x)) = Fx,e@)(x)IZ, — 0
a.e. x € §2, as ny — 0o. By hypothesis (7.7)(c), we get

1 (x, & (a, ) (x)) = Flx ., € @) (x)) 1
< 2 (ao(x) + a1 [le @ ) () o)’ +2 (ao(x) + a1 e @) (x) 50)°

< 8aj(x) + 4ai (w?(x) + lle@)(x)]%,)

a.e. x € £2. Hence, by the Lebesgue-dominated convergence theorem (Theorem
2.38 on page 42) we obtain

| Fe(u,) — Fe@)ll3, = / | Fe(un,) — Fe@)||3, dx — 0, asn; — oo.
2
On the other hand, by the Holder inequality, we have

(Aup, — Au, v)y*xy = /9 (Fe(un,) — Fe)) : e(v) dx

< I Fe(un,) — Fe@)|nlle@)lly forallveV.

We conclude from here that Au,, — Au in V*. Next, Proposition 1.14 implies that
Au, — Au in V*, which shows that A is continuous.

It follows from above that the operator A is bounded, monotone, and hemicontin-
uous. From Theorem 3.69(i), we deduce that A is pseudomonotone. The coercivity
of A immediately follows from (7.7)(d), i.e.

(Aut, u)yesy = / Fe(w): e)dx > @ / le@)|2 dx = @l
2 2

Hence, the operator A satisfies the hypotheses (4.1).



7.1 An Elastic Frictional Problem 207

Now we consider the functions j, (x, &) = j,(x,&,—go(x)), h1 = 1, jo(x,&) =
Je(x, &) and ha(x,p) = h.(x,n, — go(x)) for x € I'c, &,y € RY. Itis clear that
hy and h, satisfy (4.40). We verify the hypothesis (4.41) with s = d. To this end,
we observe that

Ji(x. &) = ju(x, NvE — go(x)),  ja(x.§) = ju(x, N:&),

where the operators N, € L®(I"; L(R?,R)), N, € L®(I"; L(R?,R?)) are given
by N = & = £ -v(x) and N;§ = &, = & — &v(x) for § € RY,
respectively. The operators N,, N, as well as the vector v depend on x € I’
but, for simplicity of notation, in what follows we skip their dependence on x. We
note that j; and j, not only depend on the variable x € I'¢ explicitly but also
implicitly, via their dependence on N, and N,. We recall that the adjoint operators
N} € L®(I'; L(R,RY)) and N} € L(I"; L(R?,RY)) are given by N*r = rv
and N*¢é = £, forr € Rand & € RY, respectively. By the hypotheses on j, and
Ju, itis clear that j; (-, €),7 = 1, 2 are measurable on I¢ forall § € RY and Ji(x,),
i = 1, 2 are locally Lipschitz on R? for a.e. x € I'c. Moreover, by Corollary 3.48
applied to j, and j,, we have j| (-, e(-)), j>(-,e(-)) € L'(I'c) foralle € L*>(I'c;RY),
which implies (4.41)(a). From Proposition 3.37, we obtain

. E0) < (6 —go(x)i0n).  Ji(x.E10) < j(x.E0e,).
ajl(xvg) - ajv(xvév _g()(x)) v, 3j2(x,§) - [ajf(xvsr)]‘t

forall £, 0 € RY, a.e. x € I'c. Moreover, using the properties of the generalized
directional derivative in Proposition 3.23(i) and (iii), we get

JxE—E) < j(x.E = go(x): =E)
< Jy(x. & — go(x): —(& — go(x))) + ) (¥, & — go(x): —go(x))
< dy(1+ 8 — go(x)]) + max {(—go(x)) | € 3y (x. & — go(x))}
< dy(1 + |20(x)| + [I& |ze) + |g0(x¥)] (cov + 108 — g0(x)])

< doi (1 + [|&]lge)

forall £ € RY, ae. x € I'c with dy; > 0. We also have

J0r =8 = jP(x. b —E) < do (14 1§ llpa) < de (1+ 18 ]1pe)
and, in addition,

10/1(x. &) lIre = 10ju(x. & — go(x))] = cov + c1vlgo () + 1 [|€ l|ra

10/2(x. &) llre = [18jc(x. &) l|ra =< cor + C1c[|§|ra
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forall £ € R?, a.e. x € I'c. Note that from (7.19) we infer that either j;(x,-) and
Ja2(x,-) or —ji(x,-) and — j,(x, -) are regular, respectively, for a.e. x € I'c. Hence,
both functions j; and j, satisfy the hypothesis (4.41). Now we apply Corollary 4.18
with f € V* given by (7.16) and deduce that Problem 7.2 has at least one solution,
which ends the proof. O

The uniqueness of a solution to Problem 7.2 under the general assumption (7.10)
represents an open problem which, clearly, deserves more investigation. However,
it can be obtained in particular cases, for instance if 4, is a nonnegative constant
function. To present this uniqueness result we consider a version of Problem 7.2 in
the case when /. (-) = k, where k, represents a given constant.

Problem 7.4. Find a displacement fieldu € V such that

Fow. e+ [ (70— goiv) + ke jowivo) dr

I'c

> (f,v)y*xy forallveV.

We have the following existence and uniqueness result.

Theorem 7.5. Assume that the conditions (7.7)(a)—~(d), (7.11), (7.12) and (7.19)
hold, k. > 0 and

(a) (F(x.e1) — F(x,82)) : (€1 — €2) = mrlle; — &2,
forall ey, €, € S?, a.e x € 2 with mzr > 0.

(b) (&1 — &) (r1 — r2) = —m,|ry — ro|* for all §; € 9j,(x, 7).
rieR,i=1,2, ae x € I'c withm, > 0. (7.21)

©) (61 —82) - (&, — &) = —m.||&, — &, I3, for all
$€0j.(x,8).& eRY i =1,2, ace. x € I'c withm, > 0.

(d) mz > max {m,, m-k. } cZ ||y|*

Assume, in addition, that one of the following hypotheses:

(i) (7.8)(@—(c), (1.9)(@)~(c) and @ > ~/3 (c1y + c1cke) 2 |||
(i) (7.8) and (7.9)

is satisfied. Then Problem 7.4 has a unique solution.

Proof. We apply Theorem 4.20 with the operator A: V' — V'* defined by (7.20), the
function j: I'c x R? — R given by

J(x.E) = ju(x.E — go(x)) + k¢ jo(x,E,) for(x,&) e e xR, (7.22)
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and f € V* defined by (7.16). To this end, we verify below the hypotheses of this
theorem.

First, using arguments similar to those used in the proof of Theorem7.3, we
obtain that the operator A is pseudomonotone and coercive with constante = @ > 0.
Also, we note that A is a strongly monotone operator. Indeed, by (7.21)(a), we obtain

(s — Ao,y — ) oy = fg (Fe(ur) — Fe(s)) : (eur) — e(u)) dx

\

> my / o) — e@n)IPy dx = mr lur — ol
2

forall u;, u, € V. Hence, the hypothesis (4.12) holds with m; = mx > 0.
Next, we study the properties of the function j defined by (7.22). Similarly as in
the proof of Theorem 7.3, we observe that

J(x.8) = ju(x, No& — go(x)) + ke jo(x, No§) for (x,§) € I'c xR

with the operators N, € L®(I"; L(R?,R)), N, € L®(I"; L(R?,R?)) defined by
N =& =& -v(x)and N.§ = &, = & — £,v(x) for § € RY, respectively.
The operators N, N; as well as the vector v depend on x € [I" but, again, for
simplicity of notation, we skip their dependence on x. It is obvious to see that j (-, &)
is measurable on I'c for all £ € R? and j(x,-) is locally Lipschitz on R? for
a.e. x € I¢. Furthermore, applying Corollary 3.48 to the functions j, and j,, we
get j(-,e(") € L'(I¢) foralle e LZ(FC;Rd), i.e., (4.42)(a) holds. Also, from
Proposition 3.37, we obtain

JOx.&0) < j)(x.& — go(x);00) + ke j)(x. 85 00),
0j(x,&) C0ju(x,& —go(x))v + k. [9j:(x, Ez)]f
forall £, 0 € RY, a.e. x € I'c. Repeating the previous calculations, we get

[10j(x, &) lre < cov + c1vl§y — go(x)| + cocke + c1oke 1€ [Ipa

IA

(cov + c1vlgo(x)| 4 cock:) + (c1v + 17 ko)||€ || pa

for all ¢ € R?, a.e. x € I'c, which shows that (4.42)(c) is satisfied with ¢, =
¢1y + c1: k: > 0. Analogously, we obtain

JOx E:—8) < dy(1+ & — go(x)]) + 1go(x)] (cov + c10]Es — go(x)])

ik (1+ 1€ llre) < do (1 + (| lpe)
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forall £ € RY, ae. x € I'c with go > 0. Moreover, from the regularity conditions
(7.19), we infer that either j(x,-) or —j(x,-) is regular on R, for a.e. x € I'c. It
remains to check the relaxed monotonicity condition (4.42)(d) on j. We _consider

¢ €0j(x.&),i =1,2,wherex € I'c,&;, & € R?. Hence, &, = {; v +[¢;], with

Ei € Ra Ei € Rd9 Ei € ajl)(xv Eiv - g()(x)), Ei € kl ajf(xv siz)‘ USing (721)(b)7 (C)
and the equality @ - 7, = o, - 5 for @, n € R?, we have

C1=8) (B —8) =@ —C)v-(&, —&) + 51— Eole - (&, — &)
@ —)E —6)+ € =8 (61— &)

2 2
—myl&1y, — | —mok. [|&, — £2r”Rd

v

> —max {my.mckc} & — &% (7.23)
which proves (4.42)(d) with m, = max {m,,m k.} > 0. We conclude from here
that the function j, given by (7.22), satisfies (4.42).

Finally, we note that (4.43) is satisfied and the inequality in the hypothesis (i) of
Theorem 4.20 holds. Theorem 7.5 is now a consequence of Theorem 4.20. O

A couple of functions (u, o) which satisfies (7.2) and (7.18) is called a weak
solution of Problem 7.1. We remark that under the assumptions of Theorem 7.3 there
exists at least one weak solution of Problem 7.1. To describe precisely the regularity
of the weak solution, we note that the constitutive relation (7.2), assumption (7.7),
and regularity u € V show that ¢ € H. Moreover, using (7.2) and (7.18), it follows
that (7.17) holds for all v € V. Next, we test (7.17) with v = ¢ where ¢ is an
arbitrary element of the space C{°(£2; R?) C V. Since ¢ vanishes on I' it follows
that

/]’ (j\?(uv_gO;(pv)+hr(uv_g0)jro(ur;¢r)) dF =0

and, therefore, we obtain that
(0.8(0))n = (f.@)v=xy forallg € C®(2:RY).
We replace now ¢ by —¢ in the previous inequality to see that
(0.6(9)n = (f.@)vexy forall g € Cs°(2:RY)
and, using the definition (7.16) of f we deduce
(0.6@)n = (fo.9)n forall g € Cs°(2;RY). (7.24)

Equation (7.24) combined with the definition (2.5) of the divergence and
deformation operators implies that
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Dive + f, =0 in 2.
It follows now from (7.11) that Dive € H. We conclude that the weak solution

of Problem7.1 satisfies (u,0) € V x H;. In addition, we recall that under the
assumptions of Theorem 7.5 the weak solution is unique.

7.2 A Viscoelastic Frictional Problem

For the problem studied in this section the process is static and the behavior of
the material’s is described with a viscoelastic constitutive law with long memory.
Therefore, in contrast with the problem studied in Sect. 7.1, the problem studied in
this section is time-dependent. We denote by [0, T'] the time interval of interest with
T > 0, and we refer to the physical setting described in Sect. 6.1. Also, recall that
below we use the notation Q = 2 x(0,7), Xp = Ipx(0,T), Xy = I'nx(0,7T),
and X¥¢ = I'c x (0, T). Then, the classical model for the process is as follows.

Problem 7.6. Find a displacement field u: Q — R¢ and a stress field 6: Q — S?
such that

Diva(r) + fo(t) =0 inQ, (7.25)

o(t) = B(t,eu())) + /Ot C(t—s,e(u(s)))ds inQ, (7.26)

u(t)=0 onXp, (7.27)

o(t)y = fy(t) on Xy, (7.28)
— 0, (t) € 3ju(t.uy(1)) on X, (7.29)
—0.(t) € 0j(t.u.()) on Zc. (7.30)

We provide now some comments on equations and conditions in (7.25)—(7.30).
First, (7.25) is the equation of equilibrium, (6.2), and we use it since we assume that
the inertial term in the equation of motion is neglected. Equation (7.26) represents
the viscoelastic constitutive law with long memory, (6.28), in which 5 and C denote
the elasticity and the relaxation operators, respectively. Conditions (7.27) and (7.28)
are the displacement and the traction boundary conditions, see (6.4) and (6.5).
Finally, condition (7.29) is the contact condition (6.34) with go = 0, and (7.30)
represents the frictional condition (6.68), both introduced in Sect. 6.3. Recall that
here j, and j, are given functions and dj,, dj, denote the Clarke subdifferential of
Jv and j; with respect to their last variables.

Note that the explicit dependence of B, j,, and j; on the time variable makes
the problem more general and allows to model situations when these functions
depend on the temperature, if the evolution in time of the temperature is prescribed.
Note also that, even if the data and the unknowns in Problem 7.6 depend on time, no
derivatives of the unknowns with respect to the time are involved in the statement
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of this problem. We conclude that in Problem 7.6 the time variable plays the role of
a parameter and, using the terminology on page 177 we refer to this problem as a

static time-dependent problem.

In the study of Problem7.6 we consider the following assumptions on the

elasticity operator B and on the relaxation operator C.

B: 0 xS¢ — S is such that
(a) B(-,-, &) is measurable on Q forall & € S¢.
(b) B(x,1,-) is continuous on S¢ for a.e. (x,¢) € Q.

(©) (B(x.1.81) = B(x.1.€2)) : (61 — &2) = mpler — e2]l3,
forall e;,e, € S, ae. (x,t) € Q withmp > 0.

(d) |B(x,t,€)||ge <ao(x.,t)+ ai|ellge foralle € S7,
ae. (x,1) € Q withag € L>(Q),a9 > 0and a; > 0.

(e) B(x,t,0) = 0 fora.e. (x,t) € Q.

C: 0 xS? — $7 is such that
(@) C(x.t,&) =c(x,t)e foralle € S?,ae. (x,1) € Q.
(b) c(x.1) = (cijri(x. 1)) with ¢;jir = ¢jirt = Cikij

Cijkl € LZ(O, T, LOO(.Q))

The contact potentials j, and j, satisfy the following hypotheses.

Jv: Xc x R — Ris such that

(a) ju (-, r) is measurable on X¢ for all r € R and there
exists e; € L>(I'c) such that j,(-,-, e;(-)) € L'(Z¢).

(b) j,(x,t,-) is locally Lipschitz on R for a.e. (x,t) € X¢.

(©) |0j,(x.t.7)| < coy + cpy|r| forallr € R, ae. (x,t) € X¢
with c¢g,, c1, > 0.

(d) (&1 — &) (r1 —r2) = —my|ry — r|* forall & € 9j,(x, 2, 17),
rr €eRi =1,2, ae. (x,t) € X¢ withm, > 0.

(e) jo®x.t.r;—r) < d,(1 4 |r|]) forall r € R, ae. (x.1) € Z¢
with d, > 0.

(7.31)

(7.32)

(7.33)
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je: ¥ x R?Y — R is such that

(@) j.(-,-, &) is measurable on X forall £ € R¢ and there
exists e, € L2(I'c;R?) such that j, (-, -, e(-)) € L' (Z¢).

Jr(x,1,-) 1s locally Lipschitz on ora.e. (x,7) € 2¢.
(b) j.(x,t,-) is locally Lipschi R? f (x.1)e X

(©) 19/ (x.1,&)||ge < cor + c1c|€||ge forall & € R?,
a.e. (x,t) € X¢ with cor, ¢ > 0. (7.34)

(d) (& —8,) - (&) — &) = —m.||&, — &2, forall
$ €0j.(x,1,8,).8 eRY. i =1,2, ae (x,t) € D¢
with m, > 0.

(€) jO(x.1.6:—&) < dy (1 + ||&||ga) forall § € RY,
a.e. (x,1) € Y¢ withd, > 0.

Finally, the forces and traction densities satisfy
fo € L*(0.T: L*(2:RY)).  fy € L*(0.T: L>(I'v:R%)). (7.35)

We turn now to the variational formulation of Problem 7.6 and, to this end, we
use the spaces H, H, H,, V, and V* introduced in Sect. 7.1. We assume that (u, o)
is a couple of sufficiently smooth functions which solve (7.25)—(7.30). Let v € V
and ¢ € (0, 7). We use the equilibrium (7.25) and the Green formula (2.7) to find
that

(0(t). €)= (f,(t). V) +/Fa(z)v-udr. (7.36)

We now take into account the boundary condition (7.28) and the decomposition
formula (6.33) to see that

/a(t)v-vsz/ fN(t)-vdF+/ (o, (t)vy +0.(2)-v,) dI. (7.37)
r FN FC

On the other hand, from the definition of the Clarke subdifferential and the boundary
conditions (7.29) and (7.30), we have

—0,(t)v, < jl?(t,uv(t);v\,), —0.(t) v, < jro(t,ur(t);vr) on I¢

which implies that

(ov(®)vy +0.(t)-v,)dI
I'c

= [ (Peniv) + Reuyoo)ar @39
I'c
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Fora.e.t € (0, T) consider the element f () € V* given by

(f @), v)vexy = (fo(0), v} + (fy (), v) 12(ry sme) (7.39)

for all v € V. We now combine (7.36)—(7.39) to see that

OO el [ (im0 + 2 0:v0)dr

I'c

> (f(t),v)y+xy forallv eV, ae.t € (0,7T). (7.40)

We use now (7.40) and the constitutive law (7.26) to obtain the following variational
formulation of Problem 7.6.

Problem 7.7. Find a displacement field u: (0,T) — V such thatu € L*(0,T;V)
and

(B(t. e(u())) +/0 C(t —s5,8(u(s))) ds,e(v)
@ wy(0):v0) + O uc (1) v,) ) dT
+/FC (J0@ @z 0) + 0w (1) 0,)
> (f(t),v)y+xy forallveV, ae.t €(0,7T). (7.41)

As usual, in this section we consider the trace operator y: Z — L?(I"; R?) where
Z = H%(£2;R?) with § € (1/2, 1) and its adjoint operator y*: L>(I";RY) — Z*.
We also denote by |y| the norm of y in £(Z, L*(I";R%)) and by ¢, > 0 the
embedding constant of V' into Z. Then, our main result in the study of Problem 7.7
is the following.

Theorem 7.8. Assume that hypotheses (7.31), (7.32), and (7.35) hold. If one of the
following hypotheses:

(i) (7.33)(@)—(d), (7.34)(a)~(d) and mp > /3 (c1y + c12) 2 ||y |2
(ii) (7.33), (7.34)

is satisfied and
mpg > max {mv,m,}»ce2 7 (7.42)

holds, then Problem 7.7 has at least one solutionu € LZ(O, T: V). If, in addition,

either j,(x,t,) and j.(x,t,-) are regular
(7.43)
or — j,(x,t,-)and — j.(x,t,-) are regular

fora.e. (x,t) € X¢, then the solution of Problem 1.7 is unique.
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Proof. The proof is based on Theorem4.22 in Sect.4.3. First, we introduce the
operators A, C:(0,T) x V — V* defined by

(A(lsu)sv>V*XV = (B(Z,e(u)),e(v))H, (744)

(C(t,u),v)y=xy = (C(t,e(u)),e(v))xn (7.45)

forallu,v € V,ae.t € (0, T). We also consider the function j: X¢ x RY > R
given by
J(x.1,8) = ju(x.1,6) + jo(x.1.§;) (7.46)

forall £ € R?, a.e. (x,1) € Y. Next, proceeding as in the proof of Theorem7.3,
we deduce that under the assumption (7.31), the operator A defined by (7.44) is
such that A(¢,-) is bounded, continuous, coercive with constant « = mp > 0 and
strongly monotone with positive constant m; = mg, for a.e. t € (0,7T). Hence,
condition (4.18) is satisfied. Also, if (7.32) holds, then the operator C given by
(7.45) satisfies hypothesis (4.26).

It follows from Corollary 3.48 applied to the functions j, and j that j(-,-, e(-)) €
L'(X¢) forall e € L?>(I'c;R?). Under assumptions (7.33) and (7.34), the function
j defined by (7.46) satisfies (4.49) with ¢y > 0,¢; = ¢1y + ¢ = 0, mpy =
max {m,,m;} >0 and do > 0.

It is also clear that the inequality in (i) implies the analogous inequality listed in
the hypothesis (i) of Theorem4.22 and condition (7.42) implies (4.43). Therefore,
we are in a position to apply the existence part of Theorem 4.22 and we deduce that
Problem 7.7 has a solution u € L?(0,7;V). It is easy to see that the regularity
hypothesis (7.43) implies the regularity of either j or —j, respectively. In this case,
by the uniqueness part of Theorem 4.22, we deduce the uniqueness of the solution
to Problem 7.7, which concludes the proof. O

A couple of functions u: (0,7) — V and 0: (0, T) — H which satisfies (7.41)
and the constitutive law (7.26) is called a weak solution of Problem 7.6. We conclude
that, under the hypotheses of Theorem 7.8, the frictional contact problem (7.25)—
(7.30) has at least one weak solution. Moreover, using (7.26), (7.35), and arguments
similar to those used on page 210 it can be proved that the weak solution has the
regularity

uel?0,T;V), oelL*0,T;H).

If, in addition, the regularity condition (7.43) holds, then the weak solution of
Problem 7.7 is unique.

7.3 An Electro-Elastic Frictional Problem

For the problem studied in this section we assume that the body is piezoelectric and
the foundation is conductive. Therefore, we refer to the physical setting described
in Sect. 6.4. The classical model for the process is as follows.
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Problem 7.9. Find a displacement field u: 2 — R¢, a stress field 6: 2 — S¢, an
electric potential ¢: 2 — R and an electric displacement field D: 2 — R such
that

Dive + f;, =0 in 2, (7.47)
divD —go =0 in 2, (7.48)
o = Fe(u)—P"E(p) inS2, (7.49)
D ="Pe()+BE(p) ins2, (7.50)
u=0 onl)p, (7.51)
ov=fy only, (7.52)
¢ =0 only,, (7.53)
D-v=gq, onlyp, (7.54)
— 0y € hy(¢ — o) ju(uy — go) on I, (7.55)
—0. €h(¢p—go,u,—go)dj.(u;) onlc, (7.56)
D-veh,(u—go)dj.(¢p —go) onlc. (7.57)

We describe now problem (7.47)—(7.57) and provide explanation of the equations
and the boundary conditions.

First, equations (7.47) and (7.48) are the equilibrium equations for the stress and
electric displacement fields, see (6.3) and (6.74), respectively. Next, equations (7.49)
and (7.50) represent the electro-elastic constitutive laws introduced in Sect. 6.4, see
(6.78) and (6.80). Recall that here & (u) denotes the linearized strain tensor, JF is the
elasticity operator, assumed to be nonlinear, P = (p;j) represents the third-order
piezoelectric tensor, P is its transpose, B = (B; ;) denotes the electric permittivity
tensor, and E (¢) is the electric field.

Conditions (7.51) and (7.52) are the displacement and traction boundary condi-
tions, whereas (7.53) and (7.54) represent the electric boundary conditions. These
conditions show that the displacement field and the electric potential vanish on I'p
and I, respectively, while the forces and free electric charges are prescribed on Iy
and [, respectively.

The boundary conditions (7.55), (7.56), and (7.57) describe the contact, the
frictional, and the electrical conductivity conditions on the potential contact surface
I'c, respectively, and were introduced in Sect. 6.4, see (6.82), (6.85), and (6.89).
Recall that here, as usual, h,, h, ke, jy, j, and j, are prescribed functions, dj,, d/;,
and dj, denote the Clarke subdifferentials of the functions j,, j,, j., respectively,
go is the gap function, and ¢ represents the electric potential of the foundation.

In the study of Problem 7.9 we assume that the elasticity operator F satisfies
condition (7.7). Moreover, the piezoelectric tensor P and the electric permittivity
tensor f satisfy
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P: 2 x S? — R? is such that
(@) P(x.e) = p(x)eforalle € S?, ae. x € 2.
() p(x) = (pijk(x)) with p;jx € L=(£2).

B: 2 x RY — R is such that
(@) B(x,&) = B(x)Eforall§ e RY, ae. x € 2.
() B(x) = (Bij(x)) with B;; = B;; € L=(£2).

(©) Bij (x)&i5; = mpl|E|I3, forall § = (§) € RY,

ae. x € £2 withmg > 0.
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(7.58)

(7.59)

The functions j,, and j, satisfy (7.8) and (7.9), respectively, and, in addition j,

satisfies
Jje: T'e x R — R is such that

(a) j.(-,r) is measurable on I'c for all r € R and there
exists e3 € L2(I'c) such that j, (-, e3(-)) € L'(I'c).

(b) j.(x,-) is locally Lipschitz on R fora.e. x € I'¢c.

(©) [0je(x.7)| < coe + cre|r| forallr € R, ae. x € I'c
with cg., ¢1. > 0.

() jox,r;—r) <d, (1 +|r|) forallr € R, ae.x € I'¢
with d, > 0.
The functions £, h., and h, satisfy
hy: I'c x R — Ris such that
(a) h, (-, r) is measurable on I'¢ forall r € R.

(b) hy(x,-) is continuous on R fora.e. x € I¢.

©)0<h,(x,r) < EU forallr e R, ae.x € I¢ withﬁU > 0.

he:T'c x R xR — Ris such that
(a) h.(-,r1, ry) is measurable on I'¢ for all r, r, € R.
(b) h¢(x,-,-)is continuouson R x R fora.e. x € I'¢c.

©)0<hi(x,r,rn) < h, forallry, rn € R,ae. x € I'c
with /i, > 0.

(7.60)

(7.61)

(7.62)



218 7 Analysis of Static Contact Problems

h.:I'c x R — R is such that
(a) he(-, r) is measurable on I'¢ forall r € R.
(7.63)
(b) he(x,-) is continuous on R fora.e. x € I'¢c.
(€) 0 < he(x,r) < h, forallr € R, ae.x € I'c with h, > 0.

The forces, tractions, volume, and surface free charge densities have the
regularity

foe L*(:RY),  fy e L*(ITv:iRY), qoe L*(2). qp € L*(I}). (7.64)
whereas the gap and the potential of the foundation satisfy

g0 € L®(I¢c), go>0aeonlc, @€ L®(I¢). (7.65)

In the analysis of Problem 7.9, for the mechanical unknowns u and o we use the
spaces H, H,H,, V, and V* introduced in Sect. 7.1. For the electrical unknowns ¢
and D we need the spaces

W={DeH|dvDel*)}, @={pcH' (2)|¢=0o0nl,}.

which are Hilbert spaces equipped with the standard inner products. Moreover, since
meas (I7,) is positive, it can be shown that @ is a Hilbert space with the inner product
and the corresponding norm given by

(0.¥)e = (Vo.V¥)u. ¥lle =VYln forall .y € @.

In addition, it is well known that the inclusions @ C L2?(£2) C &* are continuous
and compact where @* denotes the dual space of @.

We turn now to the variational formulation of the contact problem (7.47)—(7.57).
To this end, we assume in what follows that u, o, ¢, D are smooth functions which
solve (7.47)—(7.57).Let v € V. We use standard arguments based on the equilibrium
equation (7.47), the boundary conditions (7.51), (7.52), and the subdifferential
inclusions (7.55), (7.56) to see that

o e+ [ (o= 7200 =000
C
+ hely = g0, — 80) j @i v) ) AT
Z/fo-vdx—i- Sy -vdrl.
2

'y
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Consider now the element f € V* given by (7.16). Then, the previous inequality
yields

0.+ [ (o =) j2w — g0

I'c
+ helg = g0, = 80) j2w ) ) dT = (f W)yexr. (7.66)

Similarly, for every ¢ € @, from (7.48) and the Green formula (2.6) we deduce
that

(D,Vl/f)H-i-/QCIol/fdx:/rD-vwdF

and by (7.54), (7.57), we get
—(D.VU)u + | he(u, —g0) j)(@ —po:¥)dT = (q. ¥)orxe  (1.67)

for all ¢ € @, where ¢ is the element of @* given by

(¢ V)orxe = (qo. ¥)122) = (g6 ¥) 12(ryy forall ¥ € &. (7.68)

Also, remark that (7.53) implies that ¢ € @. We substitute (7.49) in (7.66), (7.50)
in (7.67) and use the equality E(¢) = —Vg to derive the following variational
formulation of Problem 7.9, in terms of displacement and electric potential fields.

Problem 7.10. Find a displacement field u € V and an electric potential ¢ € @
such that

(Fe(m),e(v))y + (P V. e(v))y
+/ (hv((p —@0) j (s — 801 ) + he (9 — @o, uy — go) (e vr))dl“
I'c

>(f,v)yxxy forallvelV, (7.69)

(BVe.V¥)n — (Pe). Vi)

+ | he(ey—g0) j2 (@ — @ W) AT > (q. V) arxe forally € . (7.70)
I'c

Note that, in contrast with the variational formulations of the frictional contact
problems studied in Sects.7.1 and 7.2, Problem 7.10 represents a system of hemi-
variational inequalities. One of the main features of this system arises in the strong
coupling between the unknowns u and ¢, which appears both in the terms containing
the piezoelectricity tensor P as well as in the terms related to the contact conditions.
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This last coupling represents a consequence of the assumption that the foundation is
conductive; it makes the model more interesting and its mathematical analysis more
difficult.

Our main results in the study of Problem 7.10 are presented in Theorems7.11
and 7.13 . In order to state these results, as in Chap. 4, we consider the space Z =
HS(Q2; R+ with § € (1/2,1), the trace operator y: Z — L*(I';RY*!) and
we denote by |y|| its norm in £(Z, L>(I"; R¢*1)), and by ¢, > 0 the embedding
constantof V x @ C H'(2;R¢*") into Z.

Theorem 7.11. Assume that (7.7), (7.58), (7.59), and (7.61)—(7.65) hold. Moreover,
assume that one of the following hypotheses:

(1) (7.8)(@)—c), (7.9)(a)c), (7.60)(a)c) and
min (@ mg } > V3 (1T + erche + i he) ey

(i) (7.8), (7.9) and (7.60)

is satisfied and

either j,(x,-), j.(x,-) and j.(x,-) are regular
(7.71)

or — j,(x,),—j.(x,) and — j.(x,-) are regular
fora.e. x € I'c. Then Problem 7.10 has at least one solution.

Proof. We apply Corollary 4.18 with a suitable choice of the functional framework.
We work in the product space Y = V x @ c H'(£2;R¢*"), which is a Hilbert
space endowed with the inner product

(y.z)y = (. v)y +(p.¥)o forall y = (. ¢) €Y andz=(v,.y) €Y
and the associated norm | - ||y. We introduce the operator A: Y — Y* defined by

(Ay.2)y*xy = (Fe(m),e())n + (PTVo, e())n

+(BVe. VY )y — (Pe@).Vy)n (1.72)

forall y,z € Y,y = (u,p), and z = (v, ). Consider the functions h;, j;: ['c %
Rt > Rfori = 1,2, 3 given by

hi(x.&,r) = h,(x,r —@o(x)),

ha(x,&.r) = he(x.r —@o(x),§ — go(x)).
h3(x.,&.r) = he(x,§ — go(x)),
Ji(x. &, 1) = ju(x,& — go(x)),
J2(x.8.r) = jo(x. &),

J3(x.&.r) = je(x,r —po(x))
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for all (£,7) € R? x R and a.e. x € I'c. Under the notation above, we associate
with Problem 7.10 the following hemivariational inequality:

find y = (u, ¢) € Y such that

3
(Ay.2)yexy +/F > hi(yy) jJ2yyiydl = ((f.q).2)yexy (773
Ci=1

forallz € Y,

where (f,q) € V* x @* = Y™ is given by (7.16) and (7.68).

We claim that under hypotheses (7.7), (7.58), and (7.59), the operator A is
pseudomonotone and coercive. Indeed, by (7.7)(c), (7.58), (7.59), and the Holder
inequality, we have

(Ay.2)y=xr| < /Q (1Fe@llss + IPTVellor ) le(@)lss dx
+ /Q (18V¢ s + 1Pl ) IV llne dx
= ([ () + arle@ls + ¢, 1Vl dx) ol
([ @190l +eple@l)’ dx) 1lo

=2 (llaoll 2y + arllully + cpllello) o]y

+v2(eollello + cplully) 1¥llo =T+ [lyll)lizly
forall y = (w.¢),z = (v.¥), y,z € Y with ¢,, ¢, ¢ > 0. This gives

lAyllyx < ¢(1 + ||ylly) for all y € Y and implies the boundedness of A. To
show the monotonicity of A we use (6.79) to see that

(PTVg,e@)w = (Pe), Vo)u (7.74)
and, therefore, the hypotheses (7.7)(e) and (7.59)(c) yield
(Ay = Ay, 1 = Ya)ysxy = (Fe(w) — Fe(uz), e(ur) — e(ua))n

+(BVe1 — BV, Vo1 = Vo) n

> mg||[Voi — V|3, >0
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for all y; = (u;,¢;) € Y,i = 1, 2. From the hypotheses on F, P, and B,
proceeding anologously as in the proof of Theorem 7.3, we infer that the operator
A is continuous. Since the operator A is bounded, monotone, and hemicontinuous,
from Theorem 3.69(i), we deduce that A is pseudomonotone.

Next, exploiting the relation (7.74) and the hypotheses (7.7)(d) and (7.59)(c),
we get

(Ay,y)y*xy = /Q]-"e(u) :e(u)dx—i—/S?ﬂV(p-V(pdx

> @ |ully, +mp llellg = min {@ mg} |y}

forall y = (u,¢) € Y. It follows from here that the operator A is coercive with
constant « = min{a&,mg} > 0 and, therefore, we conclude that it satisfies the
hypothesis (4.1).

Now we verify the hypotheses on /; and j;. It is obvious to see that h;, i = 1,
2, 3 satisfy (4.40). Moreover, we note that

jl(x,ij,r) = jv(x’Nvg _gO(x))a jZ(x’Svr) = jf(xa N‘L’E)

forall (£,7) € R? xR, a.e. x € I'c, with the operators N, € L®(I"; L(RY,R)),
N, € L®(I';L(R?,RY)) given by N,& = & = & -v(x) and N.& = £, =
& — £,v(x), respectively, for all £ € R?. Recall that the operators N,, N, and v
depend on the spatial variable x € I but, for simplicity of notation, we do not
indicate explicitly this dependence.

It is easy to observe that j; (-, £, r) are measurable on I'c for all (£,r) € RY xR
and j;(x,-,-) are locally Lipschitz on R4 for ae. x € Ic,i = 1,2, 3.
Furthermore, by Corollary 3.48 applied to the functions j,, j;, and j, we get that
Ji(-e()) € L'(I'¢) for all e € L>(I'c;RY*Y), i = 1, 2, 3. Hence we deduce
that (4.41)(a) holds. Using the definition of the generalized directional derivative of
Ji(x,-,) and Proposition 3.37, we have

Jlx & ri0.s) < jAx.E — go(x):00),
Jx.E.ri0.5) < jAx.E50,). (7.75)
i (x,&,r;0,5) < j2x,r —@o(x);s)

for all (£,7), (0.5) € RY xR, and a.e. x € I'c. Also, using the properties of the
generalized directional derivative, Proposition 3.23(i) and (iii), analogously as in the
proof of Theorem 7.3, we find that

JUGeE =g =) = (& — go(x)i—6) = dor (1 4+ 1(§. 1) lpa+)

jzo(x,‘;',r;—‘;',—r) = jro(x’gr;_'Sr) = dT (1 + ”(‘Evr)”R‘H‘l)’

JYCe & =8, —r) < jo(x,r —@o(x);—r) < dos (1 + [|(§,7) || ga+1)
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forall (£,7r) € RY x R and a.e. x € I'c with do1, do3 > 0. From (7.71) we infer
that either j;(x,-,-) or —j;(x,-,-) fori =1, 2, 3, are regular for a.e. x € ¢, so by
Proposition 3.38, we have

ji(x.8.7) S Oeji(x,&.7) x 8, ji(x.&.7) (7.76)

forall (§,7r) € R? x R and a.e. x € I'c, where j; denotes the generalized gradient
of j; with respect to the pair (£, r) and 0¢ j;, 0, j; are the partial generalized gradi-
ents of j;(x,-,r) and j;(x, &, ), respectively. From Proposition 3.37, Lemma 3.39,
and (7.76), we obtain

I (x.&.r) < dju(x. & — go(x)) v x {0},
ja(x.&.r) < [9):(x. & )], x {0},

9j3(x. &.7) S {0} x ). (x. 7 — ¢o(x))

forall (€,r) € RY x R, a.e. x € I'c. Moreover, we have the estimates

10j1(x. &, ) [ga+1 =< [9]u(x. & — go(x))] = cov + c10]s — go(x)]

< cov + clgo(x¥)| + e[ (§. ) [Iga+1.

10/2Cx. &, P)llra+r < 18/: (¥, & )llre < cor + Crel|€ [|ra

< cor + c1[(&, 1) |lga+1,

1073 (e, &, ) llratr < [8)e (¥, 7 = @o(x))| < coe + Cie|r = po(x)]

=< oe + Crelpo(x)] + crell(§. ) [pa+:

forall (§,r) € RY xR, a.e. x € I'c. We conclude from above that the functions j;,
i =1, 2, 3, satisfy the hypothesis (4.41).

Next, we apply Corollary 4.18 to the hemivariational inequality (7.73) in which,
clearly, the role of the abstract space V is played by the space Y and s = d + 1.
We deduce in this way that (7.73) has at least one solution y = (u,¢) € Y. It
remains to show that the pair of functions (u, ¢) represents a solution to the system
(7.69)—(7.70). To this end, we choose z = (v,0) € Y in (7.73) and take into account
(7.75) and the definition (7.72) to obtain the inequality (7.69). Then, we choose
z=(0,%) € Y in (7.73) and use again (7.75) to obtain (7.70). Therefore, it follows
from above that the couple of functions (u, ¢) € V x @ represents a solution to the
system (7.69)—(7.70). We deduce that Problem 7.10 has at least one solution, which
completes the proof. O
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The uniqueness of a solution to Problem 7.10 under the general assumptions
(7.61), (7.62), and (7.63) represents an open problem which, clearly, deserves more
investigation. However, it can be obtained in a particular case, when 4, i, and &,
are nonnegative constant functions. To present this uniqueness result we consider
the statement of Problem 7.10 in the particular case above.

Problem 7.12. Find a displacement field u € V and an electric potential ¢ € @
such that

(Fe(u),e(v))H+(PTVg0,e(v))q.[+/F (kvj\?(u\,—go;v\,)+kfjf(u,;vr)) ar

> (f,v)y=xy forallveV,

(BV0. V)i — (Pe(w). Vi) + /F kej%¢ — go:¥)dT

>{q,V)o*xe forally € @.

We have the following existence and uniqueness result.

Theorem 7.13. Assume that (7.7)(a)—(d), (7.58), (7.59), (7.64), and (7.65) hold, k,,
k., k. > 0 and, moreover, assume that

(a) (F(x,€1) — F(x,€2)) : (61 — €2) = mrer — a2,
foralle,, e, €S?, a.e.x € 2 withmz > 0.

(b) (& = &) (ry — r2) = —my|ry — ra|? forall & € 3j,(x,1;),
rieR,i=1,2, ae x € I'c withm, > 0.

(©) (& —85) (8§, — &) = —m.||§, —gz”ﬂzyfm’a”
£, €0j,(x.8).8 eRi=1,2,aexeclc
withm; > 0.

(d) (&1 = &)1 —r2) = —me|ry — ra|* forall §; € dje(x.r;),
rreR,i=1,2, ae x € I'c withm, > 0.

(7.77)

(e) min{mz,mg} > max{m,k,, mck,,mek,}c?|y|>*

Assume, in addition, that one of the following hypotheses
@) (7.8)(@)—(c), (7.9)(@)—(c), (7.60)(a) —(c) and

min{@, mp } > V3 (crvky + cicke + creke) 2 [lyI

(i1) (7.8), (7.9) and (7.60)
is satisfied and (7.71) holds. Then Problem 7.12 has a unique solution.
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Proof. In order to obtain the existence and uniqueness of solution to Problem 7.12,
we apply Theorem4.20 in a suitable framework. To this end, we consider the pro-
ductspace Y = V x & C H'(£2;R¢*!) with the inner product defined on page 220
and the operator A:Y — Y* defined by (7.72). We define the potential j: ¢ x
R+ — R by

j(xvss i") = kvjv(xvgv - gO(x)) + krjr(xvsz) + keje(xs r— </’0(x)) (778)

for all (£,7r) € R? xR, ae. x € Ic, and we consider the element (f,q) €
V* x @* = Y* defined by (7.16) and (7.68). Under the notation above, using
arguments similar to those presented in the proof of Theorem 7.11, it is easy to see
that Problem 7.12 can be formulated, equivalently, as follows:

find y = (u, ) € Y such that

(Ay.2) vy + / Joy:iy2) dT = (f.q).2) yexy (7.79)

I'c

forallz € Y.

From the proof of Theorem 7.11, we know that the operator A4 is pseudomonotone
and coercive with constant @ = min {&, mg} > 0. Itis also strongly monotone since
by (7.74) and the hypotheses (7.77)(a) and (7.59)(c), we have

(Ay, — Ay2. 1 — Ya)v*xy
= (Fe(u)) — Fe(uz),e(uy) — e(uz))n

+(BVe1 — B9, Vor — Vo) iy = my |uy — us}

+mgllor — @allp = min{mz,mg} |y, — v, |3
for all y; = (uwi,¢;) € Y,i = 1, 2. Hence, the hypothesis (4.12) holds with
my =min{mgr,mg} > 0.

Next, we study the properties of the function j defined by (7.78). We use

arguments similar to those used in the proof of Theorem7.11 and, for this reason,

we skip the details.
First, note that from Propositions 3.37 and 3.38, we have

J%x.&,r;0,5) < kyjl(x,& — go(x);00)

thejl(x. E0,) + ke jo(x, r —@o(x)is),  (7.80)

0j(x.6.1) € (ko (.6 — 206D v + ke [0/ (. 8,)], )

xkedje(x, 1 — @o(x)) (7.81)
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forall (£,7), (0,5) e RY xR, ae. x € Ic.
In order to verify (4.42)(c), let (x, &, 7) € I'c xR and (¢, 5) € R? xR be such

that (C,s_) € dj(x,&,r). From (7.81),we have & = ¢ v+[], with ¢ € k,dj,(x, & —

20(x)), ¢ € k,0j,(x,&,)and s € k,0j.(x,r — @o(x)). Using assumptions (7.8)(c),
(7.9)(c), and (7.60)(c), we obtain

1. ) llga+t < 18]+ IE]cllga + Is] < kv (cov + c1u]go(X)] + 1))
+k: (cor + c1cl§ llra) + ke (coe + Crel@o(x)] + crelr]) .

Thus, by (7.65) we deduce ||0j(x, &, 7)||ga+1 < Co+C1](§,7)||ga+ forall (§,r) €
RY x R, a.e. x € I'c withcy > 0and ¢; = c1,k, + 1.k + cieke > 0.
Next, using (7.80) and hypotheses (7.8)(e), (7.9)(e), and (7.60)(e), we have

JOx & r =8, =) < duky(1 + [6] + [g0(0)]) + deke (1 + 1§ [|re)
+doke(1+ |r| + l@o(x)) < do (1 4 [I(§, 7)l|ga+1)

forall (§,r) € RY xR, ae. x € I'c with Zo > 0. It remains to check the relaxed
monotonicity condition for j. We consider (¢;,s;) € dj(x,&;,r;) where ;, &; €
RY,s;, 1 € R,i = 1,2. By the formula (7.81), we get§; = ¢, v+[¢;], with ¢; € R,

?i € Rd??i € k\,aj\,(x, SU_gO(x))v Ei € krajr(x’ Er) and s € keaje(x’ ri_(pO(x))’
i =1, 2. Using (7.77)(b)—(d) and (7.23), we have

((€1.51) = (§2.52)) - ((§1.71) — (§5.72))
= —8ns1—95)(§ —&,,r1—12)
=1 =8 (6 — &) + (51 —52)(r1 —12)

> —max {m,k,,m:k; } 1§, — &, |2, — meke|ry — ra)?
> —max{myky,mkc,meke } |(§,,r1) — (fz,”Z)”Dszﬂ,

which proves (4.42)(d) with my = max{m,k,,m:k,,m.k,} > 0. We conclude
from here that the function j given by (7.78) satisfies condition (4.42). Finally,
we note that (4.43) is satisfied and, moreover, the inequality in hypothesis (i) of
Theorem 4.20 also holds.

We are now in a position to apply Theorem4.20 by choosing the space Y as
playing the role of the abstract space V and s = d + 1. It follows from here that
problem (7.79) has a unique solution y = (u, ¢) € Y, which ends the proof. O

A quadruple of functions (u, o, ¢, D) which satisfies (7.49), (7.50), (7.69),
and (7.70) is called a weak solution of Problem7.9. It follows from above that,
under the assumptions of Theorem 7.11, there exists at least one weak solution of
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Problem 7.9. To describe precisely the regularity of the weak solution, we note that
the constitutive relations (7.49) and (7.50), assumptions (7.7), (7.58), (7.59), and
regularity u € V, ¢ € @ show that 0 € H and D € H. Moreover, using (7.49),
(7.50), (7.69), and (7.70), it follows that (7.66) and (7.67) hold for all v € V and
Y € @. Then using arguments similar to those used on page 210 we deduce that

Dive + f, =0, divD—gy=0 in.

It follows now from (7.64) that Dive € H and div D € L?(£2). We conclude that
the weak solution of Problem 7.9 satisfies (u, 0, ¢, D) € V. x H; x ® x W.In
addition, under the assumptions of Theorem 7.13, the weak solution is unique.

7.4 Examples

We end this chapter with some examples of constitutive laws of the form (7.2) for
which assumption (7.7) is satisfied. Then, we present basic examples of frictional
contact conditions of the forms (7.5) and (7.6) for which assumptions (7.8), (7.9),
and (7.10) are satisfied, too. These examples lead to mathematical models for which
the existence and uniqueness results presented in Sect. 7.1 work. Also, we provide
examples of friction law of the form (7.30) for which assumption (7.34) holds.
Describing these examples we develop arguments which can be used to obtain
various concrete models of contact for which the results presented both in the
rest of Chap.7 and in Chap. 8 are valid. Nevertheless, since the modifications are
straightforward, we restrict ourselves to the examples described in this section.

Constitutive laws. We consider an elasticity operator F which satisfies

F: 02 xS — §7 is such that

(a) F(-, &) is measurable on 2 for all e € S7.

(b) [ F(x,e1) — F(x,e2)llse < Lrller—ezlsa
forall €,&, € S% a.e. x € 2 with L > 0. (7.82)

(©) (F(x,81) — F(x,82)) : (61 —&2) = mr &1 — 2|3,

forall €1,&, € S% ae. x € 2 withmr > 0.

(d) F(x,0) =0 forae.x € £2.

It is obvious to see that condition (7.82) implies condition (7.7) with ag = 0, a; =
Lz, and @ = mz. This remark leads to several examples of elasticity operators for
which condition (7.7) is satisfied, by checking only the validity of condition (7.82).
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Example 7.14. Assume that F is a linear and positive definite operator with respect
to the second variable, i.e.,

F: 2 xS? — §9 is such that
(@) F(x.e) = f(x)e foralle € S% ae. x € 2.
(b) f(x) = (fiynr (X)) With fiser = fjix1 = firiy € Lo(S2). (7.83)

(©) fijui(x)eijer = mrlle|?, foralle = () € S
ae.x € 2 withmz > 0.

Itis clear that F satisfies condition (7.82) with L = || f'|| o0 (;524)- In particular, it
follows that the operator (6.12) satisfies condition (7.82), if u, A > 0. We conclude
from here that the results in Sect. 7.1 are valid for the linear constitutive law (6.10)
and, in particular, for the constitutive law of linearly elastic isotropic materials,
(6.11).

Example 7.15. Let £:2 x S — S? be an operator that satisfies (7.83). Consider
the operator F given by (6.15), where B > 0, K is a closed convex subset of S? such
that 0 € K and Px:S? — K is the projection operator. Then, using the properties
of the projection map in Proposition 1.24, it is easy to see that the operator (6.15)
satisfies condition (7.82). We conclude that the results in Sect. 7.1 are valid for the
nonlinear constitutive law (6.14).

Example 7.16. 1t was shown in [102, p. 125] that, under the assumptions (6.22), the
nonlinear operator defined by (6.21) satisfies condition (7.82). This implies that the
results in Sect. 7.1 can be used in the study of the Hencky materials (6.20) as well.

We note that Examples 7.14, 7.15, and 7.16 provide operators 3 which satisfy
assumption (7.31) too and, therefore, they can be used to construct concrete models
of viscoelastic contact for which our results in Sect. 7.2 are valid.

Single-valued contact conditions. We turn to examples of single-valued contact
conditions which lead to subdifferential conditions of the form (7.5). For simplicity,
we consider only the case when there is no gap between the body and the foundation,
i.e., go = 0. These conditions are obtained in the framework described in Sect. 6.3
and resumed below. Consider the normal compliance contact condition

—o, =k, py(u,) onlg, (7.84)
where p,: R — R is a prescribed nonnegative continuous function which vanishes

when its argument is negative and k,, € L°°([¢) is a positive function, the stiffness
coefficient. Let g,: R — R and j,: I'c X R — R be the functions defined by

g(r)= / pv(s)ds forall r e R, (7.85)
0
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Fig. 7.1 Contact condition in Example 7.17

Ju(x,r) =k,(x)g,(r) forall r e R, ae.x € I¢. (7.86)
Then, as explained on page 186, using Lemma 3.50(iii) we have

0gv(r) = pu(r), 9ju(x,r) =ky(x)dg,(r) = k,(x) p,(r)

forall » € R, a.e. x € I'¢ and, therefore, it is easy to see that the contact condition
(7.84) is of the form (7.5). The following concrete examples lead to functions j,
which satisfy condition (7.8).

Example 7.17. Let p,: R — R be the function given by

0 if r <0,
p(r)=ary = (7.87)
ar if r >0,

with a > 0. Then, using (7.85) we have

0 if r <0,

&) =19 42 (7.88)
— if r > 0.

Clearly the function p, is convex (hence continuous and regular) and increasing.
In this case the function j, satisfies hypotheses (7.8) with constants ¢g, = 0 and
ciy = allky||Leo(rv). Moreover, since p, is increasing, from Corollary 3.53 on
page 80, it follows that the function j, satisfies the relaxed monotonicity condition
(7.21)(b) with m, = 0. The contact condition (7.84) for k, = 1 and p, given
by (7.87), as well as the potential (7.88), is depicted in Fig.7.1. This contact
condition corresponds to a linear dependence of the reactive force with respect to the
penetration and, therefore, it models a linearly elastic behavior of the foundation.

Example 7.18. Let p,:R — R be the function given by

0 if r <0,
po(r)=q ar if0<r<I, (7.89)

al if r>1,
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Fig. 7.2 Contact condition in Example 7.18

with @ > 0 and / > 0. Then, using (7.85) we have

0 if r <0,
ar? )
gv(r) = 7 if 0<r<lI, (7.90)
12
alr—a— if r>1.
2

Clearly the function p,, is continuous and satisfies the inequality |p,(r)| < al for
all r € R. Moreover, the function g, defined by (7.85) is continuously differentiable
(hence regular), g, (r) = g, (r) = p,(r) forall r € R, and by Lemma 3.50(iii), we
have

0jy(x,r) =ky(x)py(r)

for all r € R, a.e. x € I¢. In this case the function j, satisfies hypotheses
(7.8) with constants co, = al ||k,|[Loo(r) and c¢;, = 0. In addition, since p,
is increasing, Corollary 3.53 implies that the function j, satisfies (7.21)(b) with
m,, = 0. The contact condition (7.84) for k, = 1 and p,, given by (7.89), as well as
the potential (7.90), is depicted in Fig. 7.2. This contact condition corresponds to an
elastic-perfect plastic behavior of the foundation. The plasticity consists in the fact
that when the penetration reaches the limit /, then the surface offers no additional
resistance.

Example 7.19. Let p,:R — R be the function given by
0 if r <O,

a—i—e_b

po(r) = roif0<r<b, (7.91)

e " +a if r> b,
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with a > 0, b > 0. Then, using (7.85) we have

0 if r <O,

a+e? .
a=1 " ifo<r=b, (7.92)

-y b+ 2)ez_h —ab

ar —e if r>b.

It is easy to see that p, is a continuous function; hence, the function g, is continu-
ously differentiable. We infer that j,(x,-) is regular and, from Lemma 3.50(iii), we
have dg, (r) = p,(r) forall r € R. Hence

10ju(x, )| = ko ()] [po(P)] < (@ + ™) 1Ky [l oo (re)

for all € R, ae. x € I¢. In this case the function j, satisfies hypotheses
(7.8) with constants ¢y, = (a + e7?) lkvllLoo(re) and ¢;, = 0. Again, from
Corollary 3.53, performing a direct computation we can show that the relaxed
monotonicity condition (7.21)(b) is satisfied with m, = e~ ||k, || roo(re)- Note that
in contrast to the previous two examples, here the function p, is not increasing and,
therefore, the potential function j, is not a convex function. The contact condition
(7.84) for k, = 1 and p, given by (7.91), as well as the potential (7.92), is depicted
in Fig. 7.3. This contact condition corresponds to an elastic-plastic behavior of the
foundation, with softening. The softening effect consists in the fact that, when the
penetration reach the limit b, then the reactive force decreases.

Multivalued contact conditions. We turn now to examples of multivalued contact
conditions which lead to a subdifferential condition of the form (7.5). They are
constructed by using the “filling in a gap procedure” described on page 78 that we
resume below, for convenience of the reader. Let p, € L° (R) be such that for all
reR

there exist lim p,(§) = p,(r—) € R and lim p,(§) = p,(r+) € R.
E—>r— g—>rt
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We define the multivalued function p,: R — 2% by

v\I=) Pv if v\I=) = Fv
5.0) = [pv(r=). pu(r)]if py(r=) < pu(r+) torall r e R,

[pv(r+), py(r=)]if  py(r+) < pu(r—)

Also, we consider the functions g,: R — R and j,: ¢ x R — R given by (7.85)
and (7.86), respectively, where, again, k, € L (I¢) is a positive function. Then,
using Lemma 3.50(iii), we have

gy (r) = ’]'5‘,(7”), A (x,7) = ky(x)dgy(r) = k\,(x)'ﬁv(r)

forallr e R,ae.x € I¢.
Assume now that the normal stress o, satisfies the multivalued condition

—o, €k, p,(u,) onlg. (7.93)

Then, it is easy to see that this contact condition is of the form (7.5), with a zero
gap function. The following concrete examples lead to functions j, which satisfy
condition (7.8).

Example 7.20. Let p,: R — R be the function given by

0 if r <0,
p(r) = _ (7.94)
M ifr>0,

with M > 0. It is clear that p, € L%(R) and, moreover, there exists
lim,_, o+ pv() = py(rx) € R for all r € R. Then, using the filling in a gap
procedure, we have

0 if r <0,
p(r)y=1{ 10.M] if r =0, (7.95)
M if r >0,
and, in addition,
0 if r <0,
gu(r) = . (7.96)
Mr if r > 0.

It follows that | p,(r)] < M and dg,(r) = p,(r) forall r € R. Also,
10ju(x, )| = kv () [Py ()] = M |[ky |l Loo(re)

forallr € R, a.e. x € I¢. In this case the function j, satisfies hypotheses (7.8) with
constants ¢o, = M ||k, ||roo(r) and ¢;, = 0. Moreover, since p, has a monotone
graph, it follows that (7.21)(b) holds with m, = 0. The contact condition (7.93)
for k, = 1 and P, given by (7.95), as well as the potential (7.96), is depicted in
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Fig. 7.4 Contact condition in Example 7.20

Fig.7.4. This contact condition corresponds to a rigid-perfect plastic behavior of the
foundation. The rigid behavior corresponds to the fact that, as far as the magnitude
of the normal force is less than the critical limit M, there is no penetration. The
perfect plastic behavior is given by the fact that, when the normal force reaches the
limit M, then the foundation offers no additional resistance.

Example 7.21. Let p,: R — R be the function given by

0 if r <0,
b .

po(r) = —;r+b if 0<r <a, (7.97)
0 if r>a

with ¢, b > 0. It is clear that p, € L°(R) and, moreover, there exists
lim,_, o+ pv() = py(rx) € R for all r € R. Then, using the filling in a gap
procedure, we have

0 if r <O,
[0, b] if r =0,
7,(r) = b (7.98)

——r+b f0<r<a,
a

0 if r>a.

In this case the function g, is given by

0 if r <O,
b, ,
gv(r) — —zr +br if0<r<a, (7.99)
b
i if r>a.
2

We have
[0ju (x, )| = ko ()| [P, (M| < b llkullLoore)
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gy

Fig. 7.5 Contact condition in Example 7.21

for all r € R, a.e. x € I¢. Therefore, the function j, satisfies hypotheses (7.8)
with constants ¢, = b ||k, | o) and ¢, = 0. From Corollary 3.53, by direct
computation we know that j,(x,-) satisfies the relaxed monotonicity condition
(7.21)(b) with m,, = f—; kvl oo (ry- Moreover, we show that j,(x,-) is regular for
ae. x € I¢,ie. (7.19) is also satisfied. Indeed, j,(x,-) can be represented as the
difference of convex functions, i.e.,

Jo(x, 1) = @i(x, 1) —@2(x,7)
with ¢ (x,r) = k,(x)h(r), where

b
— 2 —br+ab if r <0,
2a

hi(r)y=14 ab if0<r<a,
b 3ab
—rz—br+i if r>a
2a 2

and
b ,
o(x,r) =k, (x)| —r°—br +ab
2a

for all r € R, a.e. x € I¢. Since ¢(x,-) and ¢,(x,-) are convex functions and
dgpy(x,-) is single-valued, from Proposition 3.42, we deduce that j,(x,-) is regular
on R for a.e. x € I'¢ and, in addition,

djy(x,r) = dp1(x, 1) — dpa(x, 1)

for all r € R, a.e. x € Ic. The contact condition (7.93) for k, = 1 and 'ﬁv
given by (7.98), as well as the potential (7.99), is depicted in Fig. 7.5. This contact
condition corresponds to a rigid-plastic behavior of the foundation, with softening.
The softening effect is in such a way that, if the penetration a is reached, the surface
is completely disintegrate and offers no resistance to penetration.



7.4 Examples 235

Example 7.22. Let p,: R — R be the function given by

0 if r <O,
pu(r) = (7.100)
e"4+a ifr=0

with a > 0. Obviously p, € L*(R) and, moreover, there exists lim,_,, + py ¢) =
pv(rx) € Rforall r € R. Then, using the filling in a gap procedure, we have
0 if r <0,
Pu(r)=1[0.1+a] ifr=0, (7.101)

e " +a if r > 0.

In this case the function g, is given by

0 if r <0,
g(r) = (7.102)
—e " +ar+1 if r>0.

We have

10, (x, 1) = [k ()] [P, ()] < (1 + @) [Iky || Loo(re)
forall » € R, a.e. x € I'c. Therefore, the function j, satisfies hypotheses (7.8) with
constants cg, = (1+4a) ||k, | Loo(r) and ¢1, = 0. Moreover, by a direct computation

we can show that the condition (7.21)(b) holds with m, = 1. Finally, we observe
that j,(x,-) can be written as the difference of convex functions, i.e.,

jv(xsr) = </)1(xs”)_§02(xv")

with ¢ (x,r) = k,(x)h(r), where

e"—ar—1 ifr<o,
hi(r) =
0 if r>=0

and
o(x,r) =k, (x)(e" —ar—1)

for all ¥ € R, a.e. x € I¢. Since ¢(x,-) and ¢,(x,-) are convex functions and
dpy(x,-) is single-valued, from Proposition 3.42 we have that j,(x, -) is regular on
R for a.e. x € I'¢ and, in addition,

djy(x,r) = dp1(x, 1) — dpa(x, 1)
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Fig. 7.6 Contact condition in Example 7.22

forall r € R, a.e. x € I'c. The contact condition (7.93) for k, = 1 and 'ﬁv given
by (7.101), as well as the potential (7.102), is depicted in Fig.7.6. And, again,
this contact condition corresponds to a rigid-plastic behavior of the foundation,
with softening. Nevertheless, in contrast with the contact condition in Example 7.21
where the resistance of the foundation vanishes for large penetrations, here it
remains larger than the limit a.

Next, we note that the arguments presented above can be used in order to provide
examples of functions j, which satisfy assumption (7.33). Indeed, assume that the
stiffness coefficient depends both on x and ¢, i.e., it is a positive function which
satisfies k, € L°°(X¢), and let p, be one of the functions in Examples 7.17-7.22.
Let j, be the potential function defined by

Hx,t,r) =ky(x,t)g,(r) forall r eR, ae. (x,t) € X¢

where, again, g, is given by (7.85). Then, it can be easily proved that j, satisfies
assumption (7.33). Since the modifications are straightforward, in order to avoid
repetitions, we omit the details. Nevertheless, we remark that in this way we can
construct concrete models of viscoelastic contact for which our results in Sect. 7.2
are valid.

Frictional contact conditions with normal compliance. We proceed in what
follows with an example of frictional condition (7.6). To this end, we consider
the static version of Coulomb’s law of dry friction, (6.71), with the friction bound
(6.54). The choice (7.84) in (6.54) leads to the friction bound Fp, = wk, p,(u,).
Therefore, using the arguments on page 188, it is easy to check that (6.71) leads to
the subdifferential condition (6.69) in which

he(r) = uk, p,(r) forall r € R, (7.103)
je(&) = ||&||pe forall & € RY. (7.104)

The following concrete example leads to functions /i, and j, which satisfy
conditions (7.10) and (7.9), respectively.
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Example 7.23. We assume that u € L*®°([¢) and k, € L%°(I¢) are positive
functions. Let p, be the normal compliance function considered in Example 7.18.
Then, it is easy to see that the function /. satisfies condition (7.10) with

Iy = al ||l zoore ko || oo (re) -

Also, if we choose the normal compliance function p, in Example7.19, then the
corresponding function /. satisfies condition (7.10) with

he = (a+e™) ||l oo ey ko | oo ey

And, obviously, if in the two examples above the coefficient of friction vanish, then
h, = 0 and, therefore, condition (7.10) is satisfied. This situation arises in the case
of the frictionless condition, since in this case 6, = 0 on .
Next, we verify that the function j, given by (7.104) satisfies condition (7.9). We

have

B(0,1) ifé =0,

&) =1 ¢
1€ [ e

forall & € RY, where E(O, 1) denotes the closed unit ball in RY, ie.,

ifE 0

BO.1) = {§ R | [[§]ps <1}

The function j, is convex, regular, its subdifferential dj, is monotone (hence the
relaxed monotonicity condition (7.21)(c) holds with m, = 0) and [|0j; (§)||ge < 1
for all £ € RY. It is easy to see that the function j, satisfies hypotheses (7.9) with
constants ¢o; = 1 and ¢y, = 0 and (7.77)(c) with m, = 0.

Other frictional conditions. We pass now to examples of frictional conditions of
the form (7.30) for which assumption (7.34) holds. These examples can be used to
construct concrete models of viscoelastic contact for which our results in Sect. 7.2
are valid.

Example 7.24. Consider the function j,: ¢ x RY — R given by

Jo(x,1,8) = F;,(x,t)(,/||£||%d + p? —p) forall £ € R?, ae. (x,1) € Z¢.

Here p > 0 and Fj is a positive function such that F;, € L°°(X¢). The function
Jr(x,t,-) is convex, regular, continuously differentiable for a.e. (x,7) € X¢ and its
subdifferential is monotone. We conclude from here that the relaxed monotonicity
condition holds with m, = 0. In this case the function j; satisfies hypotheses (7.34)
with constants co; = || Fp|lzoo(z¢), ¢1r = 0 and m,; = 0. A simple computation
shows that
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§
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Therefore, the corresponding frictional condition (7.30) corresponds to the static
version of the regularized Coulomb friction law (6.65).

0. (x,t,8) = Fp(x,t) forall £ e R?, ae. (x,1) € Z¢.

Example 7.25. Consider the function j,: ¢ x RY — R given by

Fy(x,t
Jo(x,1,8) = % ||E||]$[1 forall £ € R?, ae. (x,1) € Z¢.
0

with p € (0, 1]. Here, again, F} is a positive function which belongs to L*°(X¢).
The function j,(x,¢,-) is convex, regular and continuously differentiable, for a.e.
(x,t) € X¢. Moreover, by the chain rule, we have

Fy(x.0)||E]5," & if & #0,

0 ife€ =0

je(x,2,8) =

forall £ € RY, ae. (x,t) € X¢. Itis clear that
10/ (x.t,)llge < | Follzoocze) 1€oa < 1 Fbllzooze) (1€lIge + 1)

forall§ € R, a.e. (x,1) € X¢, whichimplies that this function satisfies hypotheses
(7.34)(c) with constants co; = cir = || Fp| Loo(sc). Moreover, since j.(x,¢,-) is
convex fora.e. (x,7) € X¢, it satisfies the relaxed monotonicity condition (7.34)(d)
with m; = 0. The rest of the conditions in (7.34) are obviously satisfied. Note that
the corresponding frictional condition (7.30) corresponds to the static version of the
regularized Coulomb friction law (6.66), called also the power-law friction.

Example 7.26. Consider the function j,: ¥¢ x RY — R given by
Je(x.1.8) = (a(x,1) = 1) e M8lea 1 g(x 1) & | ga (7.105)

forall £ € RY, ae. (x,1) € X¢c witha € L®(X¢), 0 < a(x,t) < 1, for ae.
(x,t) € Y. Then, using the chain rule and the generalized gradient formula (see
Proposition 3.34), we have

B(0,1) if§ =0,
0r(x,2,8) =

((1 —ax,0) e M€ 4 g(x, z)) ifE +£0

&
1€ I
for all £ € RY, ae. (x,f) € Xc. The function j.(x,?,-) is nonconvex and
[0/ (x,t,&)|lge < 1forall & € RY, ae. (x,t) € Xc. In this case the function
Jr satisfies hypotheses (7.34) with constants ¢, = 1, ¢;; = 0 and m,; = 1. Note
also that in the particular case a = 1 the function (7.105) becomes the function
(7.104) associated with the classical version of Coulomb’s law of dry friction.
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We turn now to some comments on the frictional condition (7.30) with j; given
by (7.105). To this end, we assume that a is a constant such that 0 < a < 1 and
d = 2, i.e., we deal with the case of a two-dimensional body. Then, at each point
of the contact surface there is only one tangential direction. Denoting by 7 its unit
vector, we have 0, = 0,7 and u, = u,t where o, and u, are real-valued functions.
It is easy to see that in this special case, the friction law —o , € dj, (u,) leads to the
multivalued relation

(a—1)e" —a if u, <0,
—0; = [_1, 1] if u, =0, (7.106)
(1—-a)e™ +a if u, > 0.

Consider now the function (7.105) in the case d = 1, a(x,t) = a € [0,1), i.e,,
JoR—>R,
Je(r)y=(a-e " +ar| (7.107)

for all r € R. The subdifferential of this function is given by
(a—1e" —a ifr <0,

e (r) = § [-1.1] if r =0,

(1—a)e" 4+a ifr>0.

Therefore, we note that equality (7.106) can be written in the subdifferential form
—o, € dj.(u;). Moreover, it can be written in the equivalent form

—0; € Fb(|ur|)a|ur|

where
Fy(ry=(1—-a)e " +a forall r e Ry (7.108)

represents the friction bound and d|r| is the convex subdifferential of the function
r—|r|,ie.,

~1 if r <0,
rl =1 [=1,1] ifr =0,
1 if r > 0.

The friction law (7.106) and the potential function (7.107) are depicted in Fig.7.7.
One of the main features of this friction law arises in the fact that the friction bound
(7.108) decreases with the slip, from the value one to the limit value a. We conclude
that (7.106) describes the slip weakening phenomenon which appears in the study
of geophysical problems, see [36,37,228] for details.
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Fig. 7.7 Contact condition in Example 7.26

We end this section with the remark that examples of contact conditions of the
forms (7.55), (7.56), and (7.57) in which the functions j,, j., je, hy, h; and h,
satisfy assumptions (7.8), (7.9), (7.60), (7.61), (7.62), and (7.63), respectively, can
be constructed by using arguments similar to those presented on pages 228-236.
The only difference arises in the fact that here we have to take into account the
dependence of some functions on the difference ¢ — ¢y.

For instance, assuming the normal compliance contact condition (6.83) in which
k,:R — R is a continuous bounded function and p, is one of the functions in
Examples7.17-7.22, we obtain a contact condition of the form (7.55) in which
(7.8) and (7.61) are satisfied. Moreover, considering i > 0 and k, as above, the
arguments of Example 7.23 lead to a contact condition of the form (7.56) in which
(7.9) and (7.62) hold. Note also that the functions %, in (6.94) and (6.95) satisfy
assumptions (7.63) with Ee = k.. And, concrete examples of functions j, such that
(7.60) holds are provided in Examples 7.17-7.22.

We conclude that in this way we can construct concrete models of electro-elastic
contact for which our results in Sect. 7.3 are valid.



Chapter 8
Analysis of Dynamic Contact Problems

In this chapter we apply the abstract results of Chap. 5 in the study of three dynamic
frictional contact problems. In the first two problems we model the material’s
behavior with a nonlinear viscoelastic constitutive laws with short and long
memory, respectively. In the third problem the body is supposed to be piezoelectric
and, therefore, the process is mechanically dynamic and electrically static. In all
problems under investigation we describe frictional contact with subdifferential
boundary conditions. For each problem we deliver a variational formulation. For the
first two problems it is in a form of a hemivariational inequality for the displacement
field and, for the third one, it is in a form of a system of hemivariational inequalities
in which the unknowns are the displacement and electric potential fields. Next,
we use the abstract existence and uniqueness results presented in Chap. 5 to prove
the weak solvability of the corresponding contact problems and, under additional
assumptions, their unique weak solvability. Everywhere in this chapter we use the
notation introduced in Chap. 6.

8.1 A First Viscoelastic Frictional Problem

For the physical setting of the first problem under consideration we refer to Sect. 6.1.
We suppose that the process is dynamic and the material is viscoelastic with
short memory. We recall that, in the reference configuration, the viscoelastic body
occupies an open bounded connected set 2 C R? with boundary I" = 952, assumed
to be Lipschitz continuous. Also, it is assumed that I" consists of three sets FD,
FN, and fc, with mutually disjoint relatively open sets I'p, I'y, and I¢, such
that meas (I'p) > 0. Let [0, T'] denotes the time interval, 7 > 0. Everywhere in this
chapter we use the notation Q = 2x(0,7), Xp = I'px(0,T), Xy = I'yx(0,T),
and X¢ = I'¢ x (0, T). Then, the classical model of the frictional problem can be
stated as follows.
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Problem 8.1. Find a displacementfieldu: Q — R? and a stress fieldo : Q — S¢

such that
u"(t) —Diva (1) = fo(t) inQ, (8.1)
o(t) = A(t,e'(t))) + Be(u(t)) in Q, (8.2)
u(t) =0 onXp, (8.3)
o(t)yy = fy(t) onZy. (8.4)
—oy(t) € 0ju(t, uy(t) — go) on Xc, (8.5)
— 0 (1) € he(uy(t) — go) Ije (t. (1)) on Zc, (8.6)
u(0) = uy, u'(0) =vy in L. (8.7)

We now provide some comments on equations and conditions in (8.1)—(8.7).
Equation (8.1) is the equation of motion, (6.1), in which “Div” denotes the
divergence operator for tensor-valued functions and, for simplicity, we assume that
the density of mass p = 1. Equation (8.2) represents the viscoelastic constitutive law
with short memory, (6.23), while conditions (8.3) and (8.4) are the displacement and
the traction boundary conditions, respectively. Conditions (8.5) and (8.6) represent
the contact and friction conditions, respectively, in which j,, h;, and j, are given
functions and, recall, gy denotes the gap function. Note that the explicit dependence
of the functions j, and j, on the time variable allows to model situation when the
frictional contact conditions depend on the temperature, which plays the role of a
parameter, i.e., its evolution in time is prescribed. Finally, conditions (8.7) represent
the initial conditions where u( and v denote the initial displacement and the initial
velocity, respectively.

In the study of Problem 8.1 we assume that the viscosity operator A and the
elasticity operator B satisfy the following hypotheses.

A: Q xS — S is such that
(a) A(-, -, &) is measurable on Q for all & € S¢.
(b) A(x,1,-) is continuous on S¢ for a.e. (x,7) € Q.
(c) | A(x.t,€)||lse <ao(x.t)+ay|le|s foralle € S¢,

ae. (x,t) € Q withag € L>(Q),a0 > 0and a; > 0. (8.8)
(d) Ax,7,6) 1 e > a e, foralle € S?,ae. (x,1) € Q
with o > 0.

(e) (A(x,t,e1) — A(x,t,€;7)) : (¢; — &3) > 0 for all
e1,e2eS, ae. (x,1) € Q.
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B: 2 x S¢ — S is such that
(a) B(x,e) = b(x)e foralle € S, ae. x € 2.
(b) b(x) = (bijkl(x)) with
bijki = bjir1 = bixij € L*(£2).
(¢) bijki(x)e;jer > Oforalle = (e;;) € S?,ae. x € 2.

The contact and frictional potentials j, and j, and the function %, satisfy

Jv:XYc x R — Ris such that
(a) j,(,-, r)is measurable on X'¢ for all » € R and there
exists e; € L?(I'c) such that j, (-, -, ei1(-) € L'(Z¢).
(b) j,(x,t,-) is locally Lipschitz on R for a.e. (x,t) € X¢.
(©) 10ju(x.2,7)| < con(t) + cp|r| forall ¥ € R, ae. (x,1) € Z¢
with ¢o, € L*°(0,T), cop, c1y > 0.

(d) (&1 = &) (r1 —r2) = —my|ry — ra)? forall &; € 9j,(x.1.17),
rr €eRi=1,2,ae. (x,t) € X¢c withm, > 0.

je: Xe x RY — Riis such that
(@) j(-,-, &) is measurable on X¢ for all £ € R¢ and there
exists e; € L2(I'c;RY) such that j.(-,-,e(-)) € L' (Z¢).
(b) j.(x,t,-)is locally Lipschitz on R? fora.e. (x,7) € X¢.

(©) 118 (x, 2, &) llpa < cor(t) + cic ]| |[ga forall & € RY,
a.e. (x,t) € X¢ with ¢, € L*°(0,T), cor, 10 > 0.

(d) (& =8,) - (&, — &) = —m,||&, — &2, forall
$ €0j.(x.t,8,).6 R i =1,2, ae. (x.1) € Z¢
with m, > 0.

h.:I'c x R — R s such that
(a) h.(-,r) is measurable on I'¢ forall r € R.
(b) . (x,-) is continuous on R fora.e. x € I¢.
(©)0<h(x,r) < h, forallr € R,ae. x € I'c with b, > 0.

The volume force and traction densities satisfy
fo € L*0,T; L*(2;RY)),  fy € L*0,T; L*(I'y:RY)),
the gap function satisfies

g0 € L®°(I¢), g0>0 ae.onlgc.
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and, finally, the initial data have the regularity
ueV, wvoe H. (8.15)
Here and everywhere in this chapter we use the Hilbert spaces
H = L*(22;R%), H={t= (1)1 =1 € L*(2)} = L*(2;5%),

H,={teH|Divt e H}, V={veH (2:R)|v=00nTp},

introduced in Sect.2.3. Also, V* denotes the dual space of V and (-,)y*xy
represents the duality paring. Finally, as usual in the study of evolutionary problems,
we need the spaces

V=L*0,T;V), V*=L*0,T:V*),
W={veV]|v eV}

Next, we present the variational formulation of Problem 8.1. We consider the
function f: (0, T) — V* given by

(f (@), v)vexy = (fo(). v) i + (fx (). ) 121 1m0 (8.16)

forv € V,ae. t € (0,T). Assume that (u, o) is a couple of sufficiently smooth
functions which solve (8.1)—(8.7), v € V and ¢ € (0, T). We use the equation of
motion (8.1) and the Green formula (2.7) to find that

(@’ (1), v)vexy + (0 (t), @) = (fo(t). v} +/F0(l)v vdl. (8.17)

We now take into account the boundary condition (8.4) to see that

/a(l)v-vdF:/ fN(l)-vdF—f—/ (ov(t)vy +0.(t)-v,) dI. (8.18)
r FN FC

On the other hand, from the definition of the Clarke subdifferential combined with
(8.5) and (8.6), we have

—0y (t)vy < jO(t, un(t) — g0 ),

—0 (1) - v < he(uy(1) — go) j(1.ul(1); vy)



8.1 A First Viscoelastic Frictional Problem 245

on X¢, which implies that

/ 0,10y +0+(1) - v2) AT
I'c

== [ (0 = 2000 + 1) = 20) 2 0:00) T 819
We now combine (8.16)~(8.19) to see that
W0).0) vy + (o). (o)
(70000 = 000+ el = 0 2, 0100

> (f(t),v)y*xy forall veVandae.t € (0,7). (8.20)

Finally, we use (8.20), the constitutive law (8.2) and the initial conditions (8.7) to
obtain the following variational formulation of the mechanical problem (8.1)—(8.7).

Problem 8.2. Find a displacement field u: (0,T) — V such thatu € V, u' €
W and

(@' (1), v)yexy + (At e@ (1)), €(v))3 + (Be(u(t), e(v))n
[ (7000 = guiv) + helwno) = g0 J2u 0:v0) dT
I'c
> (f(t),v)y*xy forall veVandae.t € (0,7T), (8.21)

u(0) = uy, u'(0) = v,.

In what follows we need the space Z = H®(£2; R?) with a fixed § € (3, 1) and
the trace operator y: Z — L*(I'c;R?). We denote by ||y || the norm of the trace
operator in £(Z, L*>(I'c;R?)) and by ¢, > 0 the embedding constant of V' into Z.

The solvability of Problem 8.2 is given by the following result.
Theorem 8.3. Assume that hypotheses (8.8), (8.9), (8.10)(a)—(c), (8.11)(a)—(c),
(8.12)—(8.15) are satisfied. Moreover, assume that

either j,(x,t,-) and j.(x,t,-) are regular

. . (8.22)
or — jy(x,t,-)and — j.(x,t,-) are regular
fora.e. (x,t) € X¢ and, in addition,
a > 6 max {cy,, C1; Er}cf IyI?T. (8.23)

Then Problem 8.2 has at least one solution.
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Proof. The proof is based on Theorem 5.19. We introduce the operators A4: (0, T") x
V — V*and B:V — V* defined by

(At u), v)yxy = (A, e()), e(v))u (8.24)
(Bu,v)y=xy = (Be(u),e(v))y (8.25)

foru, v € V,ae. t € (0,T). We need to check that the operators A, B, and the
function f given by (8.24), (8.25), and (8.16) satisfy the conditions (5.1), (5.2), and
(5.4), respectively.

First, we observe that by (8.8) and Holder’s inequality, we have

(A v), w)pexy| < /9 [ AGx. 2, €(0))llsa lle W)l|se dx

= /Q(ao(x,t) +ai[e()llse)lleW)llge dx
< V2 (llac®)ll 20 + ar [o]lv) [wly (8.26)
forall v,w € V,ae.t € (0, T). Therefore, the function
(x,1) —> A(x,t,e(v)):e(w)

is integrable on Q, for all v, w € V. Next, by Fubini’s theorem (Theorem 1.69 on
p- 22), we have that

[ / A(x,t,e(v)):e(w)dx = (A(t,v),w)y*xy
o)

is measurable for all v, w € V. Therefore, the function ¢ +— A(¢,v) is weakly
measurable from (0, T') into V'*, for all v € V. Since the latter is separable, from the
Pettis measurability theorem, (Theorem 2.28 on p. 38), it follows that ¢t — A(¢, v)
is measurable for all v € V, i.e., (5.1)(a) holds. The properties of A in (5.1)(b)—(d)
follow from the hypothesis (8.8) by a reasoning analogous to the one of the proofs
of Theorem 7.3. Therefore, we conclude that the operator A given by (8.24) satisfies
condition (5.1).

It is also clear that, under assumption (8.9), the operator B given by (8.25)
satisfies condition (5.2). Moreover, from (8.13), (8.15), and the definition of f,
it follows that (5.4) holds, too.

To proceed, we define the functions j;: ¥¢ x RY > Rfori = 1,2 and h: ['c X
R? x RY — R by

Ji(x, 1, 8) = ju(x,1, NvE — go(x))
jZ(x’tag) = jr(x’ta N‘L’E)
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h(x,ny,m;,) = he(x, Nopy — go(x))

for all &, 9, 5, € RY, ae. (x,1) € X¢, where N, € LM(F;E(R",R)), N, €
Lo°(I'; L(R?,RY)) are given by N,§ = &, = £-vand N.&§ = &£, = & — &,v,
respectively. By the arguments presented in the proof of Theorem 7.3, we deduce
that j; fori = 1, 2 and £ satisfy (5.90) and (5.89), respectively.

Finally, the condition (8.23) implies (5.91). We use now Theorem5.19 to
complete the proof. O

We underline that the result of Theorem 8.3 represents a local existence result,
since the length of the time interval has to satisfy the smallness condition (8.23).
Nevertheless, given a time interval (0, T'), if the constant & which appears in the
coercivity condition (8.8)(d) is large enough, then (8.23) holds and, therefore,
Theorem 8.3 provides a global existence result.

A couple of functions u: (0,7) — V and ¢: (0, T) — ‘H which satisfies (8.21),
(8.2) and (8.7) is called a weak solution of Problem 8.1. We remark that under the
assumptions of Theorem 8.3 there exists at least one weak solution of Problem 8.1.

To describe precisely the regularity of the weak solution, we note that the
regularity u € V and u’ € W combined with the continuity of the embedding
W C C(0,T; H), implies that

ueW'20.7T:V)., u' eC(O.T:H), u'eL*0.T:V"). (8.27)

Moreover, the constitutive law (8.2), assumptions (8.8), (8.9), and (8.27) show that
¢ € L?(0,T;H). In addition, using (8.2) and (8.21), it follows that (8.20) holds
which implies that

u"(t) —Divo(t) = f,(r) in Q.

This equality combined with (8.13) and (8.27) implies that Div ¢ € L?(0,T; V*).
Therefore, the regularity of the stress field is given by

o0 € L*0,T:H), Dive e L*0,T;V*). (8.28)

We conclude from above that the weak solution of Problem 8.1 satisfies (8.27),
(8.28). The question of the uniqueness of the weak solution is left open and, clearly,
this question deserves more investigation in the future.

We end this section with the remark that examples of viscoelastic constitutive
laws of the form (8.2) in which the operators A and 5 satisfy conditions (8.8) and
(8.9) as well as examples of contact conditions of the forms (8.5), (8.6) in which the
functions j,, j;, and A, satisfy assumptions (8.10), (8.11), and (8.12), respectively,
can be constructed by using arguments similar to those presented in Sect. 7.4. We
conclude that our results presented in this section are valid for the corresponding
frictional contact models.
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8.2 A Second Viscoelastic Frictional Problem

In this section we describe a dynamic viscoelastic frictional contact problem which
leads to a hemivariational inequality involving the Volterra-type integral term. We
refer to Sect. 6.1 for the physical setting of the problem under consideration. In
contrast to Sect. 8.1, the material behavior is now described with a viscoelastic
constitutive law with both short and long memory, (6.29). The classical formulation
of frictional contact problem is stated as follows.

Problem 8.4. Find a displacementfieldu: Q — R? and a stress fieldo : Q — S¢
such that

u"(t) —Divo(t) = f,(t) in Q, (8.29)

a(t) = At,e'(1))) + Be(u()) + /0 C(t—s,e(u(s)))ds inQ, (8.30)

u(r) =0 onZXp, (8.31)
o)y = fy(r) onZy, (8.32)
—0,(t) € 3, (t, u,(1)) on Xc, (8.33)
—0.(t) € 0j.(t.u(t)) onXc, (8.34)
u(0) = up, u'(0) = vy in. (8.35)

The dynamic contact problem (8.29)—(8.35) is similar to the dynamic problem
(8.1)—(8.7) studied in Sect. 8.1. The difference arises in the fact that now we replace
the constitutive law (8.2) with the viscoelastic constitutive law (8.30) and the
frictional contact conditions (8.5), (8.6) with the frictional contact conditions (8.33),
(8.34). Here j, and j, are given functions and, recall, the symbols 9/, and dj. denote
the Clarke subdifferential of j, and j, with respect to their last variables.

In the study of Problem 8.4 we use the function spaces H, H, Hi, V,V*, Z, V,
V*, and W considered in Sect. 8.1. Also, as usual, we denote by ||y the norm of
the trace operator in £(Z, L?>(I'c;R?)) and by ¢, > 0 the embedding constant of V/
into Z.

We assume that the viscosity operator A satisfies

A: QO x S? — S is such that

(a) A(:, -, &) is measurable on Q for all & € S¢.

(b) A(x,t,-) is continuous on S¢ for a.e. (x,¢) € Q.

(c) | A(x.t,€)|lse <ao(x.t)+ay|le|s foralle € S¢,
ae. (x,1) € Q withay € L>(Q),ap > 0and a; > 0.

(d) (A(x,1,€1) — A(x,1,£2)) : (€1 — &2) = maller — &23,
forall e,&, € S7, ae. (x,1) € Q withm 4 > 0.

(e) A(x,7,0) =0 fora.e. (x,7) € Q.

(8.36)
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Also, we suppose that the elasticity operator B satisfies (8.9) and the relaxation
operator C is following

C: 0 x S — S% is such that
(a) C(x,t,e) =c(x,t)e foralle € S?,ae. (x,1) € Q.

(b) c(x,t) = (Cijkl(xat))
with ¢ = ¢jiki = Cirij € LZ(O, T; L*°(£2)).

(8.37)

Furthermore, the contact and frictional potentials j, and j, satisfy (8.10) and (8.11),
respectively. The volume force and traction densities satisfy (8.13) and, finally, the
initial data have the regularity (8.15).

We present now the variational formulation of Problem 8.4 and, to this end, we
consider the function f:(0,7) — V* given by (8.16). Assume that (u,0) is a
couple of sufficiently smooth functions which solve (8.29)—(8.35),v € V and ¢ €
(0, T). We use the equation of motion (8.29) and the Green formula (2.7) on page
37 to find that

@' (@), v)yexy + (0 (1), e(0))1 = (fo(t), v)n + /F o(t)v-vdrl. (8.38)

Now, we take into account the boundary condition (8.32) as well as the definition of
the Clarke subdifferential in (8.33), (8.34) and, analogously as in Sect. 8.1, we have

@' (t), v)ysxy + (a(t),e(v))n
[ (@) + e wrn) dr
I'c
> (f(t),v)y*xy forall v e Vandae.t € (0,7T). (8.39)

We use now (8.39), the constitutive law (8.30), and the initial conditions (8.35)
to obtain the following variational formulation of the mechanical problem
(8.29)—(8.35).

Problem 8.5. Find a displacement field u: (0,T) — V such thatu € V, u' €
W and

@" (1), v)yrxy + (At e@'(1))). e(v)) 3
+(Be(u(t)), e(v))y + </t C(t—s,e(u(s)))ds, e(v)>
0 H
[ (000 + w000 = (00
I'c
forall v € Vandae.t € (0,7), (8.40)
u(0) = uy, ' (0) = v.

The unique solvability of Problem 8.5 is given by the following result.
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Theorem 8.6. Assume that (8.9)—(8.13), (8.15), (8.22), (8.36), (8.37) hold and the
following conditions are satisfied:

my > max{mv,mf}cf ||)/||2 (8.41)

ma > 6 max {Cl\n Clr}Cf ”V”2 (8.42)

Then Problem 8.5 has a unique solution.

Proof. The proof follows from Theorem5.25. We introduce the operators
A:(0,T) x V — V* and B:V — V* by (8.24) and (8.25), respectively, and
the operator C: (0, T) x V — V* defined by

(C(Ou, v)yrxy = (C(1.ew)), &(v))x (843)

forall u, v € V,ae. t € (0,T). The operator A given by (8.24) satisfies the
hypothesis (5.67)(a)—(d), as it results from the proof of Theorem 8.3. Moreover,
(8.36)(d) implies the strong monotonicity of A(z,-) for a.e. t € (0, T), thus (5.67)
is satisfied with « = m; = m4 > 0. It is obvious to see that, under condition
(8.9), the operator B given by (8.25) satisfies (5.2). Also, from (8.13), (8.15), and
the definition (8.16) of f, we know that (5.4) holds. In addition, condition (8.37)
implies that the operator C defined by (8.43) satisfies (5.74).
Next, we define the function j: ¥¢ x R — R by

j(x7l’§) = jv(xvlsél)) + jl(xvlsgr) foralls € Rds a.c. (xvl) € EC-

Applying Corollary 3.48 to the functions j, and j, it is easy to see that j(-,-,e(:)) €
L' (X¢) for all e € L*(I'c;R?). Under the assumptions (8.10), (8.11), and
(8.22), the function j satisfies (5.96) with ¢y € L*°(0,T), co > 0, ¢, =
max {cyy,ci¢ } > 0, and my, = max{m,, m, }. Finally, the conditions (8.41) and
(8.42) guarantee (5.97) and (5.98), respectively. We apply Theorem 5.25 which gives
that Problem 8.5 has a unique solution. This completes the proof. O

A couple of functions #: (0,7) — V and ¢: (0, T) — H which satisfies (8.40),
(8.30) and (8.35) is called a weak solution of Problem 8.4. We conclude that, under
the assumptions of Theorem 8.6, there exists a unique weak solution of Problem 8.4.
Moreover, following arguments similar to those presented in Sect. 8.2 it follows that
the weak solution has the regularity (8.27) and (8.28).

We provide now a brief comparison between the results presented in Theo-
rems 8.3 and 8.6. First, we note that the regularity of the solutions provided by the
two theorems is the same. Also, note that in the two theorems the assumptions on
the elasticity operator B, on the potential functions j,, j;, on the forces and tractions
as well as on the initial data are the same. Nevertheless, we remark that condition
(8.36) implies (8.8) and, therefore, it follows that Theorem 8.6 holds under stronger
assumption on the viscosity operator .A. Second, we note that Theorem 8.3 states
the existence of at least one solution to Problem 8.2 while Theorem 8.6 states the
existence of a unique solution to Problem 8.5. And, finally, note that Theorem 8.3
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holds if the time interval 7" satisfies the smallness assumption (8.23) and, for this
reason, the solutions provided by this theorem can be considered as a local solution
to Problem 8.2. In contrast, the result provided by Theorem 8.6 holds without any
restriction on 7, i.e., the solution to Problem 8.5 provided by this theorem is global
in time.

We end this section with the remark that examples of contact conditions of the
forms (8.33) and (8.34) in which the functions j, and j; satisfy assumptions (8.10)
and (8.11), respectively, can be constructed by using arguments similar to those
presented in Sect. 7.4. We conclude that our results in this section are valid for the
corresponding frictional contact models.

8.3 An Electro-Viscoelastic Frictional Problem

For the problem studied in this section we assume that the body is piezoelectric and
the foundation is conductive. Therefore, we refer to the physical setting described
in Sect. 6.4. As a consequence, besides the partition of I" into three sets Tp, Ty,
and T ¢, which corresponds to the mechanical boundary conditions, we consider a
partition of I" p UT y into two sets I, and I";, with mutually disjoint relatively open
sets I, and I, which corresponds to the electrical boundary conditions. We assume
that meas (I'p) > 0 and meas (/,;) > 0. We denote by [0, T'] the time interval
of interest, with 7" > 0 and, besides the notation Q, ¥Xp, Xy, X¢ introduced in
Sect. 8.1, we also use the notation X, = I, x (0,T) and X, = I}, x (0,T). The
classical model for the process is as follows.

Problem 8.7. Find a displacement field u: 9 — RY, a stress field 6: Q — S¢,
an electric potential p: Q — R, and an electric displacement field D: Q — R?
such that

u'(t) —Diva(t) = fo(t) inQ, (8.44)
div D(t) = qo(t) in Q, (8.45)
o (1) = A(t, e/ (1)) + Be(u(t)) — PTE(¢(t)) in O, (8.46)
D(r) = Pe(u(t)) + BE(¢(1)) inQ, (8.47)
u(t) =0 on Xp, (8.48)
o(t)v = fy(t) onZy, (8.49)
9(t)=0 onZX,. (8.50)
D(t)-v =qpt) onZ, (8.51)

—0y(t) € 3j, (1. u,(t)) on Xc, (8.52)
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—0.(t) € dj.(t,u.(t)) on X, (8.53)
D(t)-v € dj.(p(t) — o) onXc, (8.54)
u(0) =uy, u'(0)=vy in£. (8.55)

We now provide explanation of the equations and the conditions (8.44)—(8.55)
and we send the reader to Sect. 6.4 for more details and comments.

First, (8.44) is the equation of motion for the stress field in which the density
of mass has been taken to equal one and (8.45) represents the balance equation
for the electric displacement field. We use these equations since the process is
assumed to be mechanically dynamic and electrically static. Equations (8.46) and
(8.47) represent the electro-viscoelastic constitutive laws, see (6.81) and (6.80),
respectively. We recall that 4 is the viscosity operator, 3 is the elasticity operator,
P represents the third-order piezoelectric tensor with P its transpose, B denotes
the electric permittivity tensor and E (¢) is the electric field, i.e., E(¢) = —Vo.
Also, the tensors P and P T satisfy the equality (6.79) and, if P = (p;j«), then the
components of the tensor P are given by p; « = Dkij-

Next, conditions (8.48) and (8.49) are the displacement and traction boundary
conditions, whereas (8.50) and (8.51) represent the electric boundary conditions.
Moreover, (8.52), (8.53), and (8.54) are the contact, the frictional and the electrical
conductivity conditions on the contact surface I'¢, respectively, in which the
function ¢, represents the electric potential of the foundation.

Finally, conditions (8.55) represent the initial conditions where u, and vy denote
the initial displacement and the initial velocity, respectively.

Note that the operator .A and the functions j, and j; may depend explicitly on
the time variable and this is the case when the viscosity properties of the material
and the frictional contact conditions depend on the temperature, which plays the
role of a parameter, i.e., its evolution in time is prescribed.

In the study of Problem 8.7, we assume that the viscosity operator A satisfies
(8.36) and the elasticity tensor B satisfies (8.9). Moreover, the piezoelectric tensor
‘P and the electric permittivity tensor B satisty

P2 xS? — R is such that
(a) P(x,e) = p(x)eforalle € S¢, ae. x € 2. (8.56)
(b) p(x) = (pijr(x)) with pijx € L>(£2).

B: 2 x RY — R? is such that
(a) B(x,&) =P(x)EforallE e RY, ae. x € 2.
(b) B(x) = (Bij(x)) with B;; = Bj; € L=(£2). (8.57)

(©) Bij (x)&E; = mpll€|2, forall & = (&) € RY,
ae. x € 2 withmg > 0.
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The contact and frictional potentials j, and j, satisfy conditions (8.10) and
(8.11), respectively, and the electric potential function j, satisfies

je: I'c x R — R is such that
(a) j.(-,r) is measurable on I'c for all r € R and there
exists e3 € L?(I'c) such that j, (-, e3(-)) € L'(I'c).
(b) je(x,-) is locally Lipschitz on R for a.e. x € I¢. (8.58)
(©) [0je(x, )| < coe + Cre|r| forallr € R, ae. x € I'¢
with ¢, ¢, > 0.
(d) (&1 = &) (i — r2) = —me|ry — ra|* forall & € dje(x,,17),
ri €eRi =1,2, ae.(x,t) € Xc withm, > 0.

The volume force and traction densities satisfy (8.13), the densities of electric
charge and surface free electrical charge have the regularity

qo € L*(0,T: L*(2)), q» € L*(0,T; L*(I})), (8.59)

the initial data satisfy (8.15) and, finally, we assume the potential of the foundation
is such that
@o € L®(I¢). (8.60)

In order to give the variational formulation of Problem8.7, for the electric
displacement field and for the stress field we use the spaces

H=L*2:RY), H={t=(u)|1w =1;ecl*(2)}=L*2:s.
Recall that these are real Hilbert spaces with the inner products defined on page 35.
Also, for the displacement field and the electric potential, we introduce the spaces

V={ve H'(Q:R)|v=0onlp}, ¢={yecH(2)|y=0onT,}

which are Hilbert spaces with the inner products and the corresponding norms
given by

(W, v)y = (e@).e(). |vlv = le@)|» forall u,veV,

(0. ¥)e = (Vo.V¥)u. |IVlle =[VY|u forall ¢, ¢ € ®.

Also, V* and @* will denote the dual space of V and @, respectively, and (-, ) y+xy,
(-, Yo*xo will represent the corresponding duality parings.

We turn now to the variational formulation of the contact problems (8.44)—(8.55).
To this end, we assume in what follows that u, o, ¢, D are sufficiently smooth
functions which solve (8.44)—(8.55). We use the equation of motion (8.44), take
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into account the boundary conditions (8.48), (8.49), (8.52), (8.53) and, analogously
as in Sect. 8.1, we obtain

W' (0, 0)yexy + (1), ()3 + f (0@ @3 0) + 2 (1) v0) ) d T

I'c

> (f(t),v)y+xy forall veV, ae.t € (0,7T), (8.61)

where the function f:(0,7) — V* is given by (8.16).

Similarly, for € @ and ¢ € (0, T'), from (8.45) and the Green formula (2.6) we
deduce that

(D). V) + /Q do(D)¥ dx = /F D()-vydrl

and then, by (8.51) we get

(D). VY + f D) - vy dl = (). P)oxa.  (8:62)

I'c

where ¢: (0, T) — @* is the function given by
@O Voo = [ aowdx= [ aowar
b

for € @ and a.e. t € (0, T). From the definition of the Clarke subdifferential and
(8.54) we have

D) vy < jde(t)—po:¥) on Zc,

which implies that
/| DW-vydr= / 0~ yydr (8.63)
We combine now (8.62) and (8.63) to obtain
—(PO.Vu+ [ e = Al = 0 oo 669

I'c

for all ¥ € @, ae. t € (0,7). We substitute now (8.46) in (8.61), (8.47) in
(8.64), use the equality E(p) = —Vg and the initial conditions (8.55) to derive
the following variational formulation of Problem 8.7, in terms of displacement field
and electric potential.
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Problem 8.8. Find a displacement field u: (0,T) — V and an electric potential
¢:(0,T) - ® suchthatu e V,u' € W, ¢ € L*(0,T; ®), and

(@' (1), v)yexy + (At e@'(1))). e ()3 + (Be((1)), e (v))x

+(PTVo(1). €(0)) +/ (50 @z 0) + 2 (1) v0) ) d T

I'c

> (f(t),v)y*xy forallv eV, ae.t € (0,7), (8.65)

(BY0(). V)i — (Pe(@(®). Vi) u + / 20 — g0 ) dT

I'c

> (q(t), V)o+xe forally € @, ae.t € (0,7T), (8.66)

u(0) = uy, u'(0) = v,.

Note that, in contrast with the variational formulations of the frictional con-
tact problems studied in Sects. 8.1 and 8.2, Problem 8.8 represents a system of
hemivariational inequalities. One of the main features of this system arises in the
coupling between the unknowns u and ¢, which appears in the terms containing the
piezoelectricity tensor P.

In order to state the main existence and uniqueness result of this section, we
need the spaces Z = H%(2;R?) and Z, = H%(2) where § € (1/2,1) is fixed.
We denote by ¢, > 0 the embedding constant of V' into Z and also of @ into Z.
Moreover, we introduce the trace operators y: Z — L>(I'c;R?) and y;: Z; —
L?(I'c) and, finally, we denote by ||y|| and ||y;]| their norms in £(Z, L*(I'c; R?))
and £(Z;, L*>(I'¢)), respectively.

Our main result in the study of Problem 8.8 is the following.

Theorem 8.9. Assume that (8.9)—(8.11), (8.13), (8.15), (8.36), (8.41), (8.42),
(8.56)—(8.60) hold. Moreover, assume that

either j,(x,t,-), j:(x,t,-) and j.(x,t,-) are regular

. . . (8.67)
or — jy(x,t,-),—j(x,t,) and — j.(x,t,-) are regular
fora.e. (x,t) € X¢ and, in addition,
mg > N3cict|yil)? and mg > m, c2 |y (8.68)

Then Problem 8.8 has a unique solution.

Proof. The proof is carried out into several steps. It is based on the study of
three intermediate problems combined with a fixed-point argument. We start by
considering the operators A: (0,7) x V — V* and B:V — V* defined by (8.24)
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and (8.25), respectively, and recall that the function f: (0, T) — V* is defined by
(8.16). It is clear that the operators A and B satisfy conditions (5.67) and (5.2),
respectively, and f € V*.

Step 1. Let n € V* be fixed. In this first step we prove the well-posedness of the
following intermediate evolutionary problem.

Problem P,. Findu, €V such that u; € W and
(u;’(t) + A(t,u) (1)) + Buy(1), v)y=xy + (1), v)y*xy
[ (7000300 + 2 0:00) AT = (SO0
c
forallv e V, ae.t € (0,7),
u;(0) = uo, u,(0) = vo.
To solve Problem P,, we define the function j: X¢ x R? — R by

j(xslv’é) = jv(xs[vgv) +jr(xvls§r)

forall £ € R?, a.e. (x,¢) € X¢. Under assumptions (8.10), (8.11), and (8.67), from
the proof of Theorem 7.5 it follows that j satisfies (5.96) with ¢; = max { ¢y, c1¢ }
and m, = max { m,, m, }. By Propositions 3.35, 3.37, and (8.67), we have

0, t,85p) = j0(x, 1,605 p0) + jO(x, 1, E 5 p,)

for all &, p € R ae. (x,t) € X¢. Therefore, from Theorem 5.23, it follows that
Problem P, has a unique solution. Moreover, using inequality (5.99) we have

1 (1) —ux (DI} < C/ 1,(5) = m2() [+ ds forall £ €[0.T],  (8.69)
0

where u; = u,, is the unique solution to Problem P, corresponding to y; fori = 1,
2. Note that in (8.69) and below, ¢ represents a positive constant which does not
depend on time and whose value can change from line to line.

Step 2. Let w € V be fixed and consider the bilinear forms E: ® x® — R and
PV x @ — R defined by

B@.v) = BV, V), P, ¥) = (Pe(v), V)

forall ¢, ¥ € @ and v € V. In the second step we prove the well-posedness of the
following hemivariational inequality.
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Problem P,,. Find ¢,, € @ such that

Blowv) + / J0(pw— g0 ) AT = Fw. ) + (g V) oxo forall y € .

I'c

To solve Problem P,, we define the operator B:® — @* and the functional
q,, € @* by equalities

(’Ews w)Q)*X@ = E(@s w)v (é’ws W)q)*xqf) = fﬁ(wv W) + (qv w>¢>*><¢

for ¢, ¥ € @. It follows from Theorem4.20 that there exists a unique element
¢y € @ such that

Bwe V) oo + / J0@w— 0o ) AT = oo V)arxa forall y € &

I'c

and, clearly, ¢,, is the unique solution of Problem P,,. Moreover, using the inequality

@y = Topys W1 — V2) e x0 < P(W1 — W2, Y1 — Y2)

= clwi—wally [¥1 — ¥2llo.
valid for all wi, w, € V and ¥y, ¥, € @, we have
17, = G, lleox < clwi—wally.
Therefore, from (4.44), we obtain

lor —@alle < cllwi —w2llv, (8.70)

where ¢ > 0 and ¢; = ¢, is the unique solution to Problem P,, corresponding to
w; fori =1, 2.

Step 3. For n € V* we use the solution u, of Problem P, obtained in Step 1 and
consider the following intermediate problem.

Problem Q,. Find ¢, € L*(0,T; ®) such that

(BVn(1). V)1 — (Pe(uy(t)). Vi) 11 + / 7%yt — 9o 9 dT

I'c

> (q(t), V)p*xp forally € @, ae.t € (0,7T).

The aim of the third step is to prove the well-posedness of Problem Q,. First,
from Step 2 it follows that Problem @, has a unique solution. Moreover, if u1, u,
represent the solutions to Problem P, and ¢, ¢, represent the solutions to Problem
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0, respectively, corresponding to 3, 3, € V*, then (8.70) shows that there exists
¢ > 0 such that

lo1(t) —p2(D)lle < ¢ |lui(t) —us(t)|ly forae.r € (0,7). (8.71)

Step 4. For n € V*, we denote by u, and ¢, the functions obtained in Step 1 and
Step 3, respectively. We introduce the operator A: V* — V* defined by

(AD@).v)y=xr = (PTV@,(1). ()3
forallv € V,ae.t € (0,T). In this step we prove that A has a unique fixed point
n* € V*. Let p € V*. Since

(PTVgo,,(t),e(v))H = /QPTV%(t):e(v) dx = /QPe(v)-VqJ,,(t) dx

= (Pe(v), Vo (1)) u = p(v,¢,(1)) < cllvlvle,()lle
forallv € V,a.e.t € (0,T), we have

A @)llv+ = sup [((An)(@). v)vxv] = cllgy@)lle (8.72)

lvly <t

for a.e. 7 € (0,7). This implies that || An[ly+ < ¢ [|¢yll120,7;0) Which shows that
the operator A is well defined.

We prove in what follows that the operator A has a unique fixed point. To this
end, consider 5,, §, € V*. Using arguments similar to those used to obtain (8.72),
from (8.69) and (8.71), we have

1 AD©) — (An) O < ¢ llon @) — @)
< ¢ g () —up O] < c / 11(5) = 15 (5) 2 dis
0

fora.e.t € (0, T). Subsequently, we deduce that

(A7) (@) — (A*) (D [+ = [(AAR)) (1) — (A(AR)) (D)1}«

IA

c / 1A (S) — (A7) (s) |2 ds
0

c /0 (c /0 ||m(r>—n2(r)||2v*dr) ds
cz(/0 ||m(r>—n2(r)||zv*dr) (/0 ds)

t
_ /0 Iy (r) = 1a() 130 dr

IA

IA
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for a.e. t € (0,T). Here and below, as usual, Ak represents the kth power of the
operator A, for k € N. Reiterating the previous inequality k times, we find that

kkl

I n)@) ~ (A MO = G

/ 1) = 1)

fora.e.t € (0, T), which leads to

T 4
A g, — Af |l = (/O 1(AFn ) () — (AFny) (@) 13« dr)

1

([ 5 ([ mor - nonar) ar)

ka %
(G 5) e

k

lim & =0 forall a > 0.
k—o00 k!

Since

by the Banach contraction principle (Lemma 1.12 on p. 7), we deduce from above
that for k sufficiently large, A¥ is a contraction on V*. Therefore, there exists a
unique »* € V* such that * = A*p* and, moreover, §* € V* is the unique fixed
point of the operator A.

Step 5 - Existence. Let n* € V* be the fixed point of the operator A. We denote
by u the solution of Problem P, for = ™, i.e. u = u,», and by ¢ the solution
of Problem Q, for u,=, i.e., ¢ = @,=. The regularity of u and ¢ follows from the
regularity of solutions to Problems P+ and Q. Furthermore, since n* = Ap*,
we have

(1), v)yexy = (PTVgu(t),e(v))y forallv eV, ae.t € (0,T).
We conclude that (u, ¢) is a solution of Problem 8.8 with the desired regularity.

Step 6 - Uniqueness. The uniqueness of the solution of Problem 8.8 is a conse-
quence of Steps 1 and 3, and the uniqueness of the fixed point of A. O

A quadruple of functions (u, o, ¢, D) which satisfies (8.46), (8.47), (8.65),
(8.66), and (8.55) is called a weak solution of Problem 8.7. It follows from above
that, under the assumptions of Theorem 8.9, there exists a unique weak solution
of Problem8.7. And, following arguments similar to those presented in Sects. 7.1
and 8.1 it follows that the weak solution satisfies
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ueWwh20,7;V), ueC,T;H), u'elL*0,T;V*),
0 €L*0,T;#H), Dive € L>(0,.T;V*),
¢ € LX(0.T:9),
D e L*(0,T;H), divD e L*0,T;L*£)).
We end this section with the remark that examples of contact conditions of
the forms (8.52), (8.53), and (8.54) in which the functions j,, j;, and j, satisfy
assumptions (8.10), (8.11), and (8.58), respectively, can be constructed by using

arguments similar to those presented in Sect.7.4. We conclude that our results
presented in this section are valid for the corresponding frictional contact models.
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body with a constitutive law of the form (8.46), (8.47) and a conductive foundation
can also be found in [20, 21, 146]. In [146] the process was assumed to be
quasistatic and the contact was described with normal compliance and the
associated friction law. A variational formulation of the problem was derived
and the existence of a unique weak solution was obtained, under a smallness
assumption on the data. The proof was based on arguments of evolutionary
variational inequalities and fixed point. In [21] the process was assumed to be
quasistatic, the contact was frictionless and was described with the Signorini
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condition, and a regularized electrical conductivity condition. The existence
of a unique weak solution to the model was proved by using arguments of nonlinear
equations with multivalued maximal monotone operators and fixed point. Then
a fully discrete scheme was introduced and implemented in a numerical code.
Numerical simulations in the study of two-dimensional test problems, together with
various comments and interpretations, were also presented. In [20] the process was
assumed to be dynamic, the contact was frictionless and described with normal
compliance. The influence of the electrical properties of the foundation on the
contact process was investigated, both from theoretic and numerical point of view.

The study of dynamic contact problems for electro-viscoelastic bodies within the
framework of evolutionary hemivariational inequalities is quite recent. References
in this topic include [151] (where a model involving a noncoercive viscosity operator
was considered) and [148] (where a frictional contact problem with normal damped
response and friction was studied).

It is worth to mention that a global existence results for variational inequalities
modeling the dynamic contact with a rigid obstacle were obtained in a number
of papers. Thus, a hyperbolic problem with unilateral constraints which models
the vibrations of a string in contact with a concave obstacle was treated in [227].
An existence result for a variational inequality with unilateral constraints was
obtained in [130] and, as far as we are aware, it represents the only existence
result obtained till now in the study of the dynamic contact between an elastic
membrane and a rigid obstacle. We also refer to [122] for interesting results on
the global solvability and properties of the solutions of linear hyperbolic equations
with unilateral constraints. Finally, we mention that a global existence result for a
dynamic viscoelastic contact problem with given friction was provided in [120].

The comments above show that the mathematical research related to models
arising in Contact Mechanics represents a topic which is continuously evolving.
A list of major directions in which it could move in the future is provided in the
survey paper [231] as well as in the books [233,238]. Optimal control of frictional
contact problems, study of settings with large coefficient of friction, investigation of
thermal effects, and inclusion of additional phenomena such as wear and adhesion
into contact models are some of these directions.
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weakly continuous, 86
orthogonal

complement, 8

elements, 8

P
paralellogram law, 8
Pettis measurability theorem, 38
piezoelectric material, 193
Poincaré inequality, 47
process
dynamic, 177
quasistatic, 177
static, 177
product rule, 46
projection, 9
lemma, 9
operator, 9
pseudomonotone operator
multivalued, 82
single-valued, 85

Q

quasistatic process, 177

R
reflexive space, 12
regular function, 57
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relaxation

coefficients, 182

operator, 182

tensor, 182
relaxed monotonicity condition, 78
Rellich-Kondrachov theorem, 32
Riesz representation theorem, 12, 28

S
selection, 55
self-adjoint operator, 17
semicontinuous function
lower, 13
upper, 13
separable normed space, 5
sequence
Cauchy, 6
convergent, 4
weakly * convergent, 15
set
bounded, 5
closed, 5
closed convex hull, 55
closure, 5
compact, 5
convex, 8
convex hull, 55
dense, 5
measurable, 18
relatively compact, 5
support function, 52
weak closure, 13
weakly closed, 12
single-valued operator
coercive, 88
coercive with constant, 88
demicontinuous, 86
hemicontinuous, 86
maximal monotone, 84
monotone, 84
pseudomonotone, 85
radially continuous, 86
strongly monotone, 84
totally continuous, 86
weakly continuous, 86
slip, 183
dependent friction law, 190
slip rate, 183, 187
dependent friction law, 190
slip zone, 188
Sobolev embedding theorem, 46
Sobolev space, 29
Sobolev-Slobodeckij space, 32

Index

space
Banach, 6
bidual, 11

Bochner-Lebesgue, 40
Bochner-Soboleyv, 45, 47
complete, 6
continuous bounded functions, 45
dual, 11
Hilbert, 8
Holder continuous functions, 45
inner product, 7
limit, 4
linear, 4
linear normed, 4
measurable, 18
normed, 4
reflexive, 12
separable, 5
Sobolev, 29
Sobolev-Slobodeckij, 32
test functions, 29
uniformly continuous bounded functions,
45
vectorial, 4
static process, 177
time-dependent, 177
time-independent, 177
stick zone, 188
stiffness coefficient, 184
strain tensor, 178
stress
field, 176
normal, 183
tangential, 183
strictly convex Banach space, 14
subdifferential
Clarke, 56
convex function, 59
subdifferential inclusion
Volterra integral term, 106, 149
subgradient, 59
support function, 52
symmetry of tensors, 179, 181, 195
system of hemivariational inequalities, 219,
255

T

tangential shear, 183

tensor
elasticity, 181
electric permittivity, 195
piezoelectric, 195
relaxation, 182
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strain, 178
trace, 179
viscosity, 181

theorem
Banach contraction, 7
Banach-Alaoglu, 15
Bochner integrability, 39

converse Lebesgue dominated convergence,

42
Eberlein-Smulian, 13
Fubini, 22
Holder inequality, 27
Jensen inequality, 27
Kakutani, 13
Lebesgue-dominated convergence, 21, 42
Lebourg mean value, 61
Mazur, 13
Milman—Pettis, 14
Minkowski inequality, 27
Pettis measurability, 38
Rellich-Kondrachov, 32
Riesz representation, 12
Riesz representation for L7”, 28
Sobolev embedding, 46
Troyanski, 14
trace
function, 34
operator, 34
Tresca friction law, 188
triangle inequality, 4
Troyanski theorem, 14

U
uniformly convex Banach space, 14
upper semicontinuous (usc), 13

\'%
variational lemma, 28
vector
space, 4
velocity, 177
normal, 183
tangential, 183
viscoelastic constitutive law
Kelvin-Voigt, 181
long memory, 182
nonlinear, 182
short memory, 181
viscosity
coefficients, 181
operator, 181, 195
tensor, 181, 182
Volterra
integral term, 106
operator, 106
Volterra integral term
hemivariational inequality, 118, 166
subdifferential inclusion, 106, 149
von Mises
convex, 180
function, 180

W

weak derivative, 29

weak solution, 210, 215, 226, 247, 250, 259
weak ™ convergence, 15

weakly lower semicontinuous, 13

weakly upper semicontinuous, 13

Y
Young inequality, 27
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